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ABSTRACT We use three-dimensional particle-in-cell simula-
tions to study laser wake field acceleration (LWFA) at highly
relativistic laser intensities. We observe ultra-short electron
bunches emerging from laser wake fields driven above the wave-
breaking threshold by few-cycle laser pulses shorter than the
plasma wavelength. We find a new regime in which the laser
wake takes the shape of a solitary plasma cavity. It traps back-
ground electrons continuously and accelerates them. We show
that 12-J, 33-fs laser pulses may produce bunches of 3×1010

electrons with energy sharply peaked around 300 MeV. These
electrons emerge as low-emittance beams from plasma layers
just 700-µm thick. We also address a regime intermediate be-
tween direct laser acceleration and LWFA, when the laser-pulse
duration is comparable with the plasma period.

PACS 52.38.Kd; 52.35.-g; 41.75.Ht

1 Introduction

We are evidencing a continuing progress in laser
technology, which leads to laser systems delivering ever
shorter and more intense pulses. Compact systems generating
multi-terawatt (1012 W)- and even petawatt (1015 W)-range
pulses are available now [1]. When focused, the petawatt laser
pulses reach intensities up to I = 1021 W/cm2 and the elec-
tric field strength is E = 1014 V/m [2]. One of the appealing
applications for these lasers is high-gradient laser wake field
acceleration (LWFA) of charged particles in plasma [3, 4].
When a laser pulse propagates through underdense plasma,
it excites a running plasma wave oscillating with frequency
ωp = 4πe2n0/m, where e, m, and n0 denote charge, mass, and
density of electrons, respectively. The wave trails the laser
pulse with phase velocity set by the laser pulse group velocity
vwake

ph = vg = c(1−ω2
p/ω

2
0)

1/2, where ω0 is the laser frequency.
The electric field of this plasma wave is longitudinal, i.e. it
points in the propagation direction. A relativistic electron can
ride this plasma wave, staying in-phase with this longitudinal
electric field and be accelerated to high energies.
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The laser pulse can excite the plasma wave in different
ways. The excitation is most effective when the laser pulse is
shorter than the plasma wavelength λp = 2πc/ωp and fits com-
pletely into the first half of the plasma wave. For a pulse with
a normalized intensity profile given by a2 = a2

0 cos2(πζ/2L)

for −L < ζ = z − ct < L, the maximum acceleration field of
a plane laser wake field is Emax/E0 = a2

0/(1 +a2
0)

1/2, when
the laser pulse full width at half maximum (FWHM) equals
one-half of the plasma period: L = λp/2 [4]. Here, E0 =
mcωp/e normalizes the electric field of the plasma wave,
and a0 = eA0/mc2 is the normalized amplitude of the laser
vector potential. In the present paper, we explore LWFA
in the relativistic regime a0 > 1, in which the wake field
changes its structure and cannot be described any more by
linear plasma theory. The non-linear evolution is followed
by three-dimensional particle-in-cell (3D PIC) simulations,
and we present numerical results obtained with the code
VLPL [5].

The length of the laser pulse is a parameter of particu-
lar significance. The pattern of wake field excitation dif-
fers significantly for laser pulses longer and shorter than
the plasma period. The long laser pulse gets self-modulated
with the plasma period, and the resonance between this self-
modulation and the plasma frequency leads to effective wake
field excitation. The corresponding regime of particle accel-
eration is called self-modulated laser wake field acceleration
(SM-LWFA) [6–9].

Long laser pulses, however, experience not only the one-
dimensional self-modulation, but get self-focussed and form
relativistic channels in the plasma. Also, several wake field
periods stronger than that of the plasma wave by a fac-
tor ω0/ωp. In this case, the laser field can accelerate elec-
trons directly. This direct laser acceleration (DLA) [10, 11]
is very similar to the inverse free-electron laser mechanism
and can even dominate over wake field acceleration [12]. In
this scheme, electrons gain energy from the transverse elec-
tric field of the laser, and the magnetic field turns them in the
forward direction.

In the present paper, we focus on laser wake field accel-
eration in a new, highly non-linear regime. It occurs for laser
pulses shorter than λp, as described above, but for relativis-
tic intensities high enough to break the plasma wave after the
first oscillation. The electric field required for wave breaking
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can be estimated from the expression Ewb/E0 = √
2(γp −1),

with γp = (1−v2
g/c2)−1/2 = ω0/ωp [13], which holds for low-

temperature plane plasma waves. In the present relativistic
regime, however, one should notice that the plasma wave
fronts are curved and first break near the wave axis and
for lower values than the plane-wave limit. This has been
studied in 2D geometry in [14–17]. Here, we present 3D PIC
simulations of two representative cases. The case (I) is just
marginally above (see Sect. 2) and the case (II) is far above
(see Sect. 3) the breaking threshold.

Wave breaking turns out to be of central importance be-
cause it leads to abundant self-trapping of electrons in the
potential of the wave bucket, which are then accelerated in
large numbers. This results in high conversion efficiency of
laser energy into relativistic beam energy; it will be discussed
below in the context of Figs. 1, 3 and 4. Trapping of elec-
trons in the plasma waves is a key topic for LWFA. Injection
and acceleration of external beams have been demonstrated
experimentally [18]. Creation of trapped electrons inside the
wave bucket has been proposed with the application of supple-
mentary laser pulses [19, 20]. However, copious amounts of
accelerated electrons have been observed when driving waves
beyond the breaking threshold; this has been shown in SM-
LWFA experiments with single TW laser pulses longer than
λp [21–25].

FIGURE 1 Wake field behind a 20-mJ, 6.6-fs laser pulse propagating in
a plasma layer from left to right. Cuts along the propagation axis show
electron-density evolution of plasma wave (green-blue) and high-energy
pulse (orange-red) at times a t = 50 λ/c; b t = 100 λ/c; c t = 150 λ/c;
d t = 170 λ/c. Color corresponds to longitudinal electron momentum. The
dashed line in frame a indicates the position of the laser pulse

A significant difference in the LWFA domain discussed
in this paper concerns the energy spectra of the emerging
relativistic beams. While most long-pulse experiments have
produced energy spectra with exponential fall-off, well char-
acterized by an effective temperature, we find a plateau-like
spectrum for case (I) and even a spectrum sharply peaked in
energy for the solitary acceleration bubble of case (II). We de-
scribe in Sect. 3 how the peaked spectrum is related to beam-
loading effects.

In this paper, we can give only numerical results for a few
selected cases located in the parameter space spanned by laser
intensity and pulse length as well as plasma density. Sys-
tematic studies and analytic theory are necessary to connect
the various regimes. Nevertheless, we discuss some scaling
properties of the new LFWA regime in Sect. 4, based on the
short-pulse and the wave-breaking conditions. Posed simul-
taneously, these two conditions are still a challenge. The scal-
ing shows that few-cycle pulses are best suited. The rapid
progress in ultra-short laser technology is expected to produce
appropriate pulses very soon. Sub-10-fs laser pulses contain-
ing about 1-mJ energy have been demonstrated already [1, 26]
and are expected to be upgraded to 10-fs, 10-mJ pulses reach-
ing TW power in the next few years. Lasers producing multi-
joule pulses at 30 fs are under construction [27, 28].

In Sect. 5, we have added a third simulation to address the
transitional region in which the laser-pulse length is some-
what longer than λp and SM-LWFA occurs. This case is dis-
cussed in view of recent experiments performed in this regime
at Laboratoire d’Optique Appliquèe (LOA) [29] and at Michi-
gan University [30]. The experiment made at LOA has pro-
duced electrons with energies up to 70 MeV. Based on sim-
ulations with test particles injected into the laser wake [29],
these results have been explained as a combination of LWFA
and DLA. We will show here that our direct VLPL simulations
support this explanation.

2 Generation of a sub-10-fs electron bunch

In the simulations, we consider incident laser
pulses of the form

a(t, r) = ai cos(0.5πt/τi) cos(0.5πr/σi) , (1)

for −τi < t < τi and r < σi . In case (I), we take τ1 = 6.6 fs,
a1 = 1.7, σ1 = 5λ, λ = 1 µm, and energy W1 = 20 mJ. The
laser pulse is circularly polarized and propagates through
a uniform plasma with electron density ne = 3.5 ×1019 cm−1.
Figure 1 shows four movie frames, following the front of the
plasma wave as it propagates in the z direction. The laser
pulse is indicated only in the first frame by the broken line
behind the wave front. The frames show electron density in
cuts along the laser-beam propagation axis. Each dot corres-
ponds to one numerical electron and is colored according to
its momentum pz/mc. This way of plotting brings out both the
structure of the plasma wave and the self-trapped electrons ac-
celerated to high energies in the first wave bucket. Figure 1a
shows the wave when it has propagated 45 laser wavelengths
into the layer. Like a snow-plough, the laser pulse pushes the
front layer of compressed few-MeV electrons (dark green) and
leaves a region with low electron density behind. It still con-
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a b
FIGURE 2 Spectra of accelerated electrons: a final spectrum of the case of
Fig. 1; b the case of the 33-fs, 12-J laser pulse, time evolution of the energy
spectrum: (1) ct/λ = 350, (2) ct/λ = 450, (3) ct/λ = 550, (4) ct/λ = 650,
(5) ct/λ = 750 corresponding to Figs. 3, 4, and 5, (6) ct/λ = 850

tains a population of blue electrons, which stream from right
to left and feed the wave structure trailing the pulse.

The green wave crests are curved and start to break at their
vertex near the propagation axis. The curvature reflects the
3D structure of a plasma wave with transverse size of order
λp. A study in 2D geometry [15] has shown that these curved
wavefronts break at considerably lower wave amplitudes than
plane fronts. In the present 3D simulation, wave breaking oc-
curs already for Emax/Ewb ≈ 0.3 and strong electron depletion
is observed only in the first wave bucket. When comparing
with non-broken wake fields, the conspicuous new feature in
Fig. 1b–d is the stem of relativistic electrons growing out of
the base with a cross section of σtr ≈ 0.3 µm2 in this case.
The energy rises toward the top of the stem, with red elec-
trons which have been trapped first and accelerated over the
full propagation distance. This cavity with a stem is a surpris-
ingly stable structure. It is hardly affected by the drop in laser
intensity, which decreases steadily due to energy transfer to
electrons. The efficiency of electron acceleration in the cavity
is surprisingly high. At the end about 15% of the initial laser
energy has been transferred to the electron bunch. In Fig. 1d
the cavity arrives at the rear boundary of the plasma layer and
bursts, releasing the relativistic electron load into vacuum.

The electron pulse produced here consists of about 109

relativistic electrons in the range 10 < γ < 100, compressed
to a density above the ambient electron density and a pulse
length of just 5 fs. The energy spectrum consists of a plateau
extending from 1 to 50 MeV, as is seen in Fig. 2a. The spec-
trum is clearly non-thermal and thus different from the en-
ergy spectra observed with long laser pulses. Emerging from
a 2-µm spot with an angular divergence of about ±1◦, the elec-
tron bunch has a normalized emittance of γε⊥ < π mm mrad,
better than existing electron sources. These pulses may have
a broad range of applications, in particular for ultra-short,
ultra-bright, high-repetition-rate sources of X-rays and nu-
clear radiation (positrons, neutrons, etc.).

3 Quasi-monoenergetic beams of electrons from
laser-plasma cavities

As the second example (case II), we present the
simulation of a laser pulse with a2 = 10, τ2 = 33 fs, and σ2 =

12λ, propagating in plasma with ne = 1019 cm−3. A 3D per-
spective view of the fast electrons at time ct/λ = 700 is given
in Fig. 3. Here we plot each 100th electron above 10 MeV as
a dot colored according to its energy. We see that the highly
compressed stem of energetic electrons has a uniform color,
corresponding to a peak in the spectrum. The evolution of this
peak will be discussed in more detail below.

The wake field in this high-intensity regime is different
from that in Fig. 1. As seen in Fig. 4a–c, it has mutated into
a solitary cavity, and wave breaking has washed out all down-
stream structure. The laser pulse is so strong that it scatters
electrons sidewards, leaving an empty cavity behind. Com-
paring Fig. 4a and b, we see that the cavity stretches and the
stem elongates with time. At ct/λ = 700 the stem contains

FIGURE 3 The case of a 12-J, 33-fs laser pulse after propagating z/λ =
690 in 1019 cm−3 plasma. 3D perspective view of hot electron distribution.
Each 100th electron above 10 MeV is shown as a dot colored according to its
energy. The white disc shows the laser-intensity surface at I = 1019 W/cm2

FIGURE 4 Solitary laser-plasma cavity produced by 12-J, 33-fs laser pulse.
a ct/λ = 500, b ct/λ = 700, c electron trajectories in the frame moving to-
gether with the laser pulse; color distinguishes electron groups with different
distances from the axis initially
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about 3.5 ×1010 electrons with energy 300±30 MeV. They
have an angular spread of ±2◦ and represent a genuine beam
of 1.8-J full energy. This amounts to 15% of the incident laser
energy.

Figure 4c displays selected electron trajectories in a simu-
lation window co-moving with the laser pulse. Electrons far
from the propagation axis have yellow trajectories and are
hardly perturbed by the pulse. Blue and green electrons, hit
by outer regions of the pulse, are scattered outwards. We see
how the pulse scatters electrons aside directly and the elec-
tron motion becomes multi-stream already at the pulse head.
These scattered electrons never return to the cavity region.
The red electrons feeding the stem originate close to the axis,
and the laser pulse could not scatter them far away. Most of
the laser-excited electrons move in half-circles wrapping the
cavity. Their trajectories cross each other at the rear vertex,
and some get trapped. We find the trapping cross-section to be
σtr ≈ 3 µm2 for these parameters.

On-axis distributions of key quantities are shown in
Fig. 5a–d at ct/λ = 700. The laser intensity, Fig. 5a, initially
10-cycles long, underwent self-modulation and developed
a steep front with a peak intensity much larger than the in-
cident one. This is due to group-velocity dispersion, causing
high-intensity parts to travel faster and to form an optical
shock [31, 32]. It compresses electrons in front of it into
a layer with 20 times the unperturbed plasma density n0, see
Fig. 5b. Between this layer and the stem electrons, there is
a void. The longitudinal electric field, Fig. 5c, jumps sharply
at the compressed cavity front and then falls smoothly inside
the cavity. The relativistic stem is also highly compressed, up
to 18n0. Yet, the corresponding space charge causes no jump
in the longitudinal electric field Ez. This is due to the 1/γ 2

reduction of Ez for relativistically moving charges [33]. The
transverse field, however, is large and only partially compen-
sated by the pinching effect of the magnetic field of the stem.
This radial E-field delays background electrons to flow in ra-

FIGURE 5 Same case as in Figs. 3 and 4 at time ct/λ = 700. On-axis dis-
tributions of a laser intensity; b electron density; c longitudinal electric field;
and d projection of the electron phase space γ vs z

dially and to close the cavity. Apparently, beam loading of
the cavity occurs by radial inflow of electrons. Longitudinal
beam loading of plasma waves has been observed earlier in 2D
PIC simulations [14]. In the present 3D simulation, the beam
loading is transverse.

The growth of the stem and the evolution of its spectrum
are continuous. This is shown in Fig. 2b. At time ct/λ = 350,
the high-energy branch of the spectrum corresponding to the
stem has still the plateau structure observed also in the pre-
vious case (I) of Fig. 2a. The electrons forming the head
of the stem preserve this feature and are seen in the spa-
tially resolved spectrum of Fig. 5d as the cutting-edge in the
tomahawk-like distribution. However, the spectra shown in
Fig. 2b change at time ct/λ = 450 and develop a distinct peak
which grows in time. This peak starts to appear when the total
charge of the stem becomes equal to the charge expelled from
the cavity by the driving laser pulse. Then the cavity elon-
gates, and this has the consequence that the front and the rear
sides of the cavity move at different speeds. The foot point at
which the stem is fed by fresh electrons then lags behind, and
this produces the spectral feature seen as the tomahawk handle
in Fig. 5d. Clearly, there is an accumulation of electrons with
γ ≈ 600, which explains the peak in the z-integrated spec-
trum. The formation of this energy peak is described here for
the first time and represents an important result of this work.

4 Scaling laws

So far, we have presented two numerical exam-
ples of electron trapping and acceleration in the broken-wave
regime of LWFA. For the 6.6-fs laser pulse, we needed only
20-mJ energy to reach this regime. However, the 30-fs-long
laser pulse already required 12 J. The laser energy necessary
to reach the solitary cavity regime strongly increases with
pulse duration. The pulse duration or, equivalently, the num-
ber of laser cycles N determines all other laser parameters and
the plasma density.

Here we provide simple scalings with N, based on analytic
relations of linear plasma theory [3, 4]. The first requirement
is that the laser pulse is shorter than the plasma wavelength,
and this leads to N ∝ ω0/ωp ∝ n−1/2

0 . Increasing pulse length
implies lower plasma density. The second requirement is to
break the wake field. Setting Emax/Ewb = const., we find that
the laser intensity Iλ2 ∝ a2

0 ∝ ω0/ωp ∝ N scales linearly with
pulse duration. Furthermore, the diameter of the laser focus
should also be of the order of λp to insure a sufficiently plane
wake field in the cavity. This requires a laser pulse with power
∝ N3 and energy ∝ N4. We conclude that few-cycle laser
pulses are best suited to reach the new regime. Of course, the
energy of the accelerated electrons also depends on N and de-
mands 15–20 cycles to reach the GeV level. The maximum
electron energy scales like Wmax = eEmaxLd ∝ a0(ω0/ωp)

2 ∝
N5/2. Here, Ld 
 γ 2

p λp is the detuning length [4], which mea-
sures the distance over which an electron is accelerated, be-
fore it outruns the wave and gains no more energy. It should
be emphasized that these scaling arguments can serve only
as a very rough guideline and need to be substantiated by 3D
simulation in each particular case. These simulations demand
large computer resources and easily hit the limits of present-
day parallel machines.
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5 Transition from DLA to LWFA regimes

In the simulations presented here, we have ob-
served electron acceleration by the pure LWFA mechanism.
We know, however, that another acceleration mechanism,
DLA [10, 12], works at higher plasma densities and longer
laser pulses. It is of interest also to give an example for
the transitional regime, when both mechanisms DLA and
(SM-)LWFA co-exist. Our main goal here is to demonstrate
that this regime differs significantly from pure LWFA in the
way electrons gain energy.

For this purpose, we have performed a third simulation
(case III). The incident laser pulse used in the simulation has
here a Gaussian form a = a3 exp(−(t/τ3)

2) exp(−(r/σ3)
2),

with a3 = 1.2, τ3 = 24 fs, and ne = 0.06nc, so that the laser
pulse FWHM ≈ 30 fs is 2.5 times longer than the plasma
period. The focal spot was σ3 = 10λ, λ = 0.8 µm. These
values are close to those of experiments performed recently at
Michigan [30] and LOA [28]. In the simulation, the laser pulse
was propagating through a slab of gaseous N2 with molecu-
lar density nm = 1 ×1019 cm−3 as in [30]. In the VLPL code,
ionization is treated as field ionization by barrier suppression.
The laser pulse is intense enough to ionize nitrogen atoms
five times. This leads to the background electron density of
ne = 1 ×1020 cm−3 in the plasma channel, or ne = 0.06nc.

Distributions of laser intensity and electron density after
propagating 200 µm into the plasma are shown in Fig. 6a
and b. We see in Fig. 6a that the laser pulse has undergone
self-modulation, Raman scattering, and relativistic filamenta-
tion simultaneously. It did generate a strong wake field as seen
in the electron-density plot, Fig. 6b, and one also observes
fast electrons, trapped in the first wake and seen as a black
spot at its rear side on the axis. The electron-energy spectrum
is shown in Fig. 7a. The spectrum has an exponential slope
with an effective temperature of about 3 MeV and a cut-off
at 35 MeV. It contains altogether a few 109 electrons above
1 MeV. The angular distribution is given in Fig. 7b, show-
ing an angular spread of ±2◦ at half-maximum. The energies
and electron numbers obtained here are significantly larger
than in [30], but compare reasonably well with the results
of [28].

The main interest in this section is to understand the
mechanism of electron acceleration. The particle-in-cell sim-
ulations allow us to split the energy gain of each electron
into components obtained from longitudinal and transverse
electric fields, respectively. Analysis in [12] had revealed
that electron beams generated by long (much longer than
the plasma wavelength) laser pulses in self-focussed plasma
channels received most of their energy directly from the trans-
verse laser field. Here, we apply this analysis to case III and
compare with case I. The corresponding results are presented
in Fig. 7c and d. While case I in Fig. 7c is a clear demonstra-
tion of the pure longitudinal LWFA acceleration, case III in
Fig. 7d is transitional, where DLA and LWFA are mixed. We
mention that Fig. 7d is very similar to the one obtained by
Malka et al. [29] for similar parameters [28]. This mixed ac-
celeration originates from the fact that the trapped electrons
in case III are located in the region of the self-focussed laser
pulse (compare Fig. 6a and b) and therefore experience both
the laser field and the wake field.

FIGURE 6 Distributions of a electron density and b intensity for a 0.6-J
laser pulse propagating in a N2-gas slab of molecular density nm =
1×1019 cm−3

In our analysis we make use of the equation dp2/dt =
−2eE · p = −2eEz pz −2eE⊥ · p⊥, stating that energy gain is
only due to the electric field and can be divided into a lon-
gitudinal and a transverse component. For each numerical
electron, we integrate over time from 0 to t to obtain the gain
components

Γz = −
t∫

0

2eEz pz

(mc)2
, Γ⊥ = −

t∫

0

E⊥ · p⊥
(mc)2

. (2)

In Fig. 7c and d, each electron is plotted in the gain plane
spanned by Γz and Γ⊥. Note that the relativistic γ -factor
of each electron has to satisfy γ 2 = 1 + (p/mc)2 = 1 +Γz +
Γ⊥ > 0, and therefore all electrons are located in the upper-
right half-plane.

For case I, shown in Fig. 7d and corresponding to Fig. 1,
electrons have apparently gained energy by the longitudinal
wake field alone and satisfy Γz � |Γ⊥|. This is in marked
contrast to Fig. 7c obtained for case III in which the acceler-
ated electrons have experienced both the wake field Ez and
the laser field E⊥ and occupy a broad region of the Γz, Γ⊥
plane. The white dashed lines enclose areas preferably popu-
lated by DLA and LWFA, respectively. Notice that DLA leads
to large values of Γ⊥ and negative (!) Γz, indicating decel-
eration by the longitudinal Ez-field. This is attributed to the
laser field, which has large E⊥ and simultaneously a negative
Ez component when propagating in a narrow channel. One
should also realize that, notwithstanding transverse acceler-
ation, electrons move predominantly in the laser direction
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FIGURE 7 a Electron spectrum, b angular
distribution, and c energy-gain plane (Γz, Γ⊥)

for the case of Fig. 6; the dashed white lines
indicate the populations arising from DLA
(large Γ⊥) and (SM-)LWFA (large Γz). d For
comparison, electron distribution in (Γz, Γ⊥)

plane for pure LWFA case of Fig. 1

forming the relativistic beam; the longitudinal motion is due
to v× B forces which push the electrons in the z direction
without energy transfer.

Finally, we mention that Malka et al. [29] have used E ·v
rather than E · p in (2) to calculate the electron energy in-
stead of its square. The differencing scheme used in VLPL,
however, allows us to calculate E · p more directly without
additional interpolation. For reasons of numerical accuracy,
we have therefore preferred this second option in the present
work.

6 Conclusions

In this work we have considered the wake field
acceleration of electrons in the broken-wave regime. This
kinetic and highly non-linear regime is difficult to treat an-
alytically, and therefore we have studied it numerically. We
find that the 3D wave breaking of the laser wake field can
produce electron bunches with unique properties. A sub-10-
fs laser pulse with only 20-mJ energy is able to accelerate
109 electrons with a flat spectrum reaching 50-MeV energy.
A spectrum sharply peaked in energy is obtained for a 12-
J, 30-fs laser pulse. In this case the laser is intense enough
to expel all background electrons from the first wake trough,
forming a solitary cavity and a completely broken wake field
further downstream. Propagating through plasma, this cavity
continuously traps a small portion of background electrons
and generates an almost mono-energetic beam of 3 ×1010

electrons at 300 MeV.

These new results call for experimental verification. At
present we have to rely on our 3D PIC simulations. However,
we recall that PIC simulations have been very successful in
reproducing existing experiments [12, 14, 34]. The fast devel-
opment of laser technology suggests that the laser pulses with
corresponding parameters will be available in the near future.
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