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Abstract Several techniques exist to obtain brilliant X-ray
beams by coherent reflection from relativistic electrons
(E. = ymc?) with Doppler frequency upshift of 4y2. We
describe a new approach starting with an ultra-thin solid tar-
get. Larger ‘driver’-laser intensities with high contrast are
required to produce dense electron sheets. Their accelera-
tion in vacuum results in a transverse momentum compo-
nent besides the dominant longitudinal momentum compo-
nent. The counter-propagating ‘production’ laser for opti-
mum Doppler boost in X-ray production by reflection has
to be injected opposite to the electron direction and not op-
posite to the driver laser. Different measures to increase the
reflectivity of the electron sheet via laser trapping or free-
electron-laser-like micro-bunching are discussed, extending
the photon energy into the MeV range. Here, first-order es-
timates are given.

PACS 42.55.Vc-29.27.-a-41.75.Jv - 41.75.Ht

1 Introduction

Compact, intense, brilliant X-ray sources have a broad spec-
trum of applications from single-molecule imaging to diag-
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nostics in medicine. We want to obtain the X-rays by re-
flection of laser photons with energy /w from a relativistic
electron mirror moving opposite with energy E. = ymec?
using the Doppler effect to boost the photon energies to
4y?hw [1]. This general idea of a relativistic plasma mirror
has existed for a long time [2, 3].

We describe the generation of an electron sheet, starting
from an overdense plasma by driving the electrons out of
an ultra-thin foil and then accelerating the sheet within a
half-cycle of a laser pulse in vacuum to high energies [4].
A major issue is the coherent photon reflectivity off the
electron sheet and choosing the right angle of the counter-
propagating laser. While the technique of generating X-rays
from a relativistic dense electron mirror with y & 5 has re-
cently been demonstrated experimentally by producing the
electron sheet via a wake field, close to wave breaking, from
an underdense plasma [5—7], the scaling properties and the
process are very different from the mechanism discussed
here.

One can also consider the thin dense relativistic elec-
tron sheet with its reflection of laser light from the view-
point of a free-electron laser (FEL). If we replace in a
classical X-FEL the magnetic undulator with period A,
and undulator parameter K = AyeB/(2nmc) by a laser—
an optical undulator—with A1, and normalized vector po-
tential a;, one can induce micro-bunches in the elec-
tron sheet, using then the coherent reflection of all elec-
trons.

In this communication we discuss the production of the
dense electron sheet, the vacuum acceleration, the condi-
tions for optimum Lorentz energy boost of the reflected pho-
tons, and the reflectivity of the electron sheet in different
orders of sophistication.
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2 Generating the relativistic electron sheet by vacuum
acceleration

2.1 Extraction of electron sheets from ultra-thin solid
targets

When the light pressure of a laser pulse irradiating a solid
target pushes the electrons into the interior of the target,
an electric field E arises due to charge separation. When
the electrons of density ne are displaced by the distance d,
the Poisson equation yields Es = en.d/&p. We normalize E
to Eg = copme/e and the density n, to the critical density
Ner = 1. 2E€0Me /ez, where ¢ denotes the vacuum speed of
light, wy, the carrier frequency of the laser pulse, m. the elec-
tron mass, e the electron charge, and &g the permittivity of
free space. Introducing N = ne/ner, ap = EpL/Ey, and the
wave number ki, = w/c, we then obtain Es/Eg = Nkrd.
For break out (target thickness equals d), we require for the
rectified laser field that E1, > Ej, or correspondingly,

Nde <ar. (1)

A similar formula was recently derived in [8]. For our
diamond-like carbon (DLC) foils, the density ratio amounts
to N =ne/ne =660 at AL, = 1 um. Since at present the pro-
duction of ultra-thin, hard DLC foils with good transparency
is limited to the thickness (dpyin) of ~5 nm, the normalized
vector potential ar, has to exceed the value of 20 correspond-
ing to a minimal focal intensity of 5 x 10%° W/cm? to drive
the electron sheet out of the foil. In addition, a high tem-
poral contrast is required so that the laser prepulse does not
ionize the foil in advance. The intensity profile has to be flat-
topped or super-Gaussian, too, to obtain a flat electron sheet.
Here, the usage of plasma mirrors [9] is advantageous, but
also the DLC target acts like a plasma mirror, because the
low-intensity prepulse is transmitted.

2.2 Laser vacuum acceleration of a single electron in a
half-cycle to relativistic energies

Next, we consider the vacuum acceleration of the free-
electron sheet to high energies. The basic properties can
be obtained analytically by considering a single electron
only. Following [10], we define x as the propagation direc-
tion of the driver laser and assume a linearly polarized laser
field, Ey = aysint. Here, ap. = eA/mcz, y = E/mec2 and
p = By, where A is the vector potential of the laser field,
E is the total energy of the electron, and p its momentum
normalized to mec. The laboratory time is measured in units
of wr, and the length in units of k1, leading to wp t = ¢ and
k1.x = x. We furthermore introduce t = ¢t — x. We thus have
yi=1 +p§ —i—p% andy —1=p, = p%/Z. The system has
the invariants k :=y — p,y =1 and p1t —ap, = 0. The re-
lation between the derivatives is d/dt = dr/drd/dt = (1 —
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Byx)'d/dt = 1/yd/dr. We start with the transverse momen-
tum py (7t = 0) = 0 and have the equations p, =y dy/dt =
dy/dr, px =y dx/dt = dx/dr, and dp,/dt = —Ey. Thus,
we obtain py = —ar (1— cos 7). Let us assume that the elec-
tron is initially at rest: py = 0. Then, Ekin/mec2 =y—1=
Dx = p%-/Z = 1/2a1*(1— cos 1)? increases from 0 with
(1 — cost)? and reaches 2ay2mec* for v = . The laser
field drops back to zero for v = m. The electron trajec-
tory is described by y(r) = —ap(r— sin t) resulting from
dy/dt = py and x(t) = a.?/2[3/27 — 2sin (1) + }sin 27)]
resulting from dx /dt = p,. Replacing t () = v 4+ x(7) and
starting from an electron at rest for = 0, we reach the max-
imum energy after the rather long time ¢, = (37 /4)a?, be-
cause the electron surfs with the wave. We obtain for t =7
py =—2ar, Px = 2af, y=1+ Zaf. 2)
Since we finally want to have a minimum energy spread
Ay /y, we should operate with an ap, where the wanted en-
ergy saturates at #1. The angle 6 of the electron with respect
to the driver laser is given by

tan® = p,/px = —2/[aL(1 — cos7)], 3

where tan 8 = —1/ay, for t =  and varies little with 7 in
this time region. The absolute value of 6 is very large com-
pared to 1/y = 1/(1 + 2ar?). This will be of importance
when we discuss Lorentz boosts of reflected photons.

2.3 Laser acceleration of a dense electron sheet in vacuum

Particle-in-cell (PIC) simulations show that a dense electron
sheet including the space-charge Coulomb repulsion of the
electrons increases the sheet thickness and reduces the elec-
tron density [4]. A laser pulse super-Gaussian in space and
time leads to a much flatter electron sheet compared to a
Gaussian pulse. However, the main characteristics of the ac-
celeration with the transverse component and the long accel-
eration time due to slippage of the electrons with respect to
the laser pulse stay the same as for the single-electron case
discussed above.

3 Reflectivity from dense electron sheets
3.1 Relativistic photon reflection from a flat electron sheet

For the Lorentz transformation of photons from the labora-
tory frame to the inner reference frame of the electrons, the
relativistic Doppler shift formulas are [11]

sin@’/[y (cos®’ + B)] =tan6, 4)
o' =o/[y(l —Bcosh)], 3)
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Fig. 1 The Doppler transformation yields rather different results de-
pending on whether the ‘production’ photons %w are injected (a) oppo-
site to the driver-laser direction or (b) opposite to the electron velocity
v, resulting in very different energies hiw” and directions of the re-

where 6 and 6’ are the angles relative to the velocity v = Bc,
and w, o’ are the photon frequencies. The inverse equations
are obtained by changing the sign of v and changing the
dashed and undashed quantities.

We have obtained the angle 6 of the electron and its
energy after vacuum acceleration relative to the direction
of the driver laser from the relations tan6 = —1/a;, and
¥ =14 2ar? at T = 7. If we inject a photon opposite to the
driver laser, cosf is 1 and o’ = 2y w, but &’ in the electron
rest frame is approximately 180° with respect to the electron
direction, because 1/y «| 6 |. If we now perform a mirror-
ing at the foil surface with entrance angle = exit angle, the
mirrored photon again runs opposite to the electron direc-
tion. If we perform the Lorentz transformation back into the
laboratory system, the photon energy is around y hw and is
not boosted by 4y2. These steps of operation are schemati-
cally shown in Fig. 1.

If, on the other hand, we inject the photons with an an-
gle much smaller than 1/y opposite to the direction of the
electrons with 6 & 0, the energy is again boosted by 2y but
now 6’ = 0. If we now perform the mirroring with respect to
the foil, we obtain the angle 2/ar . This photon after trans-
formation to the laboratory system obtains a second boost
by 2y and is emitted into a cone of very small apex angle
whose axis coincides with the electron velocity. Thus, the
total boost is 4y2.

Injecting the production laser counter-propagating to the
electron beam results in a 180° turn of the production-laser
photon direction in the inner rest frame of the electrons,
which finally leads to the 42 Doppler boost in energy. In
the other case when the production laser counter-propagates
the driver laser the energy gain due to Doppler boost merely
amounts to y. For a fixed electron direction, the production-
laser angle is limited to a very small angular spread <1/y.
If the photons of maximal energy are filtered out, the system
will select the proper angles for maximum energies from the

emitted photons in the laboratory system. The change in direction
of the photons fiw’ in the inner rest frame is at first unexpected.
The dashed photon arrows hw;p correspond to reflected photons

different focused angles of the production laser. The issue of
a transverse momentum component has not been addressed
in former treatments [4] of dense electron sheets accelerated
in vacuum and their use as relativistic mirrors.

3.2 Idealized coherent reflectivity for an electron sheet
with constant thickness d, constant electron density ne,
and monoenergetic electrons characterized by y

Here, we first want to derive the coherent reflectivity for
photons from an electron sheet for the idealized case of con-
stant thickness d, constant electron density n., and constant
kinetic energy characterized by y. Later we will discuss a
more realistic situation.

If the electron sheet has the thickness d; = yd in the inner
rest frame determined by both the front and backward sur-
face layers, the number of coherently reflected photons in
the rest frame is R o (nesin 2w d; /Ai)z, showing construc-
tive and destructive interference. The contribution of each
layer with thickness A1 = A/(2y) cancels. Only the incre-
mental part Ad = yd — mA; contributes, where the integer
m is determined by IAd| < A;. Different regions may have
slightly different thicknesses d and the scattered amplitudes
will interfere and a smaller value than just due to the aver-
aged Ad occurs.

3.3 Optical trapping and compression of an electron sheet
by counter-propagating lasers

We want to study the trapping of the electron sheet between
the driver laser and the production laser. Since the frequency
of the driver laser in the inner reference frame of the electron
sheet is reduced to wiow = @'/ (2y), while the frequency of
the production laser is increased to whigh = 2wy, we study
the trapping between a low- and a high-frequency laser,
which is quite different from the trapping between two lasers
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with the same frequency [12]. The force of the laser with
the low frequency, wjow, Will vary slowly with sinz(a)lowt),
while for the laser with the high frequency, wigh, the vari-
ation sinz(a)hight) can be replaced by 1/2. Therefore, the
thickness of the foil will vary with d(t) = d; —d; sin(wjowt)
with d| < dj, whereby d; is accessible by numerical simu-
lations.

The surfaces of the electron sheet are defined by the laser
potentials and thus the local surface fluctuations around the
globally defined surfaces can be neglected, similar to the
case of high harmonics [13].

Increasing the electron density n. by the driving laser us-
ing intensities beyond 10> W/cm?, a dominant transfer of
energy to radiation and not to the electrons was observed
numerically [14]. In this way fast laser cooling may become
possible.

3.4 Allowable energy spread of the electron sheet

Due to the uncertainty relation, the emission time of Comp-
ton backscattering is so fast that no smearing of coherence
by electron motion occurs.

However, the formulas for the reflectivity with constant y
show that the energy spread Ay /y has to fulfill the relation
Ay/y <m/(32y%kid). Since this requirement can only be
fulfilled for smaller y values, it strongly limits the reflectiv-
ity and the extension to higher X-ray energies. On the other
hand, the FEL-like micro-bunching overcomes this limita-
tion due to the rather large Pierce parameter.

3.5 FEL-like micro-bunching of the electron sheet

The main idea of the free-electron laser (FEL) is that the
produced high-energy photon beam with wavelength A, acts
back by dispersion on to the electron ensemble and induces
an equally spaced micro-bunching of the electrons with dis-
tance A, in such a way that all backscattering amplitudes
of the micro-bunches add coherently. For the sheets of high
electron density and very small thickness, we start out with
one micro-bunch only when the X-ray energies are small.
However, at higher y energies or shorter wavelengths, we
would only use the incremental thickness Ad, while the
other m oscillations of the reflectivity would interfere de-
structively. Therefore, it is advantageous to use the micro-
bunching here also.

The Pierce or FEL parameter, p g4, is used to describe the
FEL in the one-dimensional idealized case

pra=1/2y[1/1n(GuAu/2m0)?] . ©6)

Here, I is the beam current, I o = 17 kA is the Alfvén cur-
rent, o, is the beam size, Ay = ay[Jo(n) — J1(n)](planar
undulator), and K is the undulator parameter, where a =
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K?/2,n=ay?/2( +ay?)), and J are Bessel functions. A,
is the wavelength of the undulator.

The Pierce parameter gives the limit for the maximum
allowable energy spread

Ay/y < pu. 7
The ideal gain length for micro-bunching is
Lgain,ideal = Au/4m \/gpld- (8

If a sufficient intensity of the X-ray photons above the noise
is reached, about eight gain lengths are required to reach
saturation of the micro-bunching. In our case without any
micro-bunching, a high X-ray intensity is reflected off the
strongly enhanced density of the sheet area close to the
driver laser.

In contrast to classical FELs with a magnetic undulator,
we use the production laser as an optical undulator. The
wavelength of the optical undulator A, of about 1 um is
typically 10* times smaller than that for magnetic undula-
tors, which have minimum undulator periods of ~10 mm.
This small undulator wavelength A, results in a strong re-
duction of the Pierce parameter oAy 23 On the other hand,
we use much smaller electron energies characterized by y to
achieve the same final wavelength A,/(4y2). This increases
the Pierce parameter by )»lll/ 2. Thus, in total, a weak Au—1/6
dependence remains. Besides the increase in the Pierce para-
meter by the significantly smaller o, values, a further strong
increase is obtained by the much larger currents I/ of the
electron sheet. Due to the laser compression we can reach
currents with the electron sheet which are much larger than
the Alfvén limit 17 kA yB. In the inner rest frame of the
electron sheet, the laser trapping prevents the longitudinal
Coulomb explosion. The transverse Coulomb explosion is
not effective due to the large transverse extension of the elec-
tron sheet. Thus, much larger stable electron densities are
obtained, which after Lorentz transformation into the labo-
ratory frame allow currents much beyond the Alfvén limit.

Since the gain length is proportional to the undulator
period, we obtain a saturation length of the FEL of about
25 pum. Thus, we can use the large electron number of the
electron sheet completely and the reflectivity R including
micro-bunching is given by R o ne>d?. The micro-bunching
seems to be unavoidable, although it has to be studied in de-
tail how strong it is as a function of photon energy and how
big the change in reflectivity will be. The larger Pierce pa-
rameter furthermore reduces the requirement on the energy
spread with Ay /y < p1q. In this way it seems possible to
extend the energy range of the photon beams into the MeV
range. For 6-GeV electrons the energy loss when radiating
a 1-GeV photon just stays within the 20% allowed energy
spread of the electron sheet. This allowable energy spread is
one of the limits for the maximum achievable photon energy.
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Table 1 Parameters for the

comparison between table-top TT-XFEL Relativistic mirror Relativistic mirror
X-ray FEL [15] and the X-ray optical X-FEL optical y-FEL
source from a dense relativistic
mirror with the same X-ray Current 160 kA 10° kA 1014 kA
energy and for 1-GeV photons Electrons/bunch 6 x 10° 3% 1010 6 x 101
Beam size 30 um 1 ym 1 ym
Energy 1.7 GeV 17.5 MeV 6.2 GeV
Energy spread 0.1% 3% 3%
Period 5 mm 1 ym 1 pym
Final wavelength 0.25 nm 0.25 nm 1.2 fm
Final energy 5 keV 5 keV 1 GeV
Pierce parameter 0.0015 0.2 0.2
Saturation length Sm 25 um 25 um
Photons/bunch 8 x 10! 10t 1012
Photon bunch duration 5fs ~4 as ~0.2 zs

In Table 1 we compare the new method to produce X-rays
with the relativistic electron sheet to an envisaged table-top
X-FEL (TT-XFEL) [15]. We also show the far extension to
1-GeV photon beams.

4 Outlook

Besides the photon intensities, the emittances and peak bril-
liances are also important. Here, we may use the paraboli-
cally shaped electron sheet to focus the y-beams and obtain
diffraction-limited y-ray beams [6, 16]. With the numbers
from Table 1 we can estimate the peak brilliances P with
BW = ‘bandwidth’ of the beams. We obtain P(5keV) =
2 x 10% photons/s-(mm mrad)? - 30% BW and P(1 GeV) =
7 x 10% photons/s-(mm mrad)? - 30% BW. In contrast to
former definitions of the peak brilliance, we do not refer
to a bandwidth of 0.1%, but to the typical bandwidth of
30%, which we want to use in experiments. If one would
reduce the bandwidth by a factor of 300 with a monochro-
mator to 0.1%, the pulse duration would also be increased
by a factor of 300 and the peak brilliance would be re-
duced by a factor of 9 x 104, However, since we want to
focus on experiments with very short pulse duration, it is
not reasonable to reduce the bandwidth to 0.1% when char-
acterizing our beams. Still, the predicted peak brilliances are
much larger than the brilliances of the planned X-FELs of
103* photons/s-(mmmrad)> - 0.1% BW. Besides the peak
brilliance, other reference values like the total number of
photons per bunch are important to characterize the beams.

If we assume that we can operate a y—y collider with
fo =1Hz and that we can focus our intensities to oy = 0, =
1 fm by the parabolically shaped electron sheet mirrors, we
obtain a very large luminosity, L = 1/2x N1 N»/(oy0;) =
2 x 10°°/(cm? s), for photon numbers Ni = N, = 10'% per
bunch.

With an expected hadronic cross section of oy, =
1 pbarn, we would obtain a very large event rate, N =
oyyL=2x 102 s=1, which shows that all the energy would
be accumulated in a rather small volume with the very high
energy density of ~10'> GeV/fm>. Certainly we will have
much larger beam dimensions in the beginning and we will
have to align the beams with respect to each other. Also,
problems with the pointing stability will reduce the event
rates or the energy density.

The final limits for the y-laser are determined by the
size of the Pierce parameter and if radiation cooling of the
compressed electron sheet allows even higher beam currents
with lower energy spread.

With such brilliant, intense MeV y-beams one could
study the excitation of nuclei or production of positrons.
If it would even be possible to reach energies of 1 GeV,
new horizons would open up for ELI [17], the European
Extreme-Light-Infrastructure aiming at providing lasers in
the Exawatt range.

Thus, this photon beam would have a significant admix-
ture—about 0.3%—of vector mesons—Iike p mesons [18]—
and one could even think of a y—y collider with a hadronic
cross section of 0.7 pbarn [19]. One could regard the y—y
collider as a virtual vector meson—vector meson collider, al-
though real mesons have a half-life of 1072% to 10724 s.
In optimized collisions a large amount of energy of about
102 GeV could be deposited without spin into a very
small volume, reaching energy densities of 102 GeV/fm?,
which is large compared to the energy density of the quark—
gluon phase transition of about 3 GeV/fm3. If we write
the energy density as eqog(7/ To)* and use T, = 170 MeV
and ggg =3 GeV/fm? from the quark—gluon phase transi-
tion, we reach a temperature of about 170 GeV in the re-
gion of the electro-weak phase transition (mz = 91 GeV,
mw = 80 GeV). Possibly also the Higgs boson and a neu-
tralino SUSY candidate for dark matter [20] come into
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reach. Thus, the collider could be viewed as a factory for
many exotic particles like Higgs bosons, dark matter or the
quark—gluon plasma. The energy density is large compared
to the energy densities reached in the 2.7-TeV Pb-Pb col-
lider (LHC). The energy density of 10!2 GeV/fm? or a tem-
perature of 170 GeV corresponds to the situation 107 s af-
ter the big bang and many questions of high-energy physics
could be studied.

Presently, large PIC simulations have been started with
smaller y values to verify the new concept within reason-
able computing times. Also, non-linear FEL theory will be
added.
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