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Simulation of radiation hydrodynamics in two spatial dimensions is developed, having in mind, in
particular, target design for indirectly driven inertial confinement energy (IFE) and the interpretation of
related experiments. Intense radiation pulses by laser or particle beams heat high-Z target configurations
of different geometries and lead to a regime which is optically thick in some regions and optically
thin in others. A diffusion description is inadequate in this situation. A new numerical code has been
developed which describes hydrodynamics in two spatial dimensions (cylindrical R–Z geometry) and
radiation transport along rays in three dimensions with the 4π solid angle discretized in direction. Matter
moves on a non-structured mesh composed of trilateral and quadrilateral elements. Radiation flux of a
given direction enters on two (one) sides of a triangle and leaves on the opposite side(s) in proportion
to the viewing angles depending on the geometry. This scheme allows to propagate sharply edged beams
without ray tracing, though at the price of some lateral diffusion. The algorithm treats correctly both the
optically thin and optically thick regimes. A symmetric semi-implicit (SSI) method is used to guarantee
numerical stability.

Program summary

Program title: MULTI2D
Catalogue identifier: AECV_v1_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/AECV_v1_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 151 098
No. of bytes in distributed program, including test data, etc.: 889 622
Distribution format: tar.gz
Programming language: C
Computer: PC (32 bits architecture)
Operating system: Linux/Unix
RAM: 2 Mbytes
Word size: 32 bits
Classification: 19.7
External routines: X-window standard library (libX11.so) and corresponding heading files (X11/*.h) are
required.
Nature of problem: In inertial confinement fusion and related experiments with lasers and particle beams,
energy transport by thermal radiation becomes important. Under these conditions, the radiation field
strongly interacts with the hydrodynamic motion through emission and absorption processes.
Solution method: The equations of radiation transfer coupled with Lagrangian hydrodynamics, heat
diffusion and beam tracing (laser or ions) are solved, in two-dimensional axial-symmetric geometry (R–Z
coordinates) using a fractional step scheme. Radiation transfer is solved with angular resolution. Matter
properties are either interpolated from tables (equations-of-state and opacities) or computed by user
routines (conductivities and beam attenuation).
Restrictions: The code has been designed for typical conditions prevailing in inertial confinement fusion
(ns time scale, matter states close to local thermodynamical equilibrium, negligible radiation pressure,
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. . .). Although a wider range of situations can be treated, extrapolations to regions beyond this design
range need special care.
Unusual features: A special computer language, called r94, is used at top levels of the code. These parts
have to be converted to standard C by a translation program (supplied as part of the package). Due
to the complexity of code (hydro-code, grid generation, user interface, graphic post-processor, translator
program, installation scripts) extensive manuals are supplied as part of the package.
Running time: 567 seconds for the example supplied.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

Indirectly irradiated targets for Inertial Confinement Fusion
(ICF) [1,2] rely on radiative energy transport to induce the im-
plosion of thermonuclear fuel to ignition conditions. Intense laser
or ion beam power is converted into thermal radiation and is
confined in a cavity (hohlraum) having high-Z walls. The almost
isotropic radiation field produced in this way uniformly heats the
external layers of a spherical capsule, filled with a deuterium–
tritium mixture, and induces its hydrodynamic implosion to ther-
monuclear conditions. To quantitatively understand this process,
as well as a great variety of related experiments [2–5], numeri-
cal simulations are required. Very different scales of length (from
cm (cavity size) to μm (cavity wall thickness)), density (from 10−3

(laser absorption) to 103 g cm−3 (compressed fuel at ignition)), and
temperature (from 1 (imploding fuel) to 105 eV (burning tempera-
ture)), are present during these processes and are relevant. In this
paper, we deal with the numerical problem of multi-dimensional
radiation transport. A new method is presented to treat this prob-
lem, which is robust, flexible, and efficient. For the basic physics of
the problem, we refer the reader to [6].

In [7], MULTI, a one-dimensional code including hydrodynam-
ics, radiative transfer, laser light deposition, and electronic heat
flux, was presented. Although all the basic physical processes in-
volved in ICF were included, the multi-dimensional aspects were
missing, e.g., the radiation symmetrization inside cavities or the
growth of hydrodynamics instabilities. In this paper we describe
the most recent version of the two-dimensional code MULTI2D
[8–10]. It treats (in axial-symmetric R–Z geometry) plasma hy-
drodynamic motion together with various energy transfer mecha-
nisms: electronic heat conduction, thermal radiation transport, and
laser or ion beam deposition. It uses unstructured grids composed
of triangular elements. The different processes are organized in a
fractional step scheme; state variables are advanced in sub-steps,
in which only some of the physical processes are active. Special
emphasis is put on conservation of physical quantities. This is
particularly important in view of limited computer resources. Typ-
ically, the computational grid has to be chosen rather coarse in
comparison with the scale length of the problem; for example, the
sharp jump of fluids variables across shock fronts, whose physical
thickness is several orders of magnitude smaller than grid spacing,
are smoothed artificially by the numerical method to occur across
several computational cells. The apparent shock thickness depends
on the numerical method used (2–3 cells in our simulations) and
can be reduced further only by increasing the number of grid ele-
ments. Under these circumstances, conservation principles warrant
correct evaluation of global quantities, for example, the shock wave
velocity. In this way, one avoids that numerical errors at some spe-
cial grid locations spoil the results of the simulation as a whole.

In order to allow a maximum flexibility, the code has been or-
ganized as a package of subroutines. It is left to the user to design
the main program: grid generation, initialization, and evaluation
of matter properties by user routines: equations-of-state, opaci-
ties, attenuation coefficients for laser/ion beam interactions, and
heat conductivities. Once all initial and boundary conditions have
been defined, control is passed to the central integration routine.
To facilitate this work, documented utility libraries, examples, as
well as a graphic user’s interface (GUI) and miscellaneous post-
processors have been developed and are supplied together with
the code package. In the present paper, we shall describe the algo-
rithms used in this code, with special emphasis on radiation trans-
port (Sections 2 and 3) and Lagrangian hydrodynamic motion (Sec-
tion 4). Thermal conduction and beam deposition are described in
Section 5. The program structure and software organization is dis-
cussed in Section 6.

Finally, Section 7 is used to apply the code to an ICF target con-
figuration of high current interest. It is similar to that designed at
Livermore Lab [2,11] to demonstrate target ignition and gain at the
National Ignition Facility (NIF). The simulation highlights both mer-
its and present limitations of the code, by showing early phases
of hohlraum heating and capsule implosion. Concerning the mer-
its, the code describes the multi-dimensional aspects of radiative
drive. This is crucial for the symmetry of capsule implosion. Con-
cerning limitations, the code as described in this paper contains
no fusion physics (ignition and burn not described), is restricted to
one-frequency-group radiation transport, and is not designed for
high-resolution studies of hydrodynamic instabilities. These limita-
tions are not inherent to the new numerical methods presented
here, but have been imposed for reasons of clear and focused
presentation. It is straightforward to add the missing parts, and
actually some corresponding subroutines are already included in
the packages for download from the web [12].

2. Radiation transport

The central point of this paper is to give a correct description of
directional radiative energy transfer with high angular resolution.
This requires to go beyond the usual diffusive approximation, fre-
quently used in 1D and 2D codes [7,13–16]. However, more sophis-
ticated and accurate methods to solve the transport equation [17]
demand extensive computer resources. Dealing with problems like
ICF, in which drastically different optical thicknesses and thermo-
dynamic properties occur simultaneously, robust, fast, and efficient
algorithms are needed.

In the ICF context, matter velocity is typically smaller than
the speed of light, so that the radiation field can be regarded as
quasi-static at any instant of time. The spectral radiation intensity
Iν(�r, �n) (energy flux per unit of solid angle and frequency) depends
on position �r, propagation direction �n, and frequency ν . For condi-
tions not too far away from local thermodynamical equilibrium, Iν
is determined (neglecting scattering and refraction) by the radia-
tive transport equation [18,19]:

�n · ∇ Iν = I P
ν − Iν
λ′
ν

≡ −qν, (1)

where λ′
ν is the mean free path for radiation (taking into account

stimulated emission), qν the power deposited in matter (per unit
of volume, solid angle, and frequency), and I P

ν is Planck’s distribu-
tion function given by

I P
ν = 2hν3

2 hν/kT
, (2)
c (e − 1)
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where h and k are Planck’s and Boltzmann’s constants, and c
denotes velocity of light. The mean free path λ′

ν is assumed to
depend only on frequency and position, but not on radiation di-
rection �n.1 It has to be computed by appropriate atomic physics
models as a function of matter composition, density ρ , and tem-
perature T (see, for example, Ch. 10 of [6]). The density of radia-
tion energy U and the total flux of radiation �S , at a given position,
are obtained by integrating Iν/c and Iν�n over all frequencies and
directions

4σ T 4
R

c
≡ U = 1

c

∫
�n

∫
ν

Iν dν d�n, �S =
∫
�n

∫
ν

Iν�n dν d�n. (3)

Here σ = 2π5k4/15h3c2 is the Stefan–Boltzmann constant, and T R
is called radiation temperature. We consider here the grey approx-
imation, where one assumes a frequency-averaged value λ instead
of the frequency-dependent λ′

ν . Integrating Eq. (1) over all frequen-
cies and assuming that Iν is not too far from the Planck distribu-
tion I P

ν , one obtains

�n · ∇ I = I P − I

λ
= −q, (4)

where I(�r, �n), q(�r), and I P (�r) = σ T 4/π represent integrals of
Iν(�r, �n), qν(�r), I P

ν (�r) over frequency, respectively, and the frequen-
cy-averaged mean free path λ is defined by

I P /λ =
∞∫

0

(
I P
ν /λ′

ν

)
dν. (5)

It is often referred to as the Planck mean free path (for basic ap-
proximations and frequency averages, see [6], Section 7.3). Eq. (4)
can be integrated again over all directions to obtain the energy
conservation equation

∇ · �S = 1

λ

(
4π I P −

∫
�n

I d�n
)

= 4σ T 4 − cU

λ
= −Q , (6)

where Q is the power deposited into matter per unit of volume. If
mean free path and temperature are known functions of position,
Eq. (4) can be integrated over straight lines (�r = �r0 + l�n, l being the
length from point �r0):

I(�r0 + l�n, �n) = I(�r0, �n)e−τ +
τ∫

0

I P (�r0 + l′�n)eτ ′−τ dτ ′. (7)

Here τ is the optical depth along the distance l:

τ (l) =
l∫

0

dl′

λ(�r0 + l′�n)
. (8)

The first term on the right-hand side of Eq. (7) corresponds to
the attenuation of the radiation flux at �r0; the second term is due
to radiation sources located between 0 and τ , each attenuated as
function of the optical depth between source and point �r. A special
case arises when λ is small compared to the characteristic length
of the problem. The first term then vanishes very fast, and the sec-
ond one can be approximated by expanding

I P (τ ′) = (
I P )

τ ′=τ
+

(
∂ I P

∂τ

)
τ ′=τ

(τ ′ − τ ) + · · · , (9)

to obtain the radiation field as

I � I P − λ�n · ∇ I P . (10)

1 Dependence on �n would occur, for example, by Doppler shift, when fluid veloc-
ity direction breaks space isotropy.
Fig. 1. Pure one-dimensional radiation transport.

Using this expression in Eq. (3), one obtains T R � T and

�S � −λ

(∫
�n

�n�n d�n
)

· ∇ I P = −4π

3
λ∇ I P � −16λσ T 3

3π
∇T (11)

Here, integrating the tensor �n�n over all space directions gives
(4π/3) ¯̄u, ¯̄u being the unit tensor.

Although the formal solution of the transfer Eq. (4) is given
by Eq. (7), this procedure (called the long characteristics method
[17,18]) cannot be implemented directly into an ICF code because
it would require, in order to avoid numerical noise, a separation
between characteristics lines smaller than the minimum size of the
mesh; typical Lagrangian grids are very distorted, with some of
the cells having an extremely small thickness, resulting in a pro-
hibitive number of lines. In order to clarify the algorithm used by
MULTI2D, we will discuss below situations of increasing complex-
ity before considering the 2D axial-symmetric geometry used by
the code.

2.1. One-dimensional transport

We start describing the mathematical problem of pure one-
dimensional transport (in euclidean space R

1), where propaga-
tion can occur only in two opposite directions.2 The frequency-
integrated radiation field is described by two intensities in each
space point: I+ (in direction �n) and I− (in direction −�n). Under
this conditions, radiation density of energy and flux are given by
U = (I+ + I−)/c and �S = (I+ − I−)�n instead of Eq. (3). For optically
thick regions one has �S � −2λdI P /dx instead of Eq. (11). We con-
sider a grid formed by N rectangles aligned along the direction of
propagation, and assume that temperature is known at interfaces
(see Fig. 1a). I P , depending only on temperature T , is also known
at the interfaces, and piecewise continuous linear variation with
optical depth is assumed. Considering one of the cells between in-
terfaces a and b, one has

I P (τ ) = I P
a + I P

b − I P
a

	τ
τ ≡ I P

a + dI P

dτ
τ , (12)

where τ is the optical depth measured from a, 	τ the cell optical
depth, and I P

a and I P
b are the source function values at interfaces.

Applying Eq. (7), one gets immediately the radiation intensity I+
in direction �n
I+(τ ) =

(
I+a − I P

a + dI P

dτ

)
e−τ + I P

a + (τ − 1)
dI P

dτ
, (13)

where I+a is the incoming intensity (see Fig. 1). This expression
allows to compute the exiting intensity I+b ≡ I+(	τ)

I+b = (
I+a − I P

a

)
e−	τ + I P

b − (
1 − e−	τ

) I P
b − I P

a

	τ
. (14)

2 This is equivalent to the so-called “forward-reverse” approximation used to
model some 1D problems [20].
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Now, by sweeping from the leftmost cell (see Fig. 1), where the in-
coming intensity must be specified as a boundary condition, the
intensity can be determined everywhere. The radiative power cou-
pled to matter is, for radiation in direction �n, obtained from Eq. (4)

q+ = −�n · ∇ I+ = −dI+

dx
= 1

λ

(
I+a − I P

a + dI P

dτ

)
e−τ − 1

λ

dI P

dτ
. (15)

The absorbed power for the cell (per unit of transversal area) is

Q + =
b∫

a

q+ dx = I+a − I+b . (16)

On the other hand, the average value of I+ in a cell is obtained
from Eq. (13)

Ī+ = 1

	τ

	τ∫
0

I+(τ )dτ = I P
a + I P

b

2
− I+b − I+a

	τ
. (17)

Combining the last two equations, we get

Q +

	x
= Ī+ − Ī P

λc
, (18)

where Ī P ≡ 1
2 (I P

a + I P
b ), 	x is the cell thickness, and λc is the

averaged opacity in the cell (λc = 	x/
∫ b

a λ−1(x)dx). Because we
consider temperature defined at interfaces, it is natural to define
also the deposition of energy at interfaces. For optically thin cells
(	τ < 1), deposition is a smooth function, so that Q + can be di-
vided into two equal parts. For 	τ > 1, deposition is not smooth
any more. Eq. (15) shows that, for large 	τ , deposition takes place
in a region of thickness of order unity, close to cell entrance (the
second term in this equation ( dI

dτ /λ) will cancel exactly with a sim-
ilar one originating by the transport in opposite direction −�n). We
observe that we can write the deposition of energy in a cell also
as

Q + =
[

I+a − I P
a + dI P

dτ

]
−

[
I+b − I P

b + dI P

dτ

]
− 	τ

dI P

dτ
. (19)

This expression suggests that, for 	τ > 1, one can assign the first
term to interface a, the second one to interface b, and ignore the
third one (the integral of dI

dτ /λ). Using this approach, for 	τ → ∞,
the second term vanishes (see Eq. (14)) and all coupling goes to the
cell entrance. In this situation, because I+ and I P are continuous
functions, deposition at an internal interface (1 < i < N) is equal
to the change of the slope of I P in the adjacent cells. Considering
both propagating directions, we have at interface i

Q i = 2

(
dI P

dτ

)
i+1/2

− 2

(
dI P

dτ

)
i−1/2

= 2λi+1/2
I P
i+1 − I P

i

	i+1/2x
− 2λi−1/2

I P
i − I P

i−1

	i−1/2x
. (20)

This expression is the usual three-point discretization of the right-
hand term of the diffusive transport equation ∂ E/∂t = ∇ · 2λ∇ I P .
The outlined algorithm has the following very desirable properties:

(i) I+ and I− are easily obtained from interface temperatures and
incident radiation at the boundaries, I+0 and I−N .

(ii) I+ and I− are guaranteed to be positive everywhere.
(iii) Energy is conserved. Adding Eq. (16) for all cells and for both

propagation directions,

N∑
i=0

Q i = (
I+0 + I−N

) − (
I+N + I−0

) = input − output. (21)
Fig. 2. Pure two-dimensional radiative transfer.

(iv) Both for optically thin and optically thick regions, deposition
is correctly determined by Eqs. (18) and (20), respectively.

The algorithm can be extended to one-dimensional propagation
through a grid formed by trapezoidal elements filling the same
region as before, but with temperatures defined at quadrangle ver-
tices (see Fig. 1b). The radiation intensity is approximated by its
value at the center of interfaces. I P is computed first at vertices,
the value of I P at interface center is obtained by averaging the val-
ues at its ends; the algorithm is applied to obtain I+ and I− over
the central line αβ . Finally the power coupling to matter, com-
puted at each interface center, is distributed in equal parts to its
ends.

2.2. Two-dimensional planar transport

The method outlined above can be extended to ideal planar ra-
diation transport, where only propagation in directions parallel to
a plane is allowed. In this situation, integrals in Eq. (3) should
be extended over ordinary angles rather than solid angles, while
Eq. (11) now becomes �S � −πλ∇ I P . We consider a 2D planar
grid composed of triangular cells with temperatures defined at the
nodes (see Fig. 2), and radiative mean free path λ constant in each
cell. The direction space is dicretized by subdividing the unit circle
by an even number Nn of equal parts of size 	�n = 2π/Nn . Transfer
Eq. (4) for each direction is independent of the others, and can be
solved separately. In principle, one could apply the 1D procedure of
Section 2.1 for each direction by cutting the computational domain
in parallel bands (shaded area in Fig. 2). The value of I P could
be defined, in each interface, as the average of values at its ends,
while the deposition of radiation, computed at interfaces, would
be distributed between the nodes at their ends. This approach is
not convenient in distorted non-structured grids, because it will
require as many bands as nodes. The computational effort, scal-
ing with the number of triangles raised to the power 3/2, would
be prohibitive. Instead, we take radiation intensity defined at cell
interfaces. For a given propagation direction �n, we have two cell
types: a, cells with radiation entering through one of the sides,
and exiting through the other two (Fig. 3), b, cells with radiation
entering through two sides, and exiting by the third (Fig. 4). We
divide each cell into two parts by line A A′ parallel to �n, and ap-
ply the concepts outlined above for each part. For cells of type a,
the exit intensities are obtained by applying Eq. (14)

I AB = (
I BC − I P

BC

)
e−	τ + I P

AB − (
1 − e−	τ

) I P
AB − I P

BC , (22)

	τ
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Fig. 3. Geometry of a cell of type a.

Fig. 4. Geometry of a cell of type b.

I AC = (
I BC − I P

BC

)
e−	τ + I P

AC − (
1 − e−	τ

) I P
AC − I P

BC

	τ
, (23)

where Ii j is the radiation intensity over the side between points i
and j, I P

i j = 1
2 (I P

i + I P
j ) is the averaged Planck intensity on this side,

and 	τ the average optical depth of the cell (area divided by the
height h and by λ). For cells of type b, we would obtain different
values on the two halves of the output interface

I A′ B = (
I AB − I P

AB

)
e−	τ + I P

BC − (
1 − e−	τ

) I P
BC − I P

AB

	τ
, (24)

I A′C = (
I AC − I P

AC

)
e−	τ + I P

BC − (
1 − e−	τ

) I P
BC − I P

AC

	τ
. (25)

The averaged exit intensity on side BC is obtained using f AB and
f AC (ratios between the heights of triangles A A′B and A A′C to the
total cell height h) as weighting factors

I BC = f AB I A′ B + f AC I A′C . (26)

Using Eqs. (22)–(26), the intensity of radiation in direction �n can
be computed at all interfaces, starting at entrance boundary inter-
faces (dashed line in Fig. 2), where an external source (if any) can
be specified, and proceeding in the appropriate order (i.e. following
the numbers in Fig. 2). The power deposited in a cell is obtained
adding the contributions of the two halves

Q = ±(I BC − f AB I AB − f AC I AC )h	�n
≡ −

∑
k∈sides

�Lk · �nIk	�n, (27)

where the sign is positive/negative for cells of type a and b, re-
spectively, and �Lk is a vector perpendicular to triangle side k, with
modulus equal to its length, and pointing outward. We general-
ize the procedure of Section 2.1, computing first the power at the
interfaces (from Eq. (19))

Q k = −�Lk · �n(
Ik − I P

k + λ�n · ∇ I P )
	�n. (28)

For optically thick cells (	τ > 1), the quantity Q k is distributed
in equal parts between both ends of side k; for optically thin
cells (	τ < 1), in equal parts between all cell vertices. Notice that
adding depositions on the three sides we have∑

Q k = Q + �n ·
∑

I P
k
�Lk	�n �= Q . (29)
k∈sides k∈sides
Fig. 5. Numerical lateral spread of radiation.

This apparent discrepancy in power deposition disappears when
contributions of two opposite directions (�n and −�n) are added. The
average value of I can be evaluated by applying Eq. (17) to cell
halves and weighting them with factors f AB and f AC to get

Ī = f AB I P
AB + f AC I P

AC + I P
BC

2
+ Q

h	τ	�n . (30)

The total deposition of radiative transfer in one cell is obtained
adding the contributions of all directions

Q cell =
∑

�n
Q �n = A

λ

(∑
�n

Ī�n	�n − 2π
∑

i=A,B,C

wi I P
i

)
, (31)

where the upper index �n indicates the direction, and the weighting
factors wi , satisfying w A + w B + wC = 1, are given by

wi =
∑

�n

|�ri j × �n| + |�rik × �n|
max(|�ri j × �n|, |�rik × �n|, |�r jk × �n|)

	�n
8π

, (32)

with �ri j ≡ �ri − �r j , and j and k being the other two vertices of the
triangle. In the limit 	�n → 0, this expression becomes

wi = 1

4π

(
π + β cotα − ln(sinγ / sinα)

cotγ + cotα

+ γ cotα − ln(sin β/ sinα)

cotβ + cotα

)
, (33)

with α = ĵik, β = î jk, and γ = îkj, the internal angles in each ver-
tex. In the case of an equilateral triangle, wi = 1

3 .
For the optically thin regime, the described algorithm produces

a lateral spread of the radiation. This fact is illustrated in Fig. 5,
where, over a regular grid of equilateral triangles of side L, absorp-
tion is considered negligible (	τ � 0). A ray with direction defined
by angle θ ∈ [−π

6 , π
6 ], impinges on triangle A of type a. The out-

put intensities of this triangle, given by Eqs. (22)–(23), are equal,
for 	τ � 0, to entrance values. These intensities are coupled as in-
put to triangles B and B ′ of type b, whose output intensities, given
by Eq. (24)–(26), are (1 ± √

3 tan θ)/2 (relative to entrance value).
In this way, radiation flux is divided in M + 1 components after
passing through M layers of cells. Asymptotically, it can be shown
that, for x, y 
 L, the intensity distribution takes the form

I(x, y) � 1√
2πσ

exp

(
− y2

2σ 2

)
, (34)

with

σ 2 = xL

2
√

3
cos3 θ

(
1 − 3 tan2 θ

)
. (35)

Notice that for propagation along directions parallel to triangle
sides (i.e. θ = ±π

6 ) lateral diffusion disappears. For a more realistic
situation, characterized by an irregularly distorted grid, analysis is
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Fig. 6. Cylindrical coordinate system.

more complicated, but one can estimate roughly the lateral spread
by averaging Eq. (35) over all angles

〈σ 2〉 � 3

π

π/6∫
−π/6

σ 2(θ)dθ = xL

π
√

3
. (36)

In any case, the exact solution of Eq. (1) is correctly obtained in
the limit L → 0, while Eq. (31) guarantees a consistent coupling of
radiation with matter.

On the other hand, for the optically thick regime, in each in-
ternal interface, the two contributions coming from adjacent cells
are given by Eq. (28) with opposite values of �Lk . The total power
deposited at the interface can be written as

Q k =
∑

�n
�Lk · �n(

λ+�n · (∇ I P )
+ − λ−�n · (∇ I P )

−
)
	�n

= �Lk · (�S− − �S+), with �S = −πλ∇ I P , (37)

where �Lk is directed from cell “−” to cell “+”, and, for simplicity,
Nn has been assumed to be a multiple of 4. Finally this value will
be distributed to the nodes of the interface. This result is the one
that would be obtained when diffusive transport (Eq. (11)) is dis-
cretized by a Galerkin-like method, such as the one described in
Section 5 for the diffusive heat flux: �S is assumed constant in each
cell and discontinuous at interfaces, the jump of energy flux being
distributed between nodes. We can thus conclude that the opti-
cally thick regime is also correctly recovered and that the points
listed at the end of Section 2.1 are satisfied for planar geometry.

2.3. Axial symmetric transport

We consider the cylindrical coordinates r, z, and ψ , shown in
Fig. 6. For axially symmetric problems, quantities do not depend on
ψ , so that radiation intensity can be written as I(r, z, θ,ϕ), where
angles θ and ϕ define the direction of radiation propagation:

�n = cos θ �uz + sin θ cosϕ�ur + sin θ sinϕ�uψ . (38)

In this geometry, transfer Eq. (4) takes the form:

sin θ

(
cosϕ

∂ I

∂r
− sinϕ

r

∂ I

∂ϕ

)
+ cos θ

∂ I

∂z
= I P − I

λ
. (39)

The radiation field will be discretized by dividing the 4π -sphere
of directions into a finite number of domains of constant inten-
sity (dashed area in Fig. 6). For clarity, the derivation will be
done in two steps. First, we subdivide the range of variation of
θ into M intervals, assuming no dependence on θ in each in-
terval: I(r, z, θ,ϕ) = Ii(r, z,ϕ) for θi < θ < θi+1 (with θ1 = 0 and
θM+1 = π ). Multiplying Eq. (39) by sin θ dθ (lowest order moment,
in order to conserve energy) and integrating over each interval,
one arrives at a set of independent equations

αi

(
cosϕ

∂ Ii

∂r
− sinϕ

r

∂ Ii

∂ϕ

)
+ βi

∂ Ii

∂z
= γi

I P − Ii

λ
, (40)

with coefficients

αi ≡ θi+1 − θi

2
+ sin 2θi − sin 2θi+1

4
,

βi ≡ cos 2θi − cos 2θi+1

4
,

γi ≡ cos θi − cos θi+1. (41)

Secondly, for each value of i, we subdivide the range of variation
of ϕ into a number of intervals Ni (in general depending on i). Be-
cause the problem is symmetric with respect to a plane containing
the z-axis (I(r, z, θ,ϕ) = I(r, z, θ,−ϕ)), we need only to consider
the range −π � ϕ � 0. We integrate Eq. (40) over each interval,
assuming a constant value Ii(r, z,ϕ) = Ii j(r, z) for ϕi j < ϕ < ϕi, j+1
(with ϕi1 = −π and ϕi,Ni+1 = 0) to obtain

Ai1
∂ Ii1

∂r
+ Ci1

∂ Ii1

∂z
= Di1

I P − Ii1

λ
, (42)

for j = 1, and

Aij
∂ Ii j

∂r
+ Bi, j−1

Ii j − Ii, j−1

r
+ Cij

∂ Ii j

∂z
= Dij

I P − Ii j

λ
, (43)

for j > 1, where the coefficients

Aij ≡ αi(sinϕi, j+1 − sinϕi j),

Bij ≡ −αi sinϕi, j+1,

Cij ≡ βi(ϕi, j+1 − ϕi j),

Dij ≡ γi(ϕi, j+1 − ϕi j), (44)

satisfy∑
j

Ai j = 0,
∑

i

∑
j

Ci j =
∑

i

πβi = 0,

∑
i

∑
j

Di j =
∑

i

πγi = 2π. (45)

To obtain Eqs. (42)–(43) from Eq. (40), one has to integrate the
term ∂ Ii/∂ϕ , singular at interval boundary ϕi j because Ii has been
assumed discontinuous there. Although the integral of such term
is Ii j − Ii, j−1, is not clear how to distribute this value between
intervals j and j − 1. To solve this ambiguity, we use the follow-
ing physical argument: this term takes into account that, for a
photon moving along a straight line, ϕ is increasing (for ϕ < 0),
until the boundary value ϕi j is reached and the photon passes
from interval j − 1 to interval j. It is reasonable to assume that
equation for interval j will contain the intensity of interval j − 1
(from where photons are coming) but not the intensity of inter-
val j + 1 (to where photons are going). This assumption, together
with the condition that I = I P = constant must be a valid solu-
tion, determines completely Eqs. (42)–(43). Current implementa-
tion in the code3 uses a uniform subdivision of θ and ϕ ranges,
and requires M and Ni to be even and to verify the condition
Ni = NM−i+1. In order to get an equation in conservative form,
suitable to be discretized in R–Z space, a new variable is defined:

3 The set of values of Ni are passed to the radiation routine as an integer array
called nphis.



R. Ramis et al. / Computer Physics Communications 180 (2009) 977–994 983
Γi j ≡ 2πr Ii j for j > 0, and Γi0 ≡ 0 for j = 0. Transfer equations
take the form

Aij
∂Γi j

∂r
+ BijΓi j

r
− Bi, j−1Γi, j−1

r
+ Cij

∂Γi j

∂z
= Dij

Γ P − Γi j

λ
, (46)

with Γ P ≡ 2πr I P . This equation has a structure similar to the dis-
cretization of Eq. (4), discussed for planar geometry in the previous
section. The vector

�nij ≡ Aij �ur + Cij �uz

Eij

(
Eij ≡

√
A2

i j + C2
i j

)
(47)

plays the role of the unit vector in the propagation direction of
radiation component Γi j . The two terms containing r can be in-
terpreted as an attenuation term and a source term, originating
geometrically from exit or entrance of photons in the direction
domain. For r → ∞, both terms vanish, and the planar 2D trans-
port is recovered. This similarity can be emphasized by writing the
transfer equations as

�nij ·
(

∂Γi j

∂r
�ur + ∂Γi j

∂z
�uz

)
= Γ E

i j − Γi j

λE
i j

, (48)

with

λE
i j ≡ Eij

Dij/λ + Bij/r
, (49)

Γ E
i j ≡ λE

i j

Ei j

(
DijΓ

P

λ
+ Bi, j−1Γi, j−1

r

)
, (50)

where λE
i j and Γ E

i j are effective mean-free-path and source term.
This set of equations can be solved by the method described in
Section 2.2. A grid of triangular cells in the plane R–Z is consid-
ered, with temperatures defined at nodes and opacities assumed
uniform inside cells. For each value of i, we have a coupled set of
equations from j = 1 to j = Ni , that has to be solved in this order.
For each direction �nij , the cells must be sorted before computing
exit values of Γi j from entry values in each cell. λE

i j and the cor-

responding optical depths 	τ E
i j at cells are computed assuming an

average value of radius in Eq. (49)

r̄ = rA + rB + rC

3
. (51)

The value of Γ P
k at edge k is computed by averaging the values at

edge ends A and B , for example, by taking

Γ P
k = 2π × 1

2
(rA + rB) × 1

2

(
σ T 4

A

π
+ σ T 4

B

π

)
. (52)

The values of Γ E
i j,k at cell edges are computed by Eq. (50), but

using Γ P
k in the place of Γ P , and the cell average values r̄ and

Γ̄i, j−1 in the place of r and Γi, j−1. The value Γ̄i, j−1 was made
available when previous4 direction �ni, j−1 was solved. With these
values, Eqs. (22)–(26) allow to determine successively Γi j,k at in-
terfaces (using 	τ E

i j , Γ E
i j,k and Γi j,k in the place of 	τ , I P

k and

Ik). On the other hand, the average value Γ̄i j , needed for the
next direction, is computed in a similar way by using Eqs. (27)
and (30)

Γ̄i j = f ABΓ E
i j,AB + f AC Γ E

i j,AC + Γ E
i j,BC

2

± Γi j,BC − f ABΓi j,AB − f AC Γi j,AC

	τ E
i j

. (53)

4 For j = 1, Γi, j−1 = 0.
Deposition of energy in one cell can be obtained integrating Eq. (4)
over solid angles and over cell volume V

Q cell =
∫
V

∫
4π

I − I P

λ
d�n dV . (54)

Due to axial symmetry, we can do the integration over cell area A
in the R–Z plane

Q cell =
∫
A

1

λ

(∫
4π

Γ d�n − 4πΓ P
)

dr dz. (55)

Using d�n = sin θ dθ dϕ , Eq. (46), and the divergence theorem, we
arrive at

Q cell =
∫
A

∑
i j

2Dij(Γi j − Γ P )

λ
dr dz

=
∫
A

∑
i j

(
2Aij

∂Γi j

∂r
+ 2Cij

∂Γi j

∂z

)
dr dz

= −
∑

k∈sides

∑
i j

2EijΓi j,k�nij · �Lk, (56)

where Γi j,k is the value of Γi j at cell interface k. As in previous
sections, we start computing depositions at interfaces

Q ij,k = −�Lk · �nij
(
Γi j,k − Γ ∗

i j,k + λE
i j�nij · ∇Γ E

i j

)
2Eij, (57)

where

Γ ∗
i j,k = Γ P

k + λE
i j

Ei j

Bi, j−1Γ̄i, j−1

r̄
. (58)

Notice that we use Γ ∗
i j,k instead of Γ E

i j,k , the quantity that would
appear in Eq. (57) by straightforward application of Eq. (28). The
difference between both quantities vanishes in the limit of opti-
cally thick cells

Γ ∗
i j,k − Γ E

i j,k =
( Bijλ

E
i j

Ei j r̄

)
Γ P

k � Γ P
k , if λE

i j � r̄. (59)

This modification in necessary in order to satisfy the conservation
condition

Q cell =
∑

k∈sides

∑
i j

Q i j,k. (60)

Finally, the value of Q ij,k is either distributed in equal parts to the
two end nodes of side k, or between the three nodes of the cell, for
	τ E

i j larger or smaller than unity, respectively. Energy deposition
in a cell can also be written as

Q cell = A

λ

(∑
i j

2DijΓ̄i j − 4π
∑

k∈sides

wkΓ
P

k

)
, (61)

where 2Dij is the solid angle for direction (i, j), Γ̄i j are given by
Eq. (53), and wk are coefficients, dependent on triangle shape and
radiation discretization, that verify

∑
k∈sides wk = 1. This equation

expresses a consistent discretization of the integrand of Eq. (55).
For optically thin configurations, due to the low order discretiza-
tion of operator sinϕ∂ Ii/∂ϕ (in Eq. (40)) by sinϕi, j+1(Ii, j+1 − Ii j)

(in Eq. (43)), the diffusion of intensity perpendicularly to prop-
agation direction, is mixed now with spreading of intensity to
directions with different ϕ angle. A quantitative analysis of ac-
curacy of the algorithm is given in Section 3.1.

In the optically thick regime, one has λ � r, and from Eqs. (49)
and (50) one obtains

λE
i j � λEij

D
, Γ E

i j � Γ P . (62)

i j
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Power deposition at an internal interface k is obtained by summing
up Eq. (57) over all directions and over the two adjacent cells. For
strong gradients with scale length smaller than the distance to the
axis, we can neglect the second term in Eq. (58) and also assume
∇Γ P � 2π r̄∇ I P , obtaining

Q k � 2π r̄�Lk ·
∑

i j

2E2
i j �uij �uij

Dij
· (λ+

(∇ I P )
+ − λ−

(∇ I P )
−
)
, (63)

with �Lk directed from cell “−” to cell “+”. The tensor quantity
approaches 4π/3 ¯̄u when the number of divisions of the direction
space increases (N, Ni → ∞). As discussed in Section 2.2, one can
describe the power coupled to an interface as the jump of normal
components of the radiative flux between both sides of the inter-
face

Q k � 2π r̄�Lk · (�S− − �S+), with �S � −4

3
πλ∇ I p . (64)

For smoother gradients the situation is more complicated, and the
algorithm has been validated through comparison with analyti-
cal problems as the one discussed in Section 3.2. Although the
radiation discretization in R–Z geometry gives place to a set of
equations (Eqs. (42)–(43) or (46)), each one corresponding to a
propagation direction �nij in the R–Z plane, these equations in-
clude terms (the ones with r in the denominator) accounting for
the fact that photons travelling along straight rays in physical space
have curved trajectories in the R–Z plane. These terms appear in
the discretization as an attenuation term (photons leaving direc-
tion �nij ) and a source term (photons entering direction �nij from
neighbor direction �ni, j−1). In this way, a non-physical concentra-
tion of rays at the axis of symmetry is avoided. In particular,
the radiation temperature is uniform inside a hohlraum with uni-
form temperature walls, except that, due to truncation errors when
Eq. (46) is discretized in space, irregularities of radiation temper-
ature or flux can occur in the 1–2 cells adjacent to the axis of
symmetry. This localized anomaly affects only a fraction � N−2

r of
the cavity volume, where Nr is the number of cells in radial direc-
tion.

2.4. Implementation

The algorithm described above has been implemented in the
routines of file radia.r. The core of the algorithm is routine radi-
arun, that determines, for given values of i and j, the values of Γi j
at all interfaces, the average value Γ̄i j at cells (needed to obtain
the next value of j), and the power deposition at nodes. In ad-
dition, radiation temperature (used only for output diagnostics) is
computed by

T R =
(

1

2σ

∑
i j

Di jΓ̄i j

)1/4

. (65)

Before applying the algorithm, routine radiasort generates, for each
propagation direction �nij , the appropriate sequence of cells (see
Fig. 2). Triangle nodes must be given in counter-clockwise order,
so that the property of a certain side AB , being an entry or an exit
of radiation can be determined by the sign of �uϕ · ((�rB −�rA) × �nij).
Triangles with all their entries belonging to the boundary are
marked to be solved first in the solving sequence list, while tri-
angles adjacent to these are pushed into a “circular buffer”. The
buffer is continuously scanned for triangles with known entries,
and, when one is found, it is put in the solving sequence, while its
unsolved neighbors are pushed into the buffer. The process ends
when the buffer is empty. In addition, before calling routine ra-
diarun, the radiation intensity at entry boundary interfaces must
be supplied by the user’s defined routine external as a function of
time, position, and propagating direction. If global option xsymme-
try is set, the z = 0 plane is assumed to be a plane of symmetry.
Radiation directions with cos θ < 0 are solved in the first place.
The exit radiation flux at interfaces at z = 0 is stored temporally
and used as incoming flux for the reflected directions (opposite
values of cos θ and same values of ϕ). Reflecting conditions are
also assumed at the lower boundary (interfaces with r = min r
at both ends); intensities for an incoming direction ( jin < Ni/2)
are stored and used as input5 for the corresponding exit direction
( jout = Ni + 1 − jin). This procedure avoids energy leakage at the
axis of symmetry; notice that the algorithm does not guarantee
Γi j = 0 at r = 0.

2.5. Time advance

With the scheme described so far, the power Q i deposited by
radiation at each node is computed as a function of geometry and
node temperatures. The system evolution is determined by equa-
tions

dEi

dt
= Q i(T1, T2, . . . , T M), (66)

where Ei is the energy assigned to node i. To solve this system,
one needs to relate node temperatures and energies by equations-
of-state of the form Ti = Ti(Ei). With the discretization used in the
code, the system is conservative because

∑
i Q i has been shown

(see Eq. (56)) to be equal to the net radiation power entering
the system; for a closed system,

∑
i Q i = 0 and

∑
i Ei remains

constant. Eqs. (66) must be integrated in time; energies and tem-
peratures at time level tn+1 = tn + 	t are obtained from values at
time level tn . The straightforward explicit method

En+1
i − En

i

	t
= Q i

(
T n

1 , T n
2 , . . . , T n

M

)
, T n+1

i = Ti
(

En+1
i

)
, (67)

reduces to a diffusion scheme in optically thick regions, and it is
well known that explicit schemes are not appropriate in such a
case due to the prohibitively small time step needed to guarantee
stability. On the other hand, a fully implicit scheme, where Q i is
evaluated with temperatures at time tn+1, would require the so-
lution of a very big system of coupled nonlinear equations. The
linearized scheme

En+1
i − En

i

	t
=

(
∂ Ei

∂Ti

)n T n+1
i − T n

i

	t

= Q n
i + α

M∑
j=1

(
∂ Q i

∂T j

)n(
T n+1

j − T n
j

)
, (68)

where upper index n labels quantities evaluated from tempera-
tures at time tn and α is a parameter between 0 (full explicit) to 1
(full implicit), would require the solution of a system of M linear
equations for Ti with full matrix due to radiative coupling between
distant elements. Notice that Eqs. (68) satisfy energy conservation:
if

∑
i Q i is zero for any set of temperatures,

∑
i(∂ Q i/∂T j)

n is zero,
so that, when equations for all nodes are added, the terms in the
right-hand side cancel, and one has

∑
i En+1

i = ∑
i En

i . The code
MULTI2D uses the so-called “symmetric-semi-implicit” (SSI) method
described in [21]. The idea is to neglect all elements outside the
main diagonal of (∂ Q i/∂T j)

n , so that one can determine T n+1
i in a

trivial way. If this is done directly, the energy is not conserved be-
cause

∑
i(∂ Q i/∂Ti)

n(T n+1
j − T n

j ) is in general different from zero.
One can identify the total error as a sum of node errors of the
form: Q n

i 	t + En
i − En+1

i . This energy error must be corrected for

5 Optionally, multiplied by the factor reflex.
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in subsequent time steps. At each node, a “ghost” energy εi is de-
fined as the sum of previous and not yet corrected energy errors.
At each time step, a fraction β of this value is added to the energy
equation. The discretization of Eq. (66) becomes

En+1
i − En

i =
(

∂ Ei

∂Ti

)n(
T n+1

i − T n
i

)
=

(
Q n

i + α

(
∂ Q i

∂Ti

)n(
T n+1

i − T n
i

))
	t + βεn

i ,

εn+1
i = εn

i + Q n
i 	t − En+1

i + En
i . (69)

Obviously the conservation of energy is then satisfied in the sense
that

∑
i Ei + ∑

i εi is conserved. The method is consistent because,
for small values of 	t , one has |εi | → 0. If, in addition, the method
is stable, the numerical solution approaches to the true solution.
In the context of complex and strongly nonlinear systems, these
issues have to be assessed by numerical experiments. Neverthe-
less, the numerical analysis of simplified cases will allow to clarify
the limitations of the method. As such an example, we consider
the discretization of the equation of one-dimensional diffusion,
∂T /∂t = ∂2T /∂x2, taking, for simplicity, a unlimited and uniform
grid with 	x = 1:

dTi

dt
= Ti−1 − 2Ti + Ti+1. (70)

The solution of such a linear system can be expanded as

Ti(t) = 1√
2π

π∫
−π

T̃ (k, t)eiik dk. (71)

Using this expression in Eq. (70), one has

T̃ (k, t) = T̃ (k,0)eγ∗(k)t , (72)

where

γ∗(k) ≡ −4 sin2 k

2
(73)

is the exact dispersion relation of Eq. (70). On other hand, by ap-
plying the SSI method to this equation (with Ei ≡ Ti and Q i ≡
Ti−1 − 2Ti + Ti+1), one obtains a numeric dispersion relation

γ (k) = 1

	t

× log

(
1 + γ∗(k)	t − β ± √

(β + γ∗(k)	t)2 + 8αβ γ∗(k)(	t)2

2 + 4α	t

)
.

(74)

It can be proven that, for 0 < β < 1 and α > 1 − β/2, the SSI
method is unconditionally stable. Notice that, different from a
straightforward explicit method (Eq. (67)), 	t values larger than
one can be used (we assume 	t 
 1 in the following), and that,
due to the introduction of the additional variable εi , Eq. (74) pro-
vides two roots for each wavenumber k. For a given value of k,
both roots are real for small enough 	t and can be developed in
terms of the quantity ζ ≡ γ∗(k)(	t)2, that we assume to be small.
The slower root (positive sign in Eq. (74)) is given by

γ1(k) = γ∗(k)

(
1 +

(
2α

β
− 1

2	t

)
ζ + O

(
ζ 2)), (75)

while the faster root (negative sign in Eq. (74)) is

γ2(k) � 1

	t
ln

(
1 − β

1 + 2α	t

)
� − βγ∗

2αζ
. (76)

After a short transient time � |1/γ2| � |1/γ∗|, in which value of ε̃
goes from 0 (if initially the “ghost” energy was set to be zero) to
−2αζ T̃ /β � T̃ (“ghost” energy is smaller than physical energy),
the numerical solution approaches asymptotically the exact one
(γ1 � γ∗). Long wavelength components extending over N inter-
vals and having an attenuation time ta � |1/γ∗| � k−2 � N2 are
correctly reproduced when ζ � k2(	t)2 � (	t/N)2 � 1. This con-
dition means that the number of time steps during the character-
istic attenuation time ta must be larger than N , so that numerical
propagation of information (one interval per step) along distance
N can take place. Shorter wavelength modes, although poorly re-
produced, are strongly damped, as it is the case for the physical
ones. MULTI2D uses the SSI method with α = 1 and β = 1/2,
a combination that has been found satisfactory for all the sit-
uations treated up to now. The accuracy limitations mentioned
above are not restrictive in the context of strongly nonlinear prob-
lems, where anyway very small time steps are needed to obtain
the correct evolution of nonlinear thermal waves; as in the SSI
method, more than N time steps are required to solve structures
extending over N cells. To apply Eq. (69), in addition to the ra-
diation deposition Q i (returned by routine radia), its temperature
derivative (∂ Q i/∂Ti ) and the value of the thermal capacity associ-
ated with nodes (∂ Ei/∂Ti ) are needed. Different from the implicit
method (Eq. (67)) and due to energy conservation inherent to the
SSI method, it is not critical that these quantities are extremely
accurate. (∂ Q i/∂Ti ) values are evaluated by routine radiader in an
approximate way. For a node surrounded by optically thin cells,
one has from Eq. (6)

∂ Q i

∂Ti
� −16σ T 3

i

3

∑
k∈i

2π r̄k Ak

λk
, (77)

where the sum extends over cells that have i as a vertex. For opti-
cally thick situations, ∂ Q i/∂Ti is extracted from Eq. (122), derived
in Section 6 for diffusive transport, using κ = 16λσ T 3/3π as ther-
mal conductivity. For intermediate cases, smooth interpolation is
used. Also provision is taken for the case where one side AB (of
length l) of an optically thick cell belongs to the free boundary (or
is in front of an optically thin cell). It will radiate a power given by
� σπ l(rA T 4

A + rB T 4
B), so that a −4πσ lri T 3

i contribution is added
to the value of ∂ Q i/∂Ti at its vertices. Finally, the evaluation of
∂ Ei/∂Ti , for mixtures of materials with tabulated thermodynamic
properties will be described in detail in Section 6.4.

3. Numerical results

The concepts outlined above have been tested exhaustively in
a variety of situations. Here we present two representative cases,
which can be compared with analytical solutions. The first one
describes an optically thin and the second one an optically thick
configuration.

3.1. Optically thin example

The transfer of radiation between a spherical shell and a con-
centric inner sphere is considered; they are optically thick and
have a transparent medium in between. On the inner surface of
the outer shell at radius R2 one specifies, at each point, an in-
coming isotropic radiative flux that depends only on the azimuthal
angle Φ ≡ tan−1 z/r. The inner sphere (with radius R1) receives
on its surface a flux depending also only on Φ . This problem
can be solved analytically (see [6], Section 9.4.3) and represents a
very sensitive test for the directional radiative transfer algorithm.
Both intensities are expressed in terms of spherical harmonics:
I2(Φ) = ∑

l alYl0(Φ), I1(Φ) = ∑
l blYl0(Φ), choosing only modes

with m = 0 due axial symmetry. In addition, we assume mirror
symmetry with respect to the plane z = 0, so that odd-l terms
are absent. It is found that each mode at R2 maps into the same
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Fig. 7. Two spherical surfaces transfer problem. Radiative power on the internal
sphere as a function of Φ , for R2/R1 = 2. Continuous curves are obtained from
simulations, and dashed ones from analytical theory.

mode at R1. The ratio bl/al depends only on l and R2/R1, while
bl/al′ = 0 for l �= l′ . These values have been plotted in Fig. 8 as
continuous lines. We simulate this problem numerically, using a
regular orthogonal grid composed of quadrangles, with 100 inter-
vals in azimuthal direction (only the range 0 � Φ � 90◦ is needed
due to mirror symmetry) and 50 × (R2 − R1)/R1 intervals in radial
direction. Each quadrangle divides into two triangles. The trans-
parent medium is modeled by using a large value of λ (106 × R1).
The 2π half-sphere of directions (shown in Fig. 6) is discretized by
180 domains, and a uniform positive offset is added to I1 to avoid
negative intensities. Numerically the problem is quasi-static in the
sense that I2 is obtained after the first integration cycle, before
matter energy and temperature are advanced. Given the source in-
tensity I2(Φ) ∝ (1 + Yl0(Φ)) for modes l = 2, 4, 6, and 8 at the
outer shell and R2 = 2R1, we plot in Fig. 7 the radiation inten-
sity I1(Φ) on the inner sphere (continuous lines). The analytical
curves are also plotted in the same figure (dashed lines). There
is an overall agreement except at the axis of symmetry where a
peak occurs at Φ = 0. When hydrodynamical motion is active, it
is sometimes necessary to introduce some numerical filter to re-
move the singular behavior at this node. In addition one observes
that modes with high l are strongly damped. This is quantitatively
shown in Fig. 8, where flux is plotted as a function R2/R1 for
different l-modes. Simulated values agree well with the analytical
results.

3.2. Optically thick example

To illustrate the algorithm in an optically thick situation, we
consider the problem of the radiative heat wave emerging from an
instantaneous point source. The corresponding analytical solution
is given in [20] (Ch. X, Sec. 6). A fixed amount of energy is instan-
taneously released in a point (in the simulation, the initial energy
of the node at the origin) and launches a spherical self-similar
thermal wave. The spherical front advances with time, while tem-
perature decreases. For simulating this problem, we use a 50×50
rectangular grid, where each quadrangle is divided diagonally into
two triangles. As in the previous case, only the half space z � 0
has to be simulated. A constant and uniform heat capacity is as-
sumed, and the radiative mean free path is set to one tenth of the
grid size, such that cells are optically thick. We use dimensionless
variables, so that temperature and time are expressed in arbitrary
Fig. 8. Two spherical surfaces transfer problem. Reduction factor between emitted
flux at R2 and incident flux at R1, for different spherical modes, as a function of
R2/R1. Lines are analytical values, dots are from simulations.

Fig. 9. Instantaneous point source problem. Radiation temperature plots at different
times (both in arbitrary units).

units. Fig. 9 shows the radiation temperature distribution (almost
identical to the matter temperature) at different times. In Fig. 10,
radial temperature profiles obtained by the code (cuts at z = 0) are
compared with the analytical solution. There is a good agreement:
the position of the thermal front is correctly determined, and the
profiles are similar. Nevertheless, small differences are visible in
the region close to the axis of symmetry, where the used dis-
cretization does not describe diffusive transport accurately, because
cell size is not small compared with distance to the axis. Also the
shape of the numerical thermal wave front deviates slightly (about
8%) from a sphere.

4. Lagrangian hydrodynamics

4.1. General algorithm

We consider a Lagrangian description of a fluid. By defini-
tion, the positions of some fluid particles (nodes) are followed in
time, each node i is described by its position vector �ri(t), and
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Fig. 10. Instantaneous point source problem. Temperature profiles as a function of
r at z = 0 at different times. Dots are from simulation, dashed lines correspond to
analytical solution.

�vi ≡ �̇ri ≡ d�ri/dt is the fluid velocity at node position. For fluid par-
ticles inside tetrahedral domains (cells), velocity is assumed to vary
linearly according to

�v(�r) =
∑

i

�vi wi(�r), (78)

where the functions wi(�r) take the value 1 at node i, 0 in all other
nodes, and vary linearly inside cells. The integrals over cell k of
volume Vk are∫
Vk

wi(�r)dV = 1

4
Vk,

∫
Vk

wi(�r)w j(�r)dV = 1 + δi j

20
Vk, (79)

for vertices i and j of cell k, and zero otherwise. With this descrip-
tion, tetrahedra transform into tetrahedra as the fluid moves, mass
is conserved because particles remain in the same cell, and, in ab-
sence of forces (pressure, gravity, . . . ), the solution is exact. On the
other hand, ∇�v and ∇ · �v are uniform inside a cell, so that, if the
density is assumed to be initially uniform inside a cell, it will re-
main uniform because6 of Dρ/Dt = −ρ∇ · �v . Cell mass, center of
mass, and linear momentum of cell k take the form

mk = ρk Vk, (80)

�rGk = 1

mk

∫
Vk

ρ�rdV = 1

4

∑
i∈k

�ri, (81)

�pk =
∫
Vk

ρ�vdV = mk

4

∑
i∈k

�vi = mk�̇rGk, (82)

where “i ∈ k” indicates summation over the four vertices of the
cell. The stress tensor ¯̄σ in a fluid is commonly modeled as a
function of thermodynamic variables and velocity derivatives. As
density and velocity gradient have been assumed uniform inside
cells, it is natural to assume that also ¯̄σ is uniform there. With
this assumption, the momentum equation

ρ
D�v
Dt

≡ ρ

(
∂ �v
∂t

+ �v · ∇�v
)

= ∇ · ¯̄σ (83)

is not satisfied everywhere, because its left-hand side is a piece-
wise discontinuous linear function and its right-hand side is zero
inside the cells and singular at cell faces. Weighting the residue of
Eq. (83) with functions wi(�r), we obtain∑
k∈i

mk

∑
j∈k

1 + δi j

20
�̇v j = 1

3

∑
l∈i

( ¯̄σ l+ − ¯̄σ l−) · �Al ≡ �Fi, (84)

6 D/Dt ≡ ∂/∂t + �v · ∇ is the convective time derivative.
where “k ∈ i” indicates summation over all cells having node i as
a vertex, j extends to all nodes of cell k, and subindex l extends
to all faces having node i as a vertex. �Al is the area vector, nor-
mal to the face, while ¯̄σ l+ and ¯̄σ l− are the stress tensors in the
two cells adjacent to the face (�Al pointing from l− to l+). At the
boundary faces, an external stress has to be specified (for exam-
ple, zero in the case of a free boundary). The right-hand side term
of Eq. (84) has a simple intuitive mechanical interpretation: if an
interface were a solid plate leaning on its three vertices, the total
force exerted by the fluid on it would be

∑
l(

¯̄σ l+ − ¯̄σ l−) · �Al , and
one third of this value would be transmitted to each of its ver-
tices. Adding the contribution of all faces that contain node i, one
obtains the value �Fi . One can, in each face, separate the contribu-
tions of the two adjacent cells, and add separately the contribution
of the stress of each cell k in its own nodes �Fik . One has

�Fi =
∑
k∈i

�Fik + �F ext
i , (85)

where external forces �F ext
i are due to boundary stresses. Notice

that∑
i∈k

�Fik =
∑
i∈k

�ri × �Fik = 0; (86)

the system of forces due to stress in cell k has null resultant and
momentum. Eq. (84) is not appropriate for multi-dimensional nu-
merical integration; if the forces are given, a linear system of equa-
tions involving all nodes has to be solved to obtain �̇vi . To avoid
this inconvenience, we define an alternative set of functions zi(�r)
in the following way: each tetrahedron is subdivided in 4 octahe-
dra, each one with a vertex at one of the tetrahedron vertices, the
opposite one in the tetrahedron center, three vertices in the cen-
ters of edges, and three vertices in the centers of faces. zi = 1, if
point �r is inside one of the octahedra that have node i as a vertex,
and 0, otherwise. These functions satisfy:∫
Vk

zi(�r)dV = 1

4
Vk,

∫
Vk

zi(�r)w j(�r)dV = 23 + 52δi j

576
Vk. (87)

Now, weighting Eq. (83) with zi(�r) instead of wi(�r), one obtains∑
k∈i

mk

∑
j∈k

23 + 52δi j

576
�̇v j = �Fi . (88)

Eqs. (84) and (88) have the same level of accuracy. They can be
combined linearly (with weights − 115

29 and 144
29 ) to get:(∑

k∈i

mk

4

)
�̇vi ≡ mi �̇vi = �Fi . (89)

This equation has an obvious interpretation: the positions of nodes
evolve as particles of mass mi (the mass of each cell distributed in
equal parts between its nodes) submitted to forces �Fi . The follow-
ing conservation principles are satisfied:

(i) mass: cell masses and node masses are constant

d

dt

∑
k

mk = d

dt

∑
i

mi = 0. (90)

(ii) linear momentum: adding Eq. (89) for nodes and taking into
account Eq. (86) one has:

d

dt

∑
i

mi �vi = d

dt

∑
k

�pk =
∑

i

�F ext
i . (91)

(iii) center of mass velocity:

d�vG

dt
=

∑
i

mi �̇vi/
∑

i

mi =
∑

i

�F ext
i /

∑
i

mi . (92)
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(iv) angular momentum: adding the cross products of �ri by
Eq. (89), and taking into account Eq. (86) one has:

d

dt
�L = d

dt

∑�ri × mi �vi =
∑

i

�ri × �F ext
i . (93)

For an isolated system (�F ext
i = 0), linear and angular momentum

are conserved, and the center of mass of the system moves uni-
formly with time: �rG(t) = �rG(0) + �vG(0)t . Notice that Eq. (93) re-
quires to define angular momentum as the angular momentum of
node particles of mass mi instead of

∫
ρ�r × �v dV evaluated with

the assumed form of ρ and �v . Finally, one can define kinetic en-
ergy as T = 1

2

∑
i mi v2

i . As for angular momentum, this quantity is
not identical to 1

2

∫
ρv2 dV . The time derivative Ṫ is equal to the

power of forces acting on nodes,
∑

i �vi · �Fi . Because the force con-
tributions �Fik of cell k in its nodes are due to its own stress, the
power exerted by this system should be extracted from the inter-
nal energy of the cell:

Ėk = −
∑
i∈k

�vi · �Fik, (94)

so that

d

dt

(∑
k

Ek +
∑

i

mi v2
i

2

)
=

∑
i

�vi · �F ext
i ; (95)

also energy is conserved in an isolated system. The algorithm de-
scribed above can be extended trivially to planar 2D geometry;
tetrahedra become triangles, triangular interfaces become edges,
and the coefficient 1

3 in Eq. (84) and 1
4 in Eq. (89) must be changed

to 1
2 and 1

3 , respectively.

4.2. Artificial viscosity

It is of common use in fluid dynamics to assume that the
stress tensor is the sum of the thermodynamic equilibrium pres-
sure P , depending on two thermodynamic variables (for example,
ρ and e), plus a viscous contribution ¯̄σ v , related to the gradient of
velocity,

¯̄σ � −P ¯̄u + ¯̄σ v . (96)

The present code uses the so-called artificial viscosity; an appropri-
ate value of viscous stress is added to the pressure to guarantee
numerical stability, allowing shock waves to be treated as quasi-
discontinuities with a thickness of few numerical cells [22]. For
example, consider the motion of a cold gas (P � 0). Fluid parti-
cles move with constant velocity, and the solution becomes multi-
valued if one of the vertices of a cell crosses the opposite face. This
will not occur in a real fluid; before becoming multi-valued, the
velocity gradient (∇�v) becomes very large, and the viscous stress
keeps the fluid elements apart. This effect can be modeled numer-
ically by introducing an appropriate additional pressure Q , just to
avoid vertex crossing. Consider an isolated, cold, and very flattened
cell of base A and height h with ḣ < 0 (for simplicity assume a
symmetrical base). The mass assigned to each node is 1

4 m, the ver-
tical forces on the vertices are 1

3 Q A (top) and 1
9 Q A (base), so that

ḧ = − 16
9 A Q /m. Choosing Q = 9

32 mḣ2/Ah ≡ 3
32 ρḣ2, we obtain

h(t) = h0 − ḣ0t + ḣ2
0t2

4h0
. (97)

The cell collapse is marginally stopped at time t = 2ḣ0/h0. In a
more complex context (mass at the vertices include contributions
from neighbor cell, thermal pressure peaks at cell collapse, . . . ),
one can write:

Q =
{

a2ρḣ2 for ḣ < 0,

˙ (98)

0 for h � 0,
Fig. 11. Axial-symmetric element.

where a is a numerical factor, typically in the range of 1–2. To
evaluate this expression in a multi-dimensional context, we use
ḣk = V̇khk/Vk , hk being the minimum height of the cell, defined in
Section 4.5.

4.3. Low-compressibility flows

The use of tetrahedral cells (triangles in 2D) becomes prob-
lematic, when either liquids or low-Mach-number incompressible
flows are considered. In such situations, volumes of Lagrangian
cells are approximately conserved. This fact can be viewed as a set
of mechanical constraints that reduce the effective number of de-
grees of freedom of the system, jeopardizing drastically the accu-
racy of the calculation. For example, in a planar grid composed of
triangles the number of degrees of freedom for an incompressible
fluid is approximately equal to the number of boundary nodes. To
overcome this difficulty, neighbor cells can be grouped together,7

using the composite volume to compute density and pressure, and
reducing in this way the number of constraints. For example, in a
planar grid formed by quadrangles, each composed by two trian-
gles, the number of degrees of freedom is approximately equal to
the number of quadrangles. Because adjoint cells are managed to-
gether, it is natural also to assign their total mass in equal parts
to their vertices. When the grid becomes too distorted (the cri-
terium implemented in 2D is that area ratios between quadrangle
halves is larger than 2) the cell components are considered sepa-
rately with individual pressures computed from their own volume,
allowing the grid to react properly to avoid node crossing and
multi-valued flows. Finally, it must be pointed out that all conser-
vation principles discussed in the previous section are still satisfied
after these changes.

4.4. Axial-symmetric hydrodynamics

Extension of the method described so far in this section to
axial-symmetric configurations requires slight modifications. In
cylindrical coordinates, triangular elements in the R–Z plane are
toroidal figures in space. Conceptually, we consider sections of the
toroidal elements between planes ψ = ±	ψ/2 (	ψ � 1) as indi-
cated in Fig. 11. The mass of these elements (either with triangular
or quadrangular cross section) is distributed in equal parts to their
vertices. On a given interface ab (a lateral face of the cell) the total
force due to pressure is

�Fab = ra + rb

2
	P	ψ

(
(za − zb)�ur + (rb − ra)�uz

)
, (99)

where 	P is the jump of pressures (in Fig. 11, it is the pressure
inside the cell abc minus the external pressure). Notice that the

7 Only for hydrodynamics; for radiative transfer and heat conduction, cells are
treated individually.
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system of forces {�Fab,k, �Fbc,k, �Fca,k}, acting on interfaces of cell k
due to its own pressure, is not a null system as in the planar case.
Nevertheless, the resultant along �uz is zero, guaranteeing conser-
vation of linear momentum and center of mass position along Z
direction. We consider the force �Fab applied at the mean point
�rab = 1

2 (�ra + �rb), and we distribute it to nodes a and b, preserving
resultant and momentum

�Fa + �Fb = �Fab,

�ra × �Fa +�rb × �Fb = �rab × �Fab. (100)

Because these conditions are equivalent to three scalar equations,
there is one degree of freedom to determine the four components
of forces at nodes. In addition to the trivial choice

�Fa = �Fb = �Fab

2
, (101)

an alternate scheme can be considered; first, �Fab is divided into
two parts: a radial one (�Fab)r along vector �ra + �rb , and (�Fab)θ per-
pendicular to �ra +�rb . The first part is decomposed into two vectors
of the same magnitude directed along �ra and �rb , and applied to
nodes a and b; the second part is divided into two equal contribu-
tions. We have

�Fa = 1

2

(
�Fab + �Fab · (�ra +�rb)

|�ra +�rb|2 (�ra −�rb)

)
,

�Fb = 1

2

(
�Fab − �Fab · (�ra +�rb)

|�ra +�rb|2 (�ra −�rb)

)
. (102)

This decomposition guarantees a spherically symmetric flow, as
long as initial and boundary conditions are spherically symmetric
and the grid is a regular one, composed of quadrangles between
the nodes located at

�ri j = ri
(
cos( j	θ)�uz + sin( j	θ)�ur

)
. (103)

The input parameter h.spheric specifies the use of either Eq. (101)
or Eq. (102) for interfaces with mean radius above or below a given
value.

4.5. Time discretization

We assume that �ri(t) are continuous, piecewise linear functions
of time; as a consequence, the first derivatives �vi(t) are discon-
tinuous and piecewise constant, while the second derivatives are
singular at these discontinuities. This means that forces are implic-
itly assumed to act impulsively. We assume that a time step begins
at time tn and ends at time tn+1 = tn + 	t and that velocities
change instantaneously at time tn+1/2 = tn + 1

2 	t . The maximum
allowable time step is limited by the Courant–Friedrich condition:
	t � min(hk/ck), where hk is the characteristic grid size, and ck
the isentropic sound speed of cells. We define h2

k as the smaller
eigenvalue of the tensor8

¯̄Gk =
∑
i∈k

�rn
i �rn

i − 1

Nk

(∑
i∈k

�rn
i

)(∑
i∈k

�rn
i

)
(104)

with Nk = 3 for triangles and Nk = 4 for quadrangles,

h2
k = Gk,rr + Gk,zz

2
−

√(
Gk,rr − Gk,zz

2

)2

+ G2
k,rz. (105)

8 The central planar tensor of inertia for a set of unit mass particles located at
the vertices of the cell.
For rectangular cells, hk results to be the smallest height. The
isentropic sound speed is computed at time tn from densities ρn

k ,
pressures Pn

k , and thermodynamic derivatives as

ck =
√(

∂ P

∂ρ

)n

e,k
+ Pn

k

(ρn
k )2

(
∂ P

∂e

)n

ρ,k
. (106)

Between tn and tn+1/2, nodes move ballistically with constant ve-
locity:

�rn+1/2
i = �rn

i + 1
2 �vn

i 	t. (107)

Obviously, linear and angular momentum are preserved in this
phase. At times tn and tn+1/2, cell volumes Vk are computed, and
a compression factor is defined as

βk = V n+1/2
k − V n

k

V n
k

. (108)

If βk < 0, the artificial pressure given by Eq. (98) is

Q k = a2ρn
k

(
2βkhk

	t

)2

. (109)

Cell pressures at impulsion time tn+1/2 are extrapolated from their
values at time tn by adapting the 1D Lagrangian method described
in [22]:

Pn+1/2
k = Pn

k − βkρ
n
k

(
∂ P

∂ρ

)n

e,k
+

(
∂ P

∂e

)n

ρ,k
	ek, (110)

where the increment of specific internal energy 	ek between tn

and tn+1/2 is estimated from the energy equation to be

	ek = − βk

ρn
k

(
Q k + Pn+1/2

k + Pn
k

2

)
. (111)

Once the pressure in each cell Pn+1/2
k + Q k has been determined by

Eqs. (109) to (111), the forces at nodes of cell k due to its own pres-
sure �F n+1/2

ik are computed from Eqs. (99) to (102). The total forces

at nodes �F n+1/2
i are obtained adding the contribution of each cell

and, if requested, the external forces at nodes �F e
i supplied by the

user’s routine pext_f. The new velocities are determined assuming
that forces act impulsively and are proportional to 	t

�vn+1
i = �vn

i +
�F n+1/2

i

mi
	t. (112)

These velocities can be optionally modified by the user’s routine
bound_f to enforce boundary conditions like sliding boundaries or
pistons. The increment of internal energy in the cell is computed
according to Eq. (94) to be

	Ek = −
∑
i∈k

�F n+1/2
ik · (�vn+1

i − �vn
i

)
	t. (113)

This quantity is either distributed in equal parts to nodes (if
	Ek > 0) or subtracted from the nodes in proportion to their tem-
perature (if 	Ek < 0). Finally, the position of nodes at time tn+1 is
advanced according to

�rn+1
i = �rn+1/2

i + 1

2
�vn+1

i 	t. (114)

5. Heat transport and beam deposition

Diffusive heat transport, in absence of energy deposition and
hydrodynamic motion, is determined by

ρc
∂T = −∇ · �q ≡ −∇ · (−κ∇T ), (115)

∂t
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where �q is the thermal flux, κ the thermal conductivity, and c ≡
∂ei/∂T the specific heat capacity. A simple treatment of Eq. (115)
on unstructured grids is to assume a continuous piecewise linear
temperature distribution with values defined at nodes:

T (�r, t) =
∑

i

T i(t)wi(�r), (116)

where wi(�r) are the functions defined in Section 4.1. Assuming κ
and c to be evaluated at cells (i.e. from average values of ρ and
T ), �q is constant inside cells; its divergence is zero inside cells and
singular at cell interfaces. Proceeding as in Section 4.1, Eq. (116)
can be weighted with functions wi(�r) or zi(�r) to produce either∑
k∈i

ρkck Vk

∑
j∈k

1 + δi j

20
Ṫ j = 1

3

∑
l∈i

(�ql− − �ql+) · �Al ≡ Q i, (117)

or∑
k∈i

ρkck Vk

∑
j∈k

23 + 52δi j

576
Ṫ j = Q i, (118)

respectively. Both equations can be linearly combined to obtain(∑
k∈i

ρkck Vk

4

)
Ṫ i = Q i . (119)

The left-hand side of this equation can be interpreted as the time
derivative of the internal energy Ė i , the term in parentheses being
a thermal capacity associated with node i. The right-hand side can
be rearranged as

Q i =
∑
k∈i

1

3
�Aki · (κ∇T )k, (120)

where subindex k extends to cells that have node i as a vertex,
and �Aki is a vector, normal to the face of cell k opposite to ver-
tex i with modulus equal to face area and pointing outwards. The
temperature gradient in cell k can be determined as a function of
temperatures at vertices by

(∇T )k = −
∑

j∈k
�Akj T j

Vk
. (121)

Using this expression in Eq. (120), one obtains finally

Ė i =
∑

j

Mij T j, (122)

where the coefficients Mij include contributions of all cells having
simultaneous nodes i and j as vertices

Mij =
∑

k∈i,k∈ j

−κk �Aki · �Akj

9Vk
. (123)

The matrix of coefficients is symmetric (Mij = M ji ), negative de-
fined (

∑
i

∑
j αi Mijα j � 0 for any set of real numbers {αi}), and

satisfies
∑

i Mij = 0. This last property guarantees that Ė i = 0,
when temperatures of neighboring nodes are uniform, and that en-
ergy is conserved:

∑
i Ė i = 0. These results can be extended in a

straightforward way to pure planar X–Y geometry; for a layer of
thickness 	h composed of prisms with triangular base, the ther-
mal capacity associated to a node (here, a vertical edge) is given
by

∂ Ei

∂Ti
=

∑
k∈i

ρkck Vk

3
. (124)

On the other hand, Q i is determined by Eqs. (122)–(123) with

�Aki = (
(yb − ya)�ux − (xb − xa)�u y

)
	h, (125)
where a and b are the two vertices of the triangular base of
prism k, distinct to i, given in counter-clockwise order. For axial-
symmetric configurations, one can consider a thin slice contained
between the planes ψ = ±	ψ/2, as shown in Fig. 11. Now 	h �
r	ψ is not longer uniform over one cell. In this situation, we mod-
ify Eq. (125) using the value 	h at the center of the cell

�Aki = (
(rb − ra)�ur − (zb − za)�uz

) ri + ra + rb

3
	ψ. (126)

In this way, the desirable properties of Mij are maintained, and
consistency is satisfied (ρ∂ei/∂t → ∇ · κ∇T , for evanescent grid
size). Eq. (122) has the structure of Eq. (66), discussed in Sec-
tion 2.4, and can be solved with the SSI method. In the current
implementation, energy transfer by radiation and by heat conduc-
tion are solved together in a single application of Eq. (69). Some-
times heat flux under extreme gradients is modeled, imposing a
maximum allowable value [23,24]. Typically, in ICF simulations flux
limitation is applied according to

|�q| � qmax ≡ f nekT

√
kT

me
, (127)

where k is the Boltzmann’s constant, me and ne , electron mass
and number density, and f , a numerical coefficient to be adjusted
empirically for each specific problem (see [6], Ch. 7.2). This require-
ment is satisfied using a nonlinear conductivity instead of κ

κ ′ = κqmax

qmax + κ |∇T | . (128)

For small temperature gradients, Fick’s law is recovered. When this
option is active, κ ′ is evaluated using the value of ∇T at the pre-
vious time step.

The 2D version of the code uses the ray-tracing approach to
compute energy deposition into matter by laser light or ion beams.
Beams are considered to be composed of a certain number of rays
(beam-lets) that are assumed to follow straight trajectories. This is
almost correct in the case of ion beams, but it is a rather crude ap-
proximation for laser light propagation. Each beam-let is followed
in 3D space and deposits its energy into the toroidal elements
drawn in Fig 11. From the point of view of the 2D grid, this is
equivalent to an azimuthal average over ψ . User supplied routines
must specify in each time step, the starting point, direction, and
power of each beam-let as well as the appropriate attenuation co-
efficient.

6. Implementation

6.1. Programming style

The algorithms described in the previous sections have been
coded as a set of C language routines. Data is passed and returned
by double indirect reference; that is by pointers to structures (of
type “D” defined in file D.h) that describe the data by specifying:

• type: integer, float, double, character . . . .
• size: number of data items.
• address: memory pointer to the beginning of the data array.
• counter: number of times this structure is currently refer-

enced.

This information can be used to check data consistency and, if
necessary, perform data conversion. In addition to numeric arrays,
other types of data have been defined: null (no data at all), func-
tion (in this case, address is a pointer to a C-function, and size is
the number of arguments), and list (the data is an array of pointers
to “D-structures”). The “D-list” type allows to implement multi-
level lists of arbitrary depth. Because data is managed by reference,
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the same data can be concurrently used in several places. A simple
strategy allows to control memory allocation: (i) each “D-structure”
is created with counter=1, (ii) each time it is passed as a func-
tion argument or included in a “D-list”, the value of counter is
incremented, (iii) before routine return, the value of counter of
any locally created structure or function argument is decremented,
and, if counter = 0, the structure is destroyed.

In addition to the radiation-hydrodynamics algorithms, a num-
ber of miscellaneous utility routines has been developed to per-
form creation, manipulation, and deletion of “D-structures”, basic
arithmetic between numeric data, file access, operating system in-
terface, grid generation, . . . . Top level components of MULTI2D and
other related codes are basically composed of a large amount of
calls to the appropriate routines. To facilitate their development, a
special computer language (called r94), human readable and with
a simple syntax, has been created. Files with r94-code are prepro-
cessed to generate C code.

All this software has been organized in a modular way: all re-
lated source files are stored together in the same “tar” archive,9

identified by a unique name, typically a keyword followed by the
version number. For example, m2d-5.1 corresponds to the algo-
rithms described in this paper. Each of these “modules” is docu-
mented and maintained individually, and it must be installed in its
own subdirectory by converting source files to C, compiling the C
code, and creating an object-library. Modules can also be used as
containers of other types of data, like tables or documents.

The software package supplied through the CPC Program Li-
brary is composed of:

(i) r94_2005.tar.gz - installation and control scripts, modules im-
plementing general purpose libraries, the r94 to C translator,
a development toolkit (including a graphical user interface),
and miscellaneous documentation. This subpackage has to be
installed first.

(ii) multi_2008.tar.gz - modules corresponding to the radiation-
hydrodynamics (m2d-5.1), file access (multi_data-2.0), ta-
ble interpolation (matter-2.1), grid generation (malla-5.0), a
graphical user interface to control job submission, miscella-
neous graphic post-processors, equation-of-state tables, opac-
ity tables, and the example described in Section 7.

(iii) README – note with detailed instructions for installation.

6.2. Centering of variables

When the algorithms described in Sections 2 and 5, using node-
centered temperatures and energies, are coupled to the hydrody-
namic methods described in Section 4, requiring cell-centered en-
ergies and densities, some conversion procedure is needed [16]. In
MULTI2D the primary variables: internal energy (E), “ghost” energy
(ε), node position (�r), and node velocity (�v) are node-centered,
and only material masses (m) are associated to cells. From these
quantities, several derived quantities (density, temperatures, etc)
are obtained either at cells, or at nodes, or in both, in the course
of an integration cycle, and are discarded after the time step is
finished. Details are given in Section 6.4.

6.3. Specific problem code

To maximize the versatility, each separate physical problem
(a “case”) is operated in a separate directory that contains specific
r94 source code, control scripts, and program output. A graphic
user interface, shown in Fig. 12, allows to clone, delete, archive,
install, edit, and submit “cases” to be run in the background. In ad-
dition, several graphic post-processors can be launched to visualize

9 Refer to UNIX literature for the tar command.
Fig. 12. Graphic user interface.

the results. For each “case”, a user defined code (file User.r) is used
to initialize the problem (with the help of several special libraries)
and pass control to the main integration routine. The shell proce-
dure RUN translates this r94 code to C, compiles the C code, links
the object code with the libraries specified in file DEPENDENCES to
generate an executable code, and launches it as a background job.
User.r contains in fact a main program responsible to carry out the
following tasks:

(i) Define the geometry of the grid: initial node positions (ar-
rays x0 and y0), and, for each triangular cell, the indices of its
nodes (array tb) and a flag (array ct) indicating if this trian-
gle is either an independent cell (value 0), or the first/second
half of a quadrangular cell (values 1/2). This task is usually
accomplished with the help of the grid generation package
malla-5.0. The utility routine NewTopo uses this basic data
to generate additional tables needed in different places of
the code: edge numbering; edge–triangle, edge–node, edge–
triangle, triangle–edge, and triangle–triangle connectivities; as
well as a list of edges belonging to the boundary.

(ii) Set the dynamical state variables: initial velocity �vi , internal
energy Ei , and “ghost” energy εi at each node i, and masses
mlk of material number l in cell k. This data (together with
topological information of (i)) is grouped in a structure called
hydro, created by routine HydroNew. This task is performed
usually by the routine AddToHydro that allows to add a mate-
rial with specified density and temperature to each cell.

(iii) The structure hydro and all program parameters are stored
in a structure called multi created by routine MultiNew. This
structure stores also user’s functions to define boundary con-
ditions (external pressure, kinematic restrictions, incoming ra-
diation, incoming beams, . . .), matter properties (opacities,
thermal conductivities, beam attenuation, . . .), timing control,
and output control.

(iv) Finally, the main integration routine MultiLoop is entered.

6.4. Integration loop code

Inside the routine MultiLoop the following operations are re-
peated cyclically:

(i) Volume of cells Vk , cell masses (mk = ∑
l mlk), and node

masses (mi = ∑
k∈i mk/Nk) are computed by routines Up-

dateHydroVol and UpdateHydroMass. In addition, a temporary
version of array ct is created, where all triangles that are part
of a very distorted quadrangular cell are marked as indepen-
dent.

(ii) Cell density is computed from mk and Vk . The specific inter-
nal energy is computed first at nodes, ei = Ei/mi , and then
averaged in each cell, ek = ∑

i∈k ei/Nk .
(iii) Cell temperatures Tk and pressures Pk , as well as their par-

tial derivatives, (∂ P/∂ρ)k , (∂ P/∂e)k , (∂T /∂ρ)k , and (∂T /∂e)k ,
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are computed by routine HydroEOS. For cells with only one
material, these values are interpolated directly from tabu-
lated values T (ρ, e) and P (ρ, e) generated externally, either
from SESAME library [25] or by MPQEOS code [26]. For cells
containing L different materials, we treat the materials as not
mixed, assuming that mechanical and thermal equilibrium
has been reached with uniform pressure and temperature in-
side the cell. We have to solve the system:

Tk = Tl(ρlk, elk)

Pk = Pl(ρlk, elk)

}
(l = 1, . . . , L),

mkek =
L∑

l=1

mlkelk,
mk

ρk
=

L∑
l=1

mlk

ρlk
. (129)

For a mixture of ideal gases, this system can be solved an-
alytically, but, for the general case, it must be solved iter-
atively to obtain Pk , Tk , and their derivatives with respect
to ρk and ek . In the current implementation, only the first
iteration is performed. This approximation has been found
satisfactory for most applications.

(iv) Thermal capacities and temperatures at nodes, needed by ra-
diation and heat transport algorithms, are evaluated. Firstly,
the heat capacity of each node is computed adding contribu-
tions from cells that have the node as a vertex:(

∂ E

∂T

)
i
=

∑
k∈i

mk

Nk

(
∂e

∂T

)
k
. (130)

In a similar way, reference values of internal energy and tem-
perature are obtained:

E∗
i =

∑
k∈i

mkek

Nk
, (131)

T ∗
i =

(∑
k∈i

mk Tk

Nk

(
∂e

∂T

)
k

)/(∑
k∈i

mk

Nk

(
∂e

∂T

)
k

)
. (132)

In general, Ei �= E∗
i , so that the node temperature is corrected

by

Ti = T ∗
i + (

Ei − E∗
i

)
/

(
∂ E

∂T

)
i
. (133)

Notice that this algorithm does not diffuse numerically the
energy (Ei at nodes is not changed when computing Ti ), and
for ideal gases (when e = C T , with constant and uniform C )
the value obtained at nodes is exactly Ti = Ei/Cmi . Also for
more complex situations, this has been found to work rea-
sonably.

(v) Hydrodynamic motion, computed by routine HydroMotion,
takes place as described in Section 4, the values of �ri , �vi and
Ei being advanced by this substep.

(vi) Optionally, routine HydroEuler allows to project, using a con-
servative low-order scheme, the hydrodynamics variables
into a new grid supplied by a user’s routine. This grid must
preserve the original topology and has to be close enough to
the previous grid (volume fluxes through interfaces are re-
quired to be smaller than cell volumes). Using this option,
“Arbitrary-Eulerian-Lagrangian” (ALE) hydrodynamics can be
implemented.

(vii) The generic ray-tracing routine HydroHIB computes the depo-
sition of energy into matter. Rays (ion beams or laser light)
are assumed to travel along straight trajectories (no refrac-
tion is taken into account). Only Ei is changed in this step.

(viii) The transport of energy by both radiation and heat conduc-
tion is managed by routine HydroTransport. First, from the
current temperature distribution, the net radiative power de-
posited at nodes (absorption minus emission) Q i and an esti-
mate of the partial derivative ∂ Q i/∂Ti are computed by rou-
tine radia. Analogous values, corresponding to diffusive heat
conduction, are computed by routine heatcond and added to
the former ones. Finally, the SSI algorithm described in Sec-
tion 2.5 is applied to obtain upgraded values of Ei and εi .

(xi) While each of the above processes is carried out, a factor w j ,
expressing a relative measure of the time step (current time-
step divided by Courant–Friedrich limit, relative variation of
density over a nominal variation, etc.) is computed. Ideally,
the maximum of these values max j w j should be around 1.
If it exceeds 1, the time step is repeated, starting from (v),
halving the former time step.

(x) Before starting a new cycle, a new value of the time step
	tnew is computed, as a function of the old one 	told, by a
user defined function (by default, 	tnew = 1

2 	told/max j w j ).
(xi) At selected step numbers (fields multi.out_steps and multi.

out_times) the relevant variables are written into binary files
by routine HydroOutput.

7. Typical run

In order illustrate a typical application of the code, we present
here the simulation of a laser-driven target configuration. It mim-
ics to some extent a hohlraum target design (see Fig. 13) devel-
oped for first demonstration of ICF ignition and burn [2]. Here,
early phases of hohlraum heating and radiatively driven capsule
implosion are simulated, illustrating salient features of ICF target
performance.

The target consists of a hollow cylindrical case (the so-called
“hohlraum”), made of high-Z material (gold) and filled with gas
(hydrogen). It encloses the capsule which is supposed to contain
the fusion fuel in a real ICF target. Here we take it as a spherical
shell made of low-Z material (beryllium) and filled also with low
density gas. The target is irradiated by two sets of laser beams, ar-
ranged conically10 and delivering a total power of 10 TW of blue
light, having a wavelength of 0.35 μm and an incidence angle of
40 degrees. The beams enter the case from the sides, pass through
the gas creating a propagation channel, and finally heat the inner
surface of the case. The high-Z walls re-emit a major portion of the
absorbed energy to the cavity in form of soft X-ray radiation. This
energy is partially absorbed by the capsule; other parts are lost by
diffusion into the walls and through the entrance holes.

Fig. 13. Indirectly driven target.

10 We suppose that the number of laser beams distributed in azimuth is large
enough to justify the cylindrical approximation.
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Fig. 14. Lagrangian grid at initial time.

Fig. 15. Lagrangian grid at 10 ns.

Fig. 16. Matter temperature at 10 ns.

Fig. 14 shows the Lagrangian grid at initial time. It is composed
of regular regions with quadrangular cells and non-structured re-
gions with triangular cells.11 Also geometry and materials are
specified; here we have chosen wall and capsule densities much
smaller than in real targets (foams rather than solids); this is only
for reasons of better visibility of the hydrodynamic evolution. Also
material properties and laser absorption are modelled in a simpli-
fied way. Fig. 15 shows the grid after 10 ns of laser irradiation. One
observes the expansion of the filling gas into vacuum and the abla-
tion of the beryllium shell. The external part of the shell has been
heated and expands into the cavity, while the inner part implodes.
A thermal wave is seen to propagate in the gold wall.

11 The unstructured region has been generated by the program Triangle [27].
Fig. 17. Radiation temperature at 10 ns.

Fig. 18. Temperature along line F F ′ in Figs. 16 and 17.

Figs. 16 and 17 show snapshots of matter and radiation temper-
ature at 10 ns. Matter temperature reaches a maximum value of
810 eV in the filling gas close to the Z -axis, where laser beams
cross each other. Heating of the filling gas is due to light ab-
sorption, modelled here as inverse bremsstrahlung. In contrast, the
temperature of the ablated beryllium and the gold walls is consid-
erably lower. Although laser energy impinges directly on the gold
wall, the gold temperature is limited due to its high opacity. It rep-
resents a balance between laser heating and cooling by radiation
emission towards the optically thin cavity and radiation diffusion
into the optically thick wall. These processes are described by the
present code with accurate angular resolution. The resultant dis-
tribution of radiation inside the cavity appears to be quite uni-
form with temperatures ranging from 100 to 110 eV in this early
phase of hohlraum heating. The radiation transport algorithm, de-
spite the discrete number of directions used in the simulations
(
∑M

i=1 Ni = 32) does not produce non-physical concentration of
rays near the axis of the target (the structure visible at z = 0.2 cm
is due to the collision between ablated material and hohlraum fill-
ing).

By design, the beryllium capsule is not irradiated directly by
laser beams, but is driven indirectly by the highly isotropic radi-
ation field. Nevertheless, one should notice that the shape of the
imploding shell, considerably deviates from the spherical symme-
try required for central fuel ignition. Apparently, the laser deposi-
tion in two rings is still not sufficiently symmetric and leads to a
strong l = 4 asymmetry. In fact, the NIF design makes use of two
cones of laser beams from each side with different opening an-
gles. The present code may be used to investigate fine tuning of
the laser irradiation geometry to improve implosion symmetry.

Fig. 18 shows the 2D temperature distributions along the line
F F ′ indicated in Figs. 16 and 17. One can distinguish the optically
thin region of the gas fill in which radiation and matter temper-
ature decouple from each other, the optically thick region of the
wall, where temperatures are in equilibrium as described at the
end of Section 2 (Eqs. (9) to (11)), and the intermediate situation
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occurring in the ablated beryllium, where photon mean free path is
of the same order as layer thickness such that radiation and matter
temperature become similar, but not exactly equal. The radiation
temperature shows a slight gradient towards the center, indicating
energy flux toward the capsule. This smooth behavior ends on both
sides in sharp fronts of ablative heat waves. On the inner side, it
drives a thin shell of beryllium (about 50% of the mass) which has
been heated to 10–20 eV by a shock wave. Electronic heat trans-
port is also included in the simulation, but is almost negligible
except inside the fill gas.

In conclusion, this simulation demonstrates the various coexist-
ing hydrodynamic and radiation regimes, for which this code has
been developed.
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