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Abstract

Laser light is able to produce field strengths capable of ionizing atoms, molecules
and other complex multi-electron systems like clusters of atoms. Whilst ionization
of atoms is understood relatively well, understanding the electron dynamics deter-
mining ionization of spatially extended systems remains a challenge.

This dynamics takes place on the timescale of the half cycle of the light oscillation
period, which is about 1 femtosecond (107! s) for common lasers in the infrared
frequency regime. Inner-shell relaxation processes in atoms are even faster and take
place in the attosecond (107! s) regime. In order to resolve such time-scales with
pump-probe experiments, pulses in the extreme ultraviolet (xuv) spectral range with
durations of a few hundred attoseconds are necessary. Recently the first measure-
ments of single attosecond pulses using laser dressed single photon xuv ionization
of gas atoms were reported. The determination of the xuv pulse duration from the
electron spectrum was carried out with a classical theory. Although classical models
are known to give a qualitatively correct description of strong laser atom interaction,
the range of validity for accurate determination of sub-fs pulses must be scrutinized
by a quantum mechanical analysis. In this thesis a theoretical framework for the
accurate temporal characterization of attosecond xuv pulses, using a Fourier Bessel
expansion of the xuv electron spectrum under the strong field approximation and
a semi—classical derivation is established, putting earlier results on a rigorous theo-
retical footing. The analysis reveals an improved scheme that is by more than an
order of magnitude more efficient than the one used so far and allows — for the first
time — for direct experimental discrimination between single and multiple attosecond
pulses.

To study the laser induced electron dynamics in molecules it has turned out that
it is indispensible to abandon the single active electron approximation, where only
the weakest bound electron of a system is considered to interact with the laserfield
in an average potential of all other electrons and which has proven to give good
results for atoms. Because for the interaction of matter with strong laser fields the
Schrodinger equation must be solved in a non-perturbative way and since there are
no analytical methods available for molecules, numerical methods must be used. A
full numerical solution of the time-dependent Schrédinger equation is, with the com-
puter power available at the moment, only possible for at maximum two electrons
in a strong field. Therefore efficient numerical methods capable of treating multiple
electrons and taking into account the correlated electron-response must be devel-
oped. A promising approach based on Hartree-Fock theory but extended to several
configurations for considering electron-correlation and able to deal with time de-
pendent problems (Multi-configuration Time-dependent Hartree-Fock, MCTDHF),
limited to one spatial dimension, will be introduced.

With the help of the developed MCTDHF method, laser induced electron dy-
namics in spatially far extending systems like extremely big molecules, quantum dots
and other structures in semiconductors is studied. The results of these investigations
can be summarized as follows. If a system is excited with a photon frequency smaller
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than a characteristic frequency of the system, as it is usually the case for infrared
lasers applied to atoms and molecules, the electrons follow the laser-tilted potential
and are pushed towards the lowered potential barrier. Completely the opposite hap-
pens in systems which are excited with a frequency larger than the characteristic
frequency. There the electron dynamics is comparable to the one of free a electron:
The electrons are pulled away from the lowered potential barrier and tunneling ion-
ization is suppressed. The characteristic frequency for this special dynamics is the
difference between the first excited state and the ground state in the one-electron
case. For the behaviour of a cloud of electrons it is the plasma frequency. By sys-
tematically calculating the ionization probability of one- and multi-electron systems
as a function of the system size, the ionization potential, the photon energy and the
laser intensity and -duration it was possible to prove that the electron dynamics can
be modelled by classical mechanics and to identify the ionization mechanism in this
special frequency range. That is, the electrons pick up energy from the field when
they are decelerated by the potential barriers and thereby dephased from the laser
field. A parameter range, where the quantum mechanical electron dynamics can be
described by classical mechanics, is identified.

As a last point of this thesis tunneling ionization in molecules in the qua-
sistatic frequency regime is investigated. Recent experiments show that ionization
of molecules cannot be described by the quasistatic tunneling theory of Ammosov-
Delone-Krainov (ADK) but exhibits a factor of 5-10 higher saturation intensities
than predicted by this theory. The electron dynamics taking place during tunneling
ionization is investigated with the MCTDHF method. It will be shown that the
laser induced polarization of the molecule is responsible for the differences between
experiment and theory. That is, the laser induced excursion of the remaining elec-
tron cloud adds to the effective potential felt by the tunneling electron. This boost
of the Coulomb barrier decreases the tunneling probability and thus increases the
saturation intensity. In atoms, where due to their much smaller polarizability the
remaining electrons do not move, this boost is not present and consequently there
is no increased Coulomb barrier.
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Zusammenfassung

In jenen extrem hohen Feldstarken, die moderne Laser zu produzieren imstande
sind, wirken auf die Elektronen in Atomen, Molekiilen und anderer komplexer
Multielektronen-Materie wie Cluster von Atomen Krifte, welche die Bindungskrafte
um ein Vielfaches iibersteigen, sodafl die Atome, Molekiile, etc. ionisiert werden.
Waéhrend Ionisation in Atomen schon sehr gut verstanden ist, ist das Wissen tiber
die Elektronendynamik, welcher der Ionisation in groflen Systemen zugrunde liegt,
noch relativ gering.

Diese Dynamik passiert auf einer Zeitskala vergleichbar mit der halben Oszilla-
tionsperiode des Lichts, das ist im infraroten Frequenzbereich ungefiahr eine Fem-
tosekunde (10715 s). Relaxationsprozesse im Inneren von Atomen passieren noch
viel schneller, nimlich auf der Zeitskala von Attosekunden (1078 s). Will man
solch kurze Zeiten mit Hilfe von Pump-Probe Experimenten auflésen, mufl man
Lichtpulse im extremen Ultraviolett (xuv) Frequenzbereich mit Pulsdauern von nur
wenigen Hundert Attosekunden verwenden. Kiirzlich gelang die erste Messung eines
einzelnen derartigen Attosekundenpulses. Die verwendete Mefimethode zur Bes-
timmung der Pulsdauer basierte auf einem klassischen Modell. Obwohl klassische
Mechanik normalerweise gute Dienste fiir die qualitative Erklarung von Prozessen
in der Physik starker Felder liefert, ist eine quantitative Ubereinstimmung zwischen
klassischer Mechanik und Quantenmechanik nur selten der Fall. In dieser Disser-
tation wird daher eine quantenmechanische Methode zur genauen Bestimmung der
Dauer von Attosekundenpulsen im xuv-Wellenléngenbereich vorgestellt. Die quan-
tenmechanische Analyse ergibt ein um mehr als eine Groflenordnung effizienteres
MeBsetup als das bisherige und ermoglicht die direkte experimentelle Unterschei-
dung eines einzelnen Attosekundenpulses von mehreren, was fiir den praktischen
Einsatz sehr wichtig ist.

Es hat sich herausgestellt, daf3 es in Molekiilen unbedingt notwendig ist, von der
in Atomen sehr erfolgreichen Einelektronen-Approximation, wo nur ein einzelnes
Elektron in einem effektiven Potential aller anderen betrachtet wird, abzuge-
hen, wenn man laserinduzierte Elektronendynamik in solchen Systemen studieren
mochte. Weil fiir die Wechselwirkung von intensiven Laserpulsen mit Materie die
Schrodingergleichung nichtperturbativ gelost werden muf, sind numerische Metho-
den unablaflich. Eine voll numerische Losung der Schrodinger Gleichung fiir mehr
als zwei Elektronen in einem starken Laserfeld ist jedoch mit heutiger Comput-
ertechnologie nicht moglich. Deshalb miissen numerische Verfahren, welche der voll
korrelierten Elektronendynamik gerecht werden, entwickelt werden. Eine vielver-
sprechende Methode, basierend auf Hartree-Fock Theorie aber ausgeweitet auf
mehrere Konfigurationen und beschriankt auf eine rdumliche Dimension (genannt
Multi-configuration Time-dependent Hartree-Fock, MCTDHF), welche es erlaubt
Elektronenkorrelation zu studieren, wird in dieser Arbeit vorgestellt.

Die entwickelte MCTDHF-Methode wird dann verwendet, um laserinduzierte
Elektronendynamik in groflen Systemen wie Quantendots und Strukturen in Hal-
bleitern zu studieren. Das Ergebnis dieser Studie kann wie folgt beschrieben wer-



den. Wenn das betrachtete System mit einer Photonenfrequenz kleiner als eine
bestimmte systemcharakteristische Frequenz angeregt wird, wie das fiir Atome und
Molekiile in infraroten Laserfeldern tiblicherweise der Fall ist, folgen die Elektronen
dem durch das Laserfeld geneigten Potential. Das Verhalten kehrt sich ins Gegen-
teil, wenn das System mit einer Photonenfrequenz grofler als die charakteristische
Frequenz erregt wird. Die Elektronen verhalten sich dann wie freie Elektronen und
werden von der niedrigeren Potentialbarriere weg gezogen, sodafl Tunnelionisation
unterdriickt wird. Die bestimmende Frequenz fiir diese ’iiberresonante’ Dynamik
ist die Differenz zwischen Grundzustand und erstem angeregten Zustand in Syste-
men mit nur einem Elektron. Fir Multielektronensysteme ist diese charakteristische
Frequenz die Plasmafrequenz des Systems. Indem die Ionisationswahrscheinlichkeit
von Ein- und Mehrelektronensystemen in Abhéngigkeit der Grofie des Systems, des
Tonisationspotentiales, der Photonenenergie und der Laserintensitit und -pulsdauer
studiert wurde, war es moglich zu beweisen, daf3 die Elektronendynamik in diesem
"iiberresonanten’ Bereich mit klassischer Mechanik modelliert werden kann. Weiters
konnte der lonisationsmechanismus erforscht werden. Die Elektronen nehmen En-
ergie aus dem Laserfeld auf, wenn sie durch die Potentialbarriere gegeniiber dem Feld
verlangsamt werden und aufler Phase geraten. Weiters wird ein Parameterbereich,
in dem die Elektronendynamik mit klassischer Mechanik beschrieben werden kann,
angegeben.

Als letzten Punkt dieser Arbeit untersuchen wir Tunnelionisation in Molekiilen
im quasistatischen Frequenzregime. Kiirzlich ausgefiihrte Experimente zeigten,
daf3 die Ionisationswahrscheinlichkeit in diesen komplexen Systemen nicht durch
die Tunneltheorie von Ammosov-Delone-Krainov (ADK) beschrieben werden kann,
sondern dafl Molekiile eine um 5-10 mal héhere Sattigungsintensitat aufweisen als
von ADK vorhergesagt. Es wird gezeigt, daf3 die laserinduzierte Polarisation des
Molekiils fiir diese Differenzen zwischen Theorie und Experiment verantwortlich ist.
Die Auslenkung der nicht ionisierten Elektronen aus ihrer Ruhelage erhoht fiir das
tunnelnde Elektron die effektive Coulomb-Potentialbarriere des Molekiils, sodaf3 die
Tunnelwahrscheinlichkeit sinkt und die Séattigungsintensitéit steigt. In Atomen ex-
istiert diese Beweglichkeit der verbleibenden Elektronen nicht, daher gibt es dort
auch nicht diese erhéhte Coulomb-Barriere.



One femtosecond relates to one
minute as one minute to the age of
the Universe.

This thesis deals with processes taking place within
time spans even shorter than one femtosecond.

The Schrodinger equation describes
the behaviour of all known forms of
matter.

P. W. ATKINS

The Schrodinger equation in its full
beauty is useless.

V. P. KrRAINOV
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Chapter 1

Introduction

Laserlight is a unique type of energy. It is light with a well defined wavelength
which propagates as a ray. This ray can be focused to very small spots, and the
energy can be applied within very short times. Since the first description of the
Laser-principle [1] in 1958 by A. L. Schawlow and C. H. Townes and the works of
A. M. Prokhorov and N. G. Basov! a lot of progress has been made. Nowadays,
laser pulses can be as short as a few femtoseconds (1071 s). The pulsation of the
energy leads to enormous peak powers of some Terawatt (10'?2 W) and together
with the small focal spots to intensities of 1020 W/ cm? and more. The electric field
equivalent to such high intensities exposes the electrons in matter to forces which
exceed the atomic binding forces by orders of magnitude. This leads to the removal
of the electrons from the atomic nuclei, the atoms are ionized. Ionization of atoms
in strong electric fields was theoretically studied first by L. V. Keldysh in 1965 [2].
In that work analytical expressions for the ionization probability of atoms in strong
fields were derived. According to this theory two main ionization mechanisms are
responsible for the ionization of the atom. For ”weakly” bound electrons, ”strong”
fields and ”small” light frequencies tunneling ionization is dominant. This is possible
because in the presence of a strong laserfield the Coulomb barrier is tilted such that
the electron can tunnel through the potential barrier of the atom. In the opposite
parameter regime the electron is ionized by a multiphoton mechanism where the
electron absorbes several laser photons to overcome the binding energy. In a more
strict way the so called Keldysh parameter must be calculated in order to decide
whether ionization happens in the one way or the other.

In the last decades, besides from simple tunneling or multiphoton ionization, a
wealth of interesting phenomena, which occur when high power laser pulses interact
with atoms, were investigated. In 1979 it was found that an electron can absorb
more than the minimum number of photons required for ionization [3]. This was

n 1964 C. H. Townes, N. G. Basov and A. M. Prokhorov recieved the Nobel Prize for their
work about the theory of Lasers. A. L. Schawlow was given the Nobel Prize (together with N.
Bloembergen and Kai M. Siegbahn) in 1981 for his work on the development of Laser spectroscopy.
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surprising since a free electron cannot absorb energy due to momentum conserva-
tion. But in a Coulomb field of an atom the conditions are matched such that the
electron experiences energy transfer from the laserfield. This phenomenon was called
above-threshold ionization (ATI). Another interesting effect is multiple ionization [4]
where not only the weakest bound electron but also stronger bound electrons are
ionized in a strict sequential manner. A special form of multiple ionization was
discovered a bit later: non-sequential double (or multi) ionization [5, 6, 7]. This
topic continues to be one of the very hot ones in today’s research. Basically, non
sequential double ionization can be understood by a recollision mechanism within
the so called three-step-model, first introduced by Corkum [8] and Kulander [9]. But
there are still unresolved issues when it comes to the question which role correlation
plays [10]. A real revolution in strong field atom ionization was the investigation of
high harmonic generation (HHG). When an ionized atom returns back to the nucleus
it can recombine with the ion and the excessive energy of the electron is emitted
in the form of a photon in the extreme ultraviolet (xuv) or soft x-ray regime. This
process can once again be understood by the three-step-model [8, 9]. Very recently
HHG has led to the generation of single photonic pulses in the sub-femtosecond
(or attosecond, 107 s) range [11, 12, 13] und thus laid the foundations to a new
field in laser-matter interaction which was dubbed Attophysics [14, 15]. Recently
increasing interest was being paid to the investigation of the interaction of complex
systems like molecules and clusters of gas- or metal-atoms with laserlight. This has
led to the discovery of laser triggered explosion of clusters [16] resulting in neutron
production [17], time-resolved Coulomb explosion imaging [18], strong field control
of chemical processes [19, 20, 21] as well as to the observation of decreased ioniza-
tion [22, 23] in molecules as compared to atoms, and non-adiabatic multi-electron
effects in molecules [24, 25, 26].

1.1 Theoretical Methods

Perturbative Interaction — Nonlinear Optics

The response of matter to intense radiation (e.g. laser fields) manifests itself in a
nonlinear dependence of the induced polarization (atomic dipole moment times den-
sity of atoms) on the electric (and possibly magnetic) field of the incident radiation.
The nonlinearity can originate from distinctly different processes, depending on the
intensity. At low and moderate intensities the external laser field is much weaker
than the static atomic Coulomb field. As a consequence, the laser field perturbes only
slightly the atomic quantum states under non-resonant excitation conditions [27].
The energy levels suffer only a faint shift proportional to the intensity I oc E% of
the laser field Er, which is referred to as the AC Stark shift [28]. The atoms remain,
with a high probability, in their ground state. Nonlinear interactions taking place
under these conditions can be well described by a perturbative approach. Hence we
refer to this parameter range as the regime of perturbative nonlinear optics.
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To derive the nonlinear response of an atomic ensemble we consider the
Schrodinger equation for the simplest atom consisting of only one electron and one
proton (Hydrogen atom) in the dipole approximation and in the length gauge?

i0¥ (r;t) = H(r;t)¥(r;t), (1.1)

where the Hamiltonian, H, is of the form
1
1?:—5V2+U@yandw, (1.2)

with U(r) the atomic Coulomb potential, U(r) = —1/|r|, and the interaction term
with the field —r - E1(¢). For low field strengths, as we want to consider here, this
interaction term can be considered as a perturbation to the Hamiltonian, such that

H=HO 4+ g, (1.3)

with a parameter A, which can be set to unity in the end. The unperturbed Hamil-
tonian is

1
HO = —§v2 —V(r) (1.4)
and the perturbation reads?
HWY = —r . E(t) = —zEL(t), (1.5)

For the further derivation it is assumed, that the atomic polarization follows the
change of the field instantly, which is a good approximation even at a timescale of
femtoseconds [27], because the induced atomic dipole moment is of purely electronic
origin. Hence, time-independent perturbation theory [29, 30, 31] can be used to
calculate the atom’s energy E. In order to do this we expand the wavefunction and
the atom’s energy into Taylor series with respect to the parameter A. This yields

|0) = [TO) 4 A TDy 4 22 o)y 4 (1.6)
for the wavefunction and
E=EO £ xEW £ X2E®) 4 (1.7)

for the atom’s energy, where E(©) is the unperturbed energy in the absence of the
field. If we introduce these two expressions into the (time-independent) Schrédinger
equation

H|U) = E|W) (1.8)

2Throughout this thesis, with only one exception in this subsection, indicated below, the system
of atomic units, which is utilized almost exclusively in atomic physics, is used. This system is
obtained from the Gaussian System of Units by formally setting & = m. = e?> = 1, where £ is
the Planck’s constant, m. is the electron mass and e is the elementary charge. Conversion factors
between atomic units and SI are given in appendix C on page 79.

3For the sake of simplicity, an isotropic medium is considered. Then the electric field and the
polarizibility are parallel. Furthermore the electric field shall be polarized in z-direction.
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we obtain equations for the energies E(™ and wavefunctions ]\Il(m)>, for every order
m =20,1,2,... of the above Taylor series. Carrying out the procedure of perturba-
tion theory leads to

O g HWO|wO)
20 O (1) 1 (0) (UH W |n) (n|HY|
E=EO® _ (gO| g0 g0 4 %O 5O — B Yo (L9)

where the orthonormal states |n) are determined by
HOn) = B, |n). (1.10)
Reinserting the expression —zFy, for H) leads to

(O |z|n)( n|z\\I’ )
E0) —

E=F9 4+ @O v g, +Z
n#0

E? +.... (1.11)

The Hellmann-Feynman theorem [31],

dE OH

when using the laser field E; instead of the general parameter T, leads to an ex-

1)
<§?HL> = <8(911E2L > =—(2) = —q, (1.13)

where « is the electric polarizibility. Inserting this result into the Hellmann-Feynman
theorem yields

pression

dE
dEy,

This means, that calculating the derivative of the atom’s energy equ. (1.11) with
respect to the laser field, Fp, leads to an expression for the electric polarizibility
a. This expression, as can be seen in equ. (1.11), is a Taylor series with respect to
powers of E. The polarization, P, of an N-atomic ensemble can be calculated from
the polarizibility by

N (1.14)

P=NaFEy. (1.15)

Inserting the Taylor series for o with respect to the electric field into this equation
we arrive at the famous nonlinear expression for the polarization [27, 32], which
builds the basis of nonlinear optics. This expression reads?

P =coxWEL + Py, (1.16)

where
P, = 50X(2)E% + on(?’)E% + 50X(4)E% + ... (1.17)

4For the rest of this subsection, in order to be conform with the notation commonly used in
electrical engineering, exceptionally the international system of units, SI, is used.
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is the nonlinear part of the polarization. Here x®) is the kth-order susceptibility.
Since optics deals with the propagation of light in a non-linear medium, the polar-
ization equ. (1.17) must be introduced into the Maxwell theory. This is done via the
relation

D =¢FEL+ P, (1.18)

with D the electric flux density. Inserting this relation into the wave equation for
the electric field leads to

0*Fr, — C%BEEL = 02 P, (1.19)
0

with ¢g the vacuum speed of light and pg the vacuum magnetic permeability. Thus,
the source term on the right hand side with the second derivative of the polarization
takes into account the reaction of the matter on the laserfield. However, in nonlinear
optics it is usual to express the reaction of the matter in terms of the susceptibility x
or the optical refractive index n = /T + x [33]. The light induced changes of n give
rise to a wealth of interesting effects [32, 27, 33], like for example frequency doubling
and triplication, frequency conversion and the optical Kerr effect, which is routinely
used for the generation of femtosecond laser pulses (Kerr-lens mode locking; also
called passive mode locking).

The Non-Perturbative Regime

Unfortunately this self consistent description of light-matter interaction given in
the previous subsection cannot be extended to the range of strong fields, which we
will exclusively consider in this thesis. This is because as the electric field strength
increases, outer-shell electrons are detached from the atoms by either a multi-photon
process or, for even higher intensities, by tunneling or above-barrier ionization. The
interaction-term due to the laser field, —r - E7(¢), in the Hamiltonian equ. (1.2)
can no longer be considered a perturbation since it is (at least) of the same order
of magnitude as the Coulomb potential. Thus, a perturbative description of the
form equ. (1.17) is no longer possible. Very high orders in the expansion would be
necessary, which is not feasible any more. Hence, this parameter range is called
non-perturbative regime. In order to properly describe the processes taking place in
this parameter regime the Schrodinger equation (1.1) must be solved with methods
different from the perturbation approach equ. (1.6) in order to correctly describe the
interaction of the laser field Er,(¢) with the considered system. One approach would
be to solve the Schrodinger equation numerically on a grid. Unfortunately with the
computer power available at the moment this is only feasible for the Hamiltonian
equ. (1.2) of the Hydrogen atom or at maximum for a ”Helium”-Hamiltonian (2
electrons and 2 nuclei, denoted by indices 1 and 2) given here in Born-Oppenheimer
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approximation® [29, 31]

1 2 2 1
H=—>(V24+V3 - = 2 o+ = (r,+1) EL(b) 1.20
9 ( 1 2) \1‘1\ ‘I‘Q‘ ‘rl _ 1‘2‘ ( 1 2) L( ) ( )

This limitation is due to the fact that because of the laser field time dependent
methods have to be used and due to the large spatial extension of the Coulomb
potential, which calls for large grid boxes. The limitation on the number of elec-
trons arises from the electron-electron potential ‘I'l—il'Ql’ which inhibits a seperation
into two one-electron Schrodinger equations. Even for the two-electron problem,
equ. (1.20), the code must be parallelized on supercomputers [34].

Therefore, in order to calculate the response of more complicated systems than
the Hydrogen or the Helium atom, certain approximations are necessary. The most
common ones are the single-active-electron-approximation (SAEA) and the strong-
field-approximation (SFA). Both approximations have been used to model atoms [2,
35, 36, 37] and molecules [38] in strong laserfields. In the SAEA-picture only the
weakest bound electron in an effective (atomic) potential and in the laserfield is
considered [39]. The SFA relies on the assumption that the evolution of continuum
electrons is dominated by the intense laser field and that the influence of the Coulomb
potential is negligible by comparison [2]. This means that an electron in positive
energy (continuum) states can be treated like a free particle.

The Three-Step Model

Figure 1.1: Schematic illustration of the continuum evolution of an electron in a strong
laser field. In the first step the electron is ionized by tunneling ionization and is born in the
continuum at position zg with some drift velocity [40]. Subsequently it follows the periodic
motion of the laser field. The maximum amplitude during the first excursion is denoted by
oy -

°In Born-Oppenheimer approximation the nuclei are considered to be fixed in position during
the laser pulse. This is justified by the fact that the nuclei are much heavier than the electrons and
therefore do not react to the field as compared to the electrons, which react almost instantaneously.
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The already mentioned three-step-model makes use of the SFA [8, 9]. For an
illustration of the continuum evolution of an electron according to the SFA see
fig. 1.1. In the quasistatic ionization regime (see next subsection) an electron can
escape from the atom’s Coulomb potential by tunneling through the tilted potential
barrier and is born sufficiently far away from the nucleus such that the Coulomb
potential can be neglected. This is the first step. Then, in the second step, the
electron is accelerated by the strong laser field and its motion is only governed by
classical mechanics (free particle). The influence of the Coulomb potential is not
considered in the SFA, since it is weak as compared to the laser field. In a linearly
polarized laser field the electron’s motion is parallel to the polarization direction®.
Therefore, the electron will change its direction and return to the parent ion, when
the laser field changes its sign in the next half cycle. At this point the electron’s
amplitude is maximum, denoted by a, in fig. 1.1. The third step describes the
interaction of the electron with the parent ion. For example HHG can be seen as
such a three step process, see fig. 1.2. There the accelerated electron returns to
the parent atom and recombines to its original ground state. Such a recombined
electron emits one single photon with an energy equal to the sum of the kinetic
energy acquired along its orbit and the binding energy of the parent atom [27].
The returning electron does not necessarily recombine with the ion but can also hit
the ion and can "knock out” another electron [6, 8, 9, 7]. This process is called
non-sequential double ionizaton or, if more than one electron is knocked out, non-
sequential multi ionizaton, and is one of the major research topics in laser-atom
interaction [42].

The Quasistatic Approximation

As we have seen above, the dependency of the Hamiltonian on the time, which is
caused by the alternating laser field, is one of the severe difficulties in the numerical
but as well as in the analytical treatment of laser-matter interaction. Therefore it
is obvious to get rid of this time dependency. This can be done in the so called
quasistatic limit. In this parameter regime the electronic wavefunction reaches a
quasistatic state before the electric field changes significantly [43] and the ionization
probability can be calculated using the static field ionization rate. To decide if
the ionization takes place in the quasistatic limit the so called Keldysh parameter is
used. The Keldysh theory [2] considers one electron in an atomic potential. The laser
electric field tilts the potential and the bound states are coupled to the continuum
states. For high field strengths the electron can tunnel through the Coulomb barrier.
The time that this process takes must be compared to the frequency of the electric
field. If the tunneling time is short as compared to the laser frequency such that
the electric field does not change during the tunneling process ionization takes place
in the quasistatic limit. Then the Keldysh parameter is small as compard to unity.

5This is true as long as the magnetic part of the laser field can be neglected, which in the visible
and near-infrared spectral range is the case for moderate intensities below ~ 10'® VV/crn2 [41]. In
this thesis we will always deal with intensities where only the electric field is of importance.
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Figure 1.2: Schematic illustration of the elementary processes responsible for high har-
monic generation. A free electron is born at instant 7, by tunnel ionization, is subsequently
accelerated in the laser field, returns to the nucleus, and emits a high-energy xuv photon
upon recombination to the ground state at the instant 7.

If the Keldysh parameter is large as compard to unity ionization takes place via a
multiphoton process.

The Keldysh Parameter

To calculate the Keldysh parameter one has to consider the length [ the electron has
to tunnel through the Coulomb barrier given by

(1.21)
where Ip is the ionization potential of the electron under consideration and Ej, is
the maximum/momentary field strength. The electron’s equivalent classical velocity

is given by
v=+/2Ip. (1.22)

t=-, (1.23)

1 /2
= =,/—F;. 1.24
Wt ; Ip L ( )
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Quasistatic tunneling occurs if the tunneling time is much shorter than the laser half

cycle. Therefore the tunneling frequency w; must be compared to twice the laser

frequency which leads to the definition of the Keldysh parameter
2wy wpV2Ip

7= Wt - Ep

(1.25)

For v < 1 ionization occurs through quasistatic tunneling — also called (optical) field
ionization — and for v > 1 the atom is ionized via a multiphoton mechanism, where
the electron absorbes several laser photons to overcome its binding energy Ip. This
process can be described perturbatively [44]. As already described, it is possible
that the electron absorbes more than the minimum number of photons required to
overcome Ip (ATI). Furthermore, if the electric field is so strong, that the Coulomb
barrier is suppressed below the binding energy I p of the electron, ionization happens
through above barrier ionization (ABI) [45]. For an illustration of tunneling- and
multi-photon ionization as well as for ATT and ABI see fig. 1.3. The original Keldysh
theory was improved by Faisal [46] and Reiss [47] and is therefore sometimes called
KFR theory (Keldysh-Faisal-Reiss).

WKB, (T)DFT, (TD)HF, PIC, MCTDHF and other Commonly
Used Methods

In the quasistatic limit (or strong field limit), v < 1, another useful approxima-
tion can be made: the quasiclassical- or WKB-approximation [28, 29] (named after
Wentzel-Kramer-Brillouin). A very successful theory based on the WKB approxi-
mation is the so called ADK theory (after Ammosov-Delone-Krainov) [48, 37]. This
tunneling theory gives the quasistatic tunneling rate for arbitrary atoms. When
compared with experimental results it fits best for noble gas atoms.

Applying some or all of the mentioned approximations it was possible to describ-
ing the detailed behaviour of atoms in strong infrared laser fields [49, 50, 51, 52].
However, as the comparison of theoretical results with experiments shows it is often
necessary to consider more than one electron [7] or, since neither the ADK- nor
the KFR-theory account for bound state dynamics, to include excited states into
the theoretical description. Furthermore, if one wants to consider the interaction of
strong laser fields with more complex systems than atoms, e.g. molecules or clusters
of atoms, it is indispensable to account for possibly important effects like bound
state wave packet dynamics, effects induced by polarization, occupation of excited
states and other non-adiabatic effects, multi-electron effects like charge shielding,
Coulomb blocking and correlation between the electrons, as well as for plasma-like
effects in very big systems with many electrons like clusters. Recently several ex-
periments with such complex systems were carried out [23, 25, 24, 22, 53, 54, 26]
and it was shown that the SAE picture as well as the quasistatic description fail
to describe the observations. This calls for a more elaborated theoretical treatment
than provided by the KFR or ADK theory. However, it is awfully difficult to ana-
lytically calculate ionization rates and bound state occupation even in the case of
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Figure 1.3: Regimes of atomic ionization. Exposing an atom to an intense laser field will
result in a modified potential (solid line) composed of the Coulomb potential (dashed line)
and the time dependent effective potential of the optical pulse. At moderate intensities
the resulting potential is close to the unperturbed Coulomb potential and an electron can
be liberated only upon simultaneous absorption of N photons, resulting in (perturbative)
multiphoton ionization (a). The multiphoton ionization rate scales with the Nth power of
the intensity of the optical pulse. It is possible that more than N photons are absorbed which
is called above threshold ionization (ATT). At sufficiently high field strengths the Coulomb
barrier becomes narrow, allowing optical tunneling ionization (b) to take over and resulting
in a tunneling current that follows adiabatically the variation of the resultant potential. At
very high field strengths, the electric field amplitude reaches values sufficient to suppress the
Coulomb barrier below the energy level of the ground state, opening the way to above-barrier
ionization (ABI) (c).
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an atom [55, 52], let alone those mentioned complex systems. Thus, once again one
has to rely on numerical techniques (in addition with analytical estimations). But
as said above, solving the Schrodinger equation for more than two electrons is only
possible if special approximations are made. Sometimes only one spatial dimen-
sion is treated. This simplifies the solution a lot and is a reasonable approximation
when the system under consideration has a certain favoured spatial extension. Es-
pecially in linearly polarized laserfields such favoured directions can be found. A
numerical method developed for many-electron systems is Density Functional The-
ory [56]. But although this method works fine for stationary (time in-dependent)
problems, time-dependent Density functional Theory (TDFT) [57, 58] is still plagued
by fundamental problems [59]. Other approaches like Time dependent Hartree-Fock
techniques do not perform well in describing non-perturbative multi-electron dynam-
ics since they do not take into account electron-correlation [60, 61, 62, 63, 64, 65].
Therefore methods for the correct numerical description of multi-electron dynamics
must be developed. For big clusters and plasmas, where hydrodynamic-like effects
dominate the behaviour, the PIC (Particle in Cell) approach, which solves Maxwell’s
equations numerically on a 3-dimensional grid, together with a proper microscopic
model to account for the quantum mechanical nature of ionization, is a promis-
ing route [66]. For molecular-systems, where the full quantum mechanical dynam-
ics must be considered, multi-configurational time-dependent Hartree approaches
were developed [67, 68, 69, 70]. In electronic systems such an approach must be
extended in order to account for the total antisymmetricity of the wavefunction.
Multi-configurational approaches are capable of fully taking into account correla-
tion [71]. Such methods are being developed at the moment [72].
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1.2 Motivation and Overview

The discovery of high harmonic generation (HHG) [73, 74, 75] resulted in intensive
experimental [76, 77, 78] and theoretical [27, 79, 8, 9] work to further improve
this method which is capable of producing xuv- and x-ray photons. The shortest
optical pulses available at that moment were about 4 fs FWHM (full width at half
maximum)? [82] carried at a wavelength of 780 nm. The laser cycle duration for
that wavelength is roughly 2.7 fs, which means that the electric field exhibits only
~ 1.5 oscillations within FWHM. Consequently such pulses are called few-cycle
pulses. This pulse duration is obviously the natural limit for pulses in the infrared
and visible spectral range and shorter pulses have to be carried on much shorter
wavelengths. In 1992 Farkas and Toth proposed a method for using HHG to produce
pulses in the attosecond regime [83]. This method is based on the fact that in the
time domain harmonic emission is, within a laser oscillation period, confined to a
small fraction of half the laser cycle duration T(/2 (within a limited frequency band
near the cutoff of the harmonic spectrum). This temporal structure gives rise to a
train of subfemtosecond or even attosecond bursts. If only one pulse of this train
could be cut out single photonic attosecond xuv-pulses would be possible. Indeed,
there are possibilities to do this [27]. The most promising way is to use a few-cycle
pulse. There, only one electron trajectory created at the pulse peak has the chance
to return to the ion resulting in recombination and creation of an xuv photon only
once within the time span of the driving infrared laser pulse [79, 27].

But even if single attosecond pulses can be produced there is still the problem
of how their temporal structure can be measured, since for measurement of events
such fast there need to be processes at least as fast as to be compared to and there
needs to be a proper method for their temporal characterization. In 1995 Ivanov and
co-workers suggested such a method [84]. With slight modifications this method was
used to measure a roughly 2 fs short xuv pulse [11] (shorter than the light oscillation
period !). Shortly after that the first pulse in the attosecond regime was created and
measured [12]. The theory underlying these measurements is based on classical
mechanics. Although classical models in strong laser field physics are known to give
a qualitative correct description, a quantitative agreement between a classical model
and full quantum mechanical descriptions is rarely the case. Quantum mechanical
effects, like interference and quantum diffusion, play a significant role in strong laser
field physics. Therefore, a reliable determination of sub-femtosecond pulse durations
cannot be done without a thorough quantum mechanical analysis. In chapter 2 on
page 15 such an analysis will be presented.

Recent development of experimental techniques, like laser control of the motion

"Femtosecond pulses have led to a whole new field of research, called Femtochemistry. Molecules
and atoms move (e.g. during chemical reactions) on the time scale of up to a few hundred femtosec-
onds [80, 81]. Therefore it is possible to trace the motion of atoms and molecules during chemical
reactions with pump-probe experiments carried out with femtosecond pulses. For the development
of time resolved spectroscopy the Nobel Prize for Chemistry was given to Ahmed H. Zewail in 1999.
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of small molecules [85] and the availability of attosecond pulses [12] or ultrashort
electron bunches [86], have increased the interest in the dynamics of the electronic
hull of atoms, molecules and other multi-electron systems in strong laser fields. The-
oretical calculations lag behind experimental possibilities in that the dynamics of
at most two interacting electrons can be described with any degree of certainty,
as already mentioned in section 1.1. Within the framework of the time-dependent
Schrodinger equation, any additional degree of freedom like a third electron or nu-
clear motion can only be described using models or making severe approximations
that are difficult to verify. Thus, for the time being, we are left out with a proper
method to describe effects of collective excitation, correlation, screening, or the im-
pact of the external field on internal dynamics. Time-dependent Density Functional
Theory would be a suitable method. It takes into account the average influence
of the multi-electron cloud in a so called "mean field”. Thus, it is essentially de-
signed for considering many electrons. Although it works well for time-independent
cases it is still plagued by fundamental problems [59] in the time-dependent case,
as already stated in section 1.1. Also the incapability of Time-dependent Hartree-
Fock methods to take into account electron-correlation was mentioned. This moti-
vates the development of a Time-dependent Multi-Configuration Hartree-Fock (MC-
THDF) method, capable of treating multi-electron behaviour in complex systems
like molecules, clusters of atoms, solids and doped structures in semi-conductors.
Thanks to the multi-configurational approach it is possible to systematically include
correlation and superposition- or excited states. The MCTDHF method will be
presented in chapter 3 on page 27.

With the help of the MCTDHF method it is, for the first time, possible to study
the multi-electron response to strong laser fields. This is the content of the last
two chapters of this work. In chapter 4 an investigation of the electron dynamics
in "big” systems (e.g., man-made structures in semi-conductors like quantum dots,
ions of large organic molecules and the like) is presented. This study was motivated
by the attempt of experimentalists to study ionization in metals within the last
decades [87, 88, 89] and to distinguish between the multiphoton and the tunneling
picture. I will address this question and explain how the electron dynamics in big
systems is influenced by various laser parameters and by the size of the system. An
explanation of the mechanism causing ionization in such systems will be given. The
results of these investigations can be found on pages 43ff.

Another application of the MCTDHF-method is presented in chapter 5. Recent
experiments showed that molecules [23, 22, 24, 25] but also metal-clusters [53] are
harder to ionize than suggested by tunneling theories. It was believed that this is
due to the polarizibility of such multi-electron systems [22]. Furthermore there is
evidence for non-adiabatic effects taking place in the interaction of laserfields with
molecules [24, 25, 26]. As a first step to investigate the physics underlying these
observations, a detailed study of the multi-electron response to strong laser fields
in the long wavelength range was carried out. As explained in section 1.2, for low
frequencies the Keldysh parameter yields values much smaller than unity and thus
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the dynamics can be described quasi-statically. Therefore, non-adiabatic effects
like population of higher (excited) states are negligible and only the pure tunneling
behaviour can be observed and compared with theories valid in this regime. The
outcome of this investigations is presented starting at page 60.

The thesis will be concluded by a summary and an outlook to future issues of
the investigation of the interaction of matter with strong laser fields, see chapter
Conclusion and Outlook on page 75.

I would like to take the opportunity to point out that this thesis deals exclusively
with processes in matter which happen on the time scale of about 1 femtosecond
or below. Although all processes are induced by strong femtosecond pulses, the
electron dynamics in the irradiated matter for these processes follows exclusively
the electric field of the laser rather than the envelope. The envelope of nowadays
laser pulses is of the order of ~ 5 — 20 fs whilst the field changes (for wavelengths of
~ 700— 1500 nm) on the order of some few femtoseconds. This limits the interaction
of the electrons with the potential barriers in well potentials to about 1 fs, as can
be seen in chapter 4. Tunneling in Coulombic potentials, as it is the case in atoms
and molecules, happens only within a small fraction of the laser half cycle at the
maxima of the laser electric field. The laser induced electron dynamics changes
the tunneling behaviour on roughly the same time scale. Therefore those processes,
studied in chapter 5, happen on a sub-femtosecond time scale. With even shorter
time scales deals the process introduced in chapter 2, where a measurement method
for pulses as short as &~ 100 attoseconds is presented. Usually, for laser pulses the
term "ultrashort” is used for femtosecond pulses [27]. All of the here considered
physical processes are faster than those pulses. This justifies and explains the use
of the term ”ultrafast” in the title of this thesis.



Chapter 2

Attosecond Pulse Measurement

If one wants to measure a very short optical pulse there must be a direct measurable
reference process at least as fast as the pulse. Xuv pulse durations are usually de-
termined [90, 91, 92, 93] by laser dressed xuv photoionization. The time resolution
of this method is limited to the order of the temporal duration of the pulse envelope
and therefore, cannot be used in the attosecond time domain. To measure attosec-
ond xuv pulses the reference process must be sensitive to the electric field rather
than the pulse envelope. The electric field changes on the order of approximately
1 femtosecond and therefore optical pulses as short as roughly 100 attoseconds can
be measured when using the electric field as a time reference [94]. Recently several
cross-correlation methods [95, 96, 11, 97] sensitive to the electric field were proposed
that have the potential to resolve attosecond-pulse durations. The most promising
concept is based on the laser induced shift of the photoelectron spectrum that is
produced by laser-dressed single-photon ionization of gas atoms by an xuv attosec-
ond pulse. This method was originally proposed by Ivanov and co-workers [84] and
first introduced for xuv-pulses by Toma and co-workers [98]. T'wo modifications of
this method were used to measure an attosecond-pulse train [97] and single xuv-
pulses with durations of around 2 fs [11] and 650 as [12]. Our investigation focuses
on the configuration first realized in ref. [11], which has the advantage that single
attosecond-pulses can be measured in contrast to the method used in ref. [97]. In
difference to earlier experiments [90, 91, 92, 93, 98] the sub-laser cycle resolution in
refs. [11, 12] is achieved by measuring the electron spectrum only over a limited solid
angle [11]. The xuv-pulse duration is determined by using a classical model that
relates the shift and the broadening of the electron spectrum to the xuv-duration.
The classical model allows efficient numerical implementation making this method
a particularly attractive method for attosecond-pulse measurement.

Although classical models in strong laser field physics are known to give a quali-
tative correct description, a quantitative agreement between classical model and full
quantum mechanical description is rarely the case. Quantum mechanical effects,
like interference and quantum diffusion, play a significant role in strong laser field
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physics. Therefore, a reliable determination of sub-fs pulse durations cannot be done
without a thorough quantum mechanical analysis.

Véniard et al. [99] have developed a quantum mechanical theory for the mea-
surement of a train of attosecond pulses [97]. Here a theory for single attosecond
pulse measurement based on laser dressed xuv photoionization [11, 12, 94, 100] is
developed. We use exact integration of the Schrodinger equation and analytical
integration under the strong field approximation (SFA), i.e. the influence of the
atomic Coulomb potential on the free electrons is neglected. Based on the SFA we
derive an expression for the SFA-spectrum of the xuv electron spectrum by means
of an Fourier Bessel expansion and a semi-classical equation for the n-th moment
of the electron spectrum that can be integrated orders of magnitude faster than
the Schrédinger equation. The Fourier Bessel expansion is exact within the SFA,
whereas the semi-classical theory underlies certain restrictions, but gives clear in-
sight into the physics and presents a generalization of the classical model used in
Refs. [11, 12] and, in special cases, becomes identical with the classical model. The
validity of the semi-classical approach is verified by a comparison to exact results
which yields good agreement for an intermediate laser intensity range. For higher
and lower intensities additional quantum effects going beyond the semi-classical ap-
proximation must be taken into account and the Fourier Bessel expansion-formula
has to be used. This formula also allows to make contact with the measurement
model for attosecond pulse trains [99] used in ref. [97].

Finally, our model is used to identify an optimized experimental scheme. To
achieve a certain signal to noise ratio in the measurement, an appropriate electron
yield is necessary. This electron yield must be achieved by accumulating over a
great number of incidents (attosecond pulses). Furthermore, the yield drops with
increasing xuv-wavelength. Therefore, experiments are limited by the wavelength
and by the long data collection times. The here presented optimized setup is by
more than one order of magnitude more efficient than the one used so far [11, 12].
This reduces collection times considerably and allows the extension of this method
to shorter wavelengths. Further on this setup allows, for the first time, for direct
experimental discrimination between single and multiple attosecond pulses, which
is of major importance for attosecond pump-probe experiments.

2.1 Theory

2.1.1 SFA Solution of the Schrodinger Equation

Our analysis makes use of the single active electron approximation (SAEA) and
starts from the three-dimensional Schrédinger equation,

0(r) = |~V - ’—i’ _rE@)| U(), (2.1)
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where the electron is coupled to the classical electromagnetic field in dipole approx-
imation and in the length gauge. Here, r = (x,y, z) denotes the space coordinates,
V is the corresponding gradient operator, 0; is the time derivative, and ¥ represents
the electron wavefunction. The electric field, E(t) = Ej, + E,, comprises a laser,
E;, and an xuv, E,, contribution. The laser component is of the form

E; = éFL(t) cos(wpt) (2.2)
and the xuv contribution has the form
E, =é,F.(t —t;)cos(w(t — tz)), (2.3)

where €7, and &, denote the laser- and the xuv- polarization vectors of unity, respec-
tively. F;(t) with ¢ = {L,z} denotes a smooth pulse envelope and wj, and w, are the
laser- and the xuv carrier frequency, respectively. The xuv pulse peak is delayed to
the laser pulse peak by a time t, = tg4.

In the following, equ. (2.1) is solved analytically by applying the SFA [2], i. e.
the Coulomb potential is neglected as compared to the laser field. As a result, the
Coulomb continuum eigenfunctions may be substituted by plane waves and equ. (2.1)
is integrated by using the ansatz

U = |0) exp(ilpt) + /d3p b(p,t)|p). (2.4)

Here, |0) denotes the ground state with ionization potential Ip, the plane wave
is given by |p) = exp(ipr) with p the electron momentum, and b(p,t) is the
momentum-space wave function of free electrons. Within the SFA we obtain the
electron spectrum as [27]

[e.9]

o
b(p) = z/ E(t)d(p — A(t')) exp [—z/ % (p-— A(t”))2 dt” +4Ipt' | dt’. (2.5)
-0 t/
The vector potential, A, and the electric field are related via E = —(1/¢)9; A, where
¢ denotes the velocity of light. The dipole moment is determined by d(p) = (p|r|0).
For the special case of continuum transitions from hydrogen bound s-states, d o
p/(p?+2Ip)3. For calculations in noble gases we have derived dipole moments from
cross sections tabulated in ref. [101].

The integral in equ. (2.5) is calculated in two ways, a Fourier Bessel expansion of
the exponential function in harmonics of the laser field [102] and by the stationary
phase method [103].
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2.1.2 The Multiphoton Picture

The Fourier Bessel formulas read [102]

+oo
e—iz sin(a) Z e—inaJn(z) (26)
. +Cx> 5
e—zzcos(oc) — Z (_) e_znaJn(Z), (27)

n=—oo

with J,,(z) the n-order Bessel functions. Since we are only interested in the xuv-part
of the photoelectron spectrum we neglect the laser-part of the electric field in the
preexponential factor of equ. (2.5). Additionally we do not consider the contribu-
tions of the xuv-field to the action integral in equ. (2.5). This is justified because
the xuv-contribution is by orders of magnitude smaller than the one from the laser-
field. Further on we take the laser vector potential Ar(t) only at the instant of
the xuv-pulse-peak, t4. This does not alter the final result (the spectrum) as long
as the xuv-pulse is much shorter than the laser half cycle, which is the case for
the here considered sub-femtosecond pulses. With that the action integral can be
readily integrated. Then we rewrite the resulting terms in the exponential function
of equ. (2.5) into exponentials of trigonometric functions and insert the Bessel for-
mulas equ. (2.6) and equ. (2.7). After some rearrangements and making use of the
properties of the Bessel functions we arrive at the expression

400 2

S " Ju(a,) Falp) (23)

n=—oo

[b(p)|* =

for the xuv-photoelectron spectrum, with

+oo
Fulp) = / d-Ex(t — tg) expli(p?/2 + I, + Up(tq) + nwp )t] dt (2.9)
—00
and Up(tq) = F?(tq)/(4w?), which is the so called laser ponderomotive potential.
The contributions F;, from the n-th side-band in equ. (2.8) are weighted by the
generalized Bessel functions

+oo
Tn(a,0) = > Jnsom (a) Jm (D) (2.10)
with
a:p-éLFL(td)/w% (2.11)
and
b= F2(ta)/(8w)). (2.12)

We have compared equ. (2.5) and equ. (2.8) numerically and they give identical
results for xuv-pulse durations up to the order of the laser half cycle.
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The solution in equ. (2.8) can essentially be understood as contributions of all
sidebands of the xuv-photoelectron spectrum to the final momentum p of the elec-
tron. In practice the inifinite sum needs to be taken only over a few sidebands since
the weighting of the sidebands with J,,(a, b) ensures convergence. The term F,, from
equ. (2.9) is the Fourier transform of the time components determining the energy
distribution of the electron, namely dipole moment and xuv-pulse envelope (i.e. du-
ration). This Fourier transform contributes to the final momentum of the electron
according to its index n. The Fourier transform is done with respect to the energy of
the electron, p?/2, increased by the ionization potential, Ip, and the laser pondero-
motive potential at the instant of the xuv-pulse-peak, U,(ts) = F7(t:)/(4w?). The
electron is additionally accelerated or decelerated by the laser field and consumes
or emits n laser photons of energy wy. The function of the laser field as a reference
manifests itself in this term and in the ponderomotive potential. With the help of
equ. (2.8) contact to the theory of attosecond pulse-train measurement is made [99].
There the spectrum (due to the repetitive time pattern) stays discrete and can be
modelled by sidebands. For a single pulse the sidebands broaden and overlap such
that the spectrum becomes a continuous function.

2.1.3 The Semiclassical Picture

A simpler solution of the integral in equ. (2.5) can be obtained with the help of
the stationary phase method. This solution requires several approximations, but
gives plain and clear insight into the underlying physics. We are interested in the
case where the electron is ionized by single photon ionization and the free electron is
dressed by the laser electric field. As a result, we again neglect the laser electric field
in the preexponential factor that accounts for laser induced ionization. This is valid
as long as wo /U, > 1, where wy = w, — Ip is the initial energy of the electron at the
time t5 of birth in the continuum. Further, the rotating wave approximation [32] is
utilized with respect to E, in the preexponential factor, i.e. the term exp(—i(w, +
Ip)t) is neglected as compared to exp(i(w, — Ip)t). Finally, the effect of the xuv-field
on the free electron dynamics is neglected, i.e. A &~ A in equ. (2.5). Applying the
above approximations we obtain

b(p) ~ 3 Z..S.Q(—:)Fx@s ~t)e,d(p — Alty)exp(—iS(t)  (2.13)
where S -
S(ty) = (1/2) /t (p— AL()>dt" + wots (2.14)
is the classical action, and S
S(ts) = —Ep(ts)(pcos® — Ap(ts)) (2.15)

is the second time derivative of the classical action. The stationary phase points ¢
are determined by solution of the equation

(1/2)(p — AL(ts))* = wo, (2.16)
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which expresses the conservation of energy during the laser dressed photoionization.

Next we assume that the laser field is polarized along the z-direction, €; = €.,
and introduce spherical coordinates for p, which are the final electron kinetic energy
Q) = p?/2 and the angle @ between p and the z-axis. Then, the stationary phase
equation can be recasted into

Q ~ wy+ Up(ts)(cos(2wrts) — 1) + 4U, (ts) sin(wrts) cos? 0

+1/8woUp(ts) sin(wrts) cos b, (2.17)

which agrees exactly with the classical model used in refs. [11, 12]. The term
Up(ts) represents the ponderomotive shift following the laser pulse envelope. Vari-
ation of the birth time between —oo < ty < oo determines the real solutions of
equ. (2.17) which lie in the energy range Qi < Q < Q0. Beyond this range,
equ. (2.17) has complex (ts) solutions. Classical mechanics and the semi-classical
wavefunction obtained by stationary phase integration are limited to the energy
range Qmin < Q < Qpee- In order to take account of the wavefunction outside the
classical range, the complex solutions of equ. (2.17) must be taken into account by
saddle point integration [102]. We confine our analysis here to the semi—classical
limit. The relevance of the complex saddle points for attosecond-pulse measurement
is investigated below. Note that, although the semiclassical wavefunction is incom-
plete, it contains two quantum mechanical effects that are neglected in the classical
analysis: (i) interference effects covered by the sum over different trajectories con-
tribgting to the same final state, and (ii) wave packet spreading which is described
by S.

For the further derivation it is convenient to re—express the second derivative of
the classical action with the help of equ. (2.17) as

. dn 1 dQ
§==—"11- ~ (2.18)
dts 1+ «o — tan20 dts
20, sinwy ts cos?0

The approximations made in the derivation of equ. (2.18) is justified by the condition
wo/Up > 1 required above.

The Fourier-Bessel equation (2.8) and the semiclassical equation (2.13) reduce
the computational effort for calculating the electron spectrum by four to five orders
of magnitude as compared to the integration of equ. (2.1). This makes accurate de-
termination of the xuv-pulse duration including quantum effects practically doable.
It will be shown below that equ. (2.13) has a more limited validity range than
equ. (2.8), however, has the advantage that contact can be made with the classically
governed determination of the xuv-pulse duration of ref. [11].

The attosecond pulse measurement method in refs. [11, 12] relies on the fact
that the electron spectrum is measured in a limited solid angle (6,¢). The xuv
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pulse duration is determined by measuring the n-th moment of the electron energy
spectrum as a function of the xuv pulse delay 4, which is given by

01 roo
/ / Q"[b(€2,0))? VQAQ sind db
0o JO

(" (ta)) = (2.19)

01 roo
/ / 16(€2,0)|? VQAQ sind db
6o JO

The angle 6 to the laser polarization axis is confined between 6y and 6,. We fo-
cus here on configurations with cylindrical symmetry, where the linear laser and
xuv polarizations coincide, for which the integral over ¢ drops out of equ. (2.19).

Usually, the center of gravity (2) or the rms width of the electron spectrum
AQ = /(Q2) — (2)? are used for attosecond pulse measurement [11, 12].

Equations (2.8) or (2.13) in combination with equ. (2.19) allow an efficient nu-
merical evaluation of (2™). With the use of equ. (2.13) together with equ. (2.18),
(Q™) can be further simplified and yields a simple semi-classical formula. For that
we insert equ. (2.13) into equ. (2.19) and transform from (€2, 0) to (¢, 6), where Q(¢5)
is defined by the stationary phase equation equ. (2.17). This changes the differential
volume element from d€2 sinf df to (d2/dts)dts sinf df. By virtue of equ. (2.18), the
additional factor d€2/dt, arising from the variable transformation cancels the factor
1 /S in |b|? that accounts for quantum diffusion and wave packet spreading. For
pulse durations comparable to the laser period interference between contributions
from different stationary points ¢, in equ. (2.13) modulate the electron spectrum on
the scale of the laser photon energy, i.e. = 1.5 eV for a wavelength of 800 nm. At
laser intensities of ~ 3 x 10'3W /cm? the spectrum is much broader than the laser
photon energy (see fig. 2.2) and therefore the modulations are averaged out in the
integrals and contributions from different t5 can be summed independently. The
physical reason for the irrelevance of interference effects is that parts of the electron
wave packet produced at different ¢, remain spatially well separated. Therefore the
sum Zts over all stationary phase points in equ. (2.13) can be neglected for our
further derivations. This all together yields

01 poo
/ / QHY2(8 ) F2(t, — t4)(é,d(ts))? dt, sinddd
— Jbo J—o0

(" (ta)) (2.20)

- 01 roo
/ / QY2(t)F2(ts — tg)(e,d(ts))? dts sinfdf
6o J —o0

Equation (2.20) puts the classical derivation of ref. [11] on a more general and rig-
orous theoretical footing. In the special case of transitions to spherically symmetric
s-continuum waves (angular momentum [ = 0), the result of ref. [11] is exactly
recovered. This is, because by virtue of the stationary phase condition, d becomes
independent of the integration variables and drops out of equ. (2.20). Calculating
the n-th moment of the spectrum with the help of equ. (2.20) is extremely fast be-
cause only the xuv-pulse envelope has to be considered. The xuv-pulse duration is
determined by fitting the calculated n-th moment with the pulse-duration as a free
parameter to the n-th moment infered from the measured electron spectra.
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2.2 Results

2.2.1 Classical Mechanics vs. Quantum Mechanics

20

t, [fs]

Figure 2.1: Rms width AQ of the electron spectrum for a hydrogen (1s) ground state as
a function of delay time, t4, between laser and xuv-pulse. The pulse parameters are: laser
wave length A;, = 800 nm, laser FWHM pulse duration 5 fs, sech laser pulse envelope,
laser intensity I;, = 3 x 10¥3W/cm?, w, = 90 eV, xuv pulse duration 500 as, xuv pulse
intensity I, = 10'2W /cm?. Laser and xuv polarization are chosen parallel to the direction
of observation, &, = €1, || &, || p, and 6; = 2°. AQ was calculated in various ways: exact
numerical solution of equ. (2.1) (full circles), evaluation of the Fourier-Bessel equation (2.8)
(solid line), and integration of the semiclassical equ. (2.20) (dotted line).

The quality of the approximations utilized in our derivation was tested by com-
parison to an exact numerical solution of equ. (2.1) based on a discretization of the
Schrédinger equation in momentum space, as described in ref. [104]. For fig. 2.1 we
have calculated the rms width A2 in various ways. The modulation of A appears
for pulses shorter than one laser half cycle and gives a sensitive measure of the xuv
pulse duration. The modulation increases with decreasing xuv-pulse duration. Full
circles, solid line, and dotted line refer to the exact numerical solution of equ. (2.1)
and to the Fourier-Bessel equation (2.8) in combination with equ. (2.19), and to
the integration of equ. (2.20), respectively. The exact solution agrees well with the
Fourier-Bessel solution, which demonstrates the validity of the SFA. The agreement
with equ. (2.20) is best around the laser pulse center. The reason is that the semiclas-
sical calculation of the electron spectrum based upon the stationary phase method
fails for vanishing laser intensities. In this limit, the electron spectrum becomes a
delta-peak at energy w, — Ip'. As a result AQ — 0 for large tg4, whereas in reality

n classical mechanics there is no spectral width.
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the width never drops below the spectral width of the xuv pulse. The calculations in
fig. 2.1 were repeated varying laser and xuv pulse parameters in the range relevant
for attosecond pulse measurement (xuv/laser duration between 0.1/5 fs and 1/15 fs,
xuv/laser peak intensity between 102 and 1014\7\//011127 sech and Gaussian pulse
shape). The only parameter critical for the applicability of the semiclassical model
is the laser peak intensity, for the reasons discussed above. For intensities well below
10'3W /cm? the semiclassical theory predicts wrong rms-widths, see fig. 2.1, and the
Fourier-Bessel equation must be used. Finally, we did not plot the classical result,
which is identical with the semiclassical calculation for the parameters chosen here.
This is, because for 8 =~ 0° d becomes again independent of the integration variables
and drops out of equ. (2.20). For 6 ~ 90 the effect of d is maximum and introduces
a factor of 2 in the modulation depth of the rms width.
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Figure 2.2: Photo electron spectrum for the parameters of fig. 2.1 and delay t4 = 0. The full
and the dotted line denote the electron spectrum as determined by numerical integration of
the Schrodinger equation (2.1) and the Fourier-Bessel equation (2.8), respectively. Note that
in the derivation of equ. (2.8) laser induced ionization is not included, which is responsible
for the low frequency part (<30eV) in the exact calculation.

To further corroborate the applicability of the SFA, we have compared electron
spectra in fig. 2.2, which were calculated by an exact solution of equ. (2.1) (full line)
and by equ. (2.8) (dotted line). The agreement is excellent, justifying omission of
the Coulomb potential in the derivation of equ. (2.8). Figure 2.2 reveals another
important result. Except for the xuv-photoelectrons the spectrum at low energies
contains a contribution of ATI (above threshold ionization) electrons generated by
the laser directly. The experimental setup must be chosen in such a way that the two
contributions fall into well separated spectral ranges. Otherwise the laser dressed
photoionization signal, carrying the information on the attosecond pulse duration,
is covered by the ATI electrons. So far, in order to minimize ATI, electrons were ob-
served perpendicular to the laser polarization axis [11, 12]. The spectrum in fig. 2.2
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shows that the level of ATT electrons is less than anticipated. Even for &, || p, where
ATI reaches the maximal energies, the laser induced part of the ionization spectrum
is well separated from the x-ray photoionization spectrum. This can be understood
from a simple estimate: The laser induced part of the ATI spectrum consists of a
main part extending to 2U,, and of a smaller contribution coming from rescattering,
with electron energies up to 10U, [105]. Only the 2U,, contribution is strong enough
to cover the xuv-induced electron signal. As a result, attosecond pulse measurement
is feasible, as long as the lower cutoff of the xuv-photoelectron spectrum does not
overlap with the 2U, part of the laser induced ATI spectrum. Based on the sta-
tionary phase equation derived above the simple condition 8U,, < w, — Ip is found,
determining the parameter range in which the two spectral contributions remain
separate. Only for laser peak intensities in excess of 1014W /cm?, laser induced ion-
ization becomes dominant and buries the single xuv-photoionization signal. This
finding adds an additional degree of freedom to the realization of an optimum setup
for attosecond pulse measurement, which will be the topic of the next section.

2.2.2 Increasing Measurement Efficiency

electron energy
spectrum

XL

free electron
angular distribution

Figure 2.3: Schematic of the optimized experimental setup.

A major problem in attosecond pulse measurements is the low efficiency of har-
monic sources and the resulting long data collection times and poor signal to noise
ratio. So far attosecond measurement was performed with Kr 4p electrons, for which
the single xuv-photon ionization is dominated by a transition to a spherically sym-
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metric s-continuum wave [101]. We have compared various experimental setups with
respect to efficiency in electron yield. We find an optimal setup when laser and x-
ray polarization are chosen parallel to the direction of observation of the electron
spectrum, i.e. €r || €, || p, see fig. 2.3. Instead of Kr 4p we propose to use Ne
2p electrons. The overall gain in xuv electron yield as compared to the setup in
refs. [11, 12] is a factor of 30 for the same opening angle of 40°. This enhancement
can be attributed to two reasons. First, the Ne 2p transition is by an order of
magnitude more efficient than the Kr 4p transition. Second, the xuv photoioniza-
tion (90eV) of Ne 2p electrons is dominated by a transfer into a d-continuum wave,
which extends into the direction of the x-ray polarization, see fig. 2.3. Therefore,
a measurement along the x-ray polarization direction captures a larger part of the
photoelectrons, which gives an enhancement by a factor of 3. The gain enhancement
by more than one order of magnitude in our improved setup makes a more efficient
measurement of attosecond pulses possible and allows an extension of the method
towards shorter wavelengths.

2.2.3 Single vs. Multiple XUV Pulses
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Figure 2.4: Signature of two attosecond pulses with delay times t4; = 41/4 laser optical
cycles compared to a single pulse with delay ¢4 = 1/4. The remaining pulse parameters
are as in fig. 2.1. Electrons released at t; = +1/4 experience maximal acceleration and
maximum deceleration by the laser, respectively, creating two well separated electron peaks
(dotted line). A single pulse creates only a single peak (full line).

Higher harmonic generation with few cycle laser pulses tends to generate a single
attosecond pulse with satellites at a repetition rate of twice the laser frequency. For
practical applications it is essential to discriminate between a single attosecond pulse
and a pulse train. Recently, indirect evidence of single attosecond pulses was ob-
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tained by using the harmonic spectrum [12]. Measurement of the electron spectrum
in laser polarization direction will allow for the first time to directly distinguish a
single attosecond pulse from a pulse train, see fig. 2.4. This is because the shift of
electron energies becomes sensitive to the sign of the laser vector potential at the
time of xuv ionization. Depending on the sign, electrons are either accelerated or
decelerated by the laser, leading to two well separated peaks in the electron spec-
trum. For one main and one or two smaller satellite pulses, the ratio of the peaks
in the electron spectrum reflects the relative energy content carried in the satellites.
Note that in a multi-shot experiment the absolute phase of the laser pulse must be
stable from pulse to pulse.

2.3 Concluding Remarks

The here proposed setup has been used to experimentally energy-shift a photoelec-
tron spectrum representing an attosecond-pulse with a duration of around 500 as?
without significant distortion as compared to the spectrum without the infrared laser
pulse [13]. This experiment beautifully demonstrates the simple functionality of our
approach to distinguish between one and several attosecond pulses.

Recently the very first experiment on time-resolved atomic inner-shell spec-
troscopy was published [14]. In this pump-probe experiment the lifetime of M-shell
vacancies in Krypton was measured by the use of roughly 900 as long x-ray pulses.
The Auger measurement of the process taking place when the atom is excited with
an xuv- or soft x-ray pulse can be modelled by a straightforward extension of the
theory presented above [106]. The only difference to the measurement technique
developed here, is that the generation of continuum electrons does not take place
by a dipole transition induced by the field E,, but by an Auger process [14]. This
demonstrates the generality of the approach outlined in this chapter.

Concluding, a quantum mechanical model of laser dressed single xuv/x-ray pho-
toionization was developed. It was shown that laser dressed photoionization can be
quantitatively modelled by using the strong field approximation, i.e. by neglecting
the Coulomb potential during the continuum evolution of the electron. Based on
the strong field approximation a quantum mechanical and a semiclassical expression,
that can be evaluated efficiently, were developed, making accurate determination of
the attosecond pulse duration including quantum effects practicable. The validity
range of the previously used classical model was established and an optimum setup
for attosecond pulse measurement that is by a factor of 30 more efficient than exist-
ing schemes was identified. Finally, the proposed setup discriminates between single
and multiple attosecond pulses. The results revealed by this quantum mechanical
investigation open the way towards an accurate and more efficient measurement of
attosecond pulses.

2This is up to date the shortest light pulse ever produced.



Chapter 3

Numerical Treatment of Laser
driven Multielectron Systems

As mentioned in section 1.1, at the moment it is not possible to solve the Schrodinger
equation for more than 2 electrons in a strong field numerically exact. Even for
systems consisting of 2 electrons driven by strong laser pulses massively paral-
lelized codes running on supercomputers must be applied. Therefore it is indis-
pensible to make approximations when treating many-body problems, especially
time-dependent ones, e.g. molecules and clusters in strong laser fields, which we
would like to study here. The difficulties arise from the electron-electron Coulomb
interaction and the interaction of the electrons with the nuclei but also from the
interaction of the nuclei among each other. Fortunately the electrons are much
lighter than the nuclei and thus respond almost instantaneously to strong field exci-
tations as compared to the much heavier nuclei. Therefore it is possible to solve the
many-body problem only for the electrons in the potential of the nuclei and consider
the nuclei to be fixed in position. This procedure is known as Born-Oppenheimer
approximation [29, 31].

Still, even within the Born-Oppenheimer approximation we are left with a time-
dependent multi-dimensional, non-separable problem. If the number of electrons is
denoted by f, the dimension of the wavefunction is 4f 4+ 1. This number consists of
3f spatial dimensions, f coordinates arising from the spin and one extra dimension
for the time. Therefore the electronic wavefunction W is of the form

U =¥(qy,...,q5;t), (3.1)

where q; denotes a coordinate consisting of a 3-dimensional spatial part x; and a
spin part. The Pauli exclusion principle requires the wavefunction to be completely
antisymmetric, i.e. it must change sign if the coordinates (spatial or spin) of any
two electrons are interchanged. If the Hamiltonian is independent of the spin of the
electrons the wavefunction can be separated into a spatial part and a spin part

\I](ql, aqfat) = \II(Xla 7Xf7t)X(1a 2,... af)a (32>
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where the spatial part of the wavefunction must satisfy the Schrédinger equation

0
’LE\I/(Xl,...,Xf;t) = (3.3)
Lo
> <—§V%L + U(Xm) — Xy, - EL(t)>
m=1
f
+ Z V(X — %p) | W(X1,...,Xf5t).
m<n

In the here used Hamiltonian the molecular potential energy curve is taken into
account by the potential U and the electron-electron Coulomb interaction by V.
The laserfield, Ef(t), from which the time-dependency arises, couples to the system
in dipole approximation. As mentioned, the Schrédinger equation (3.3) equation
cannot be solved for f > 2 with presently available computer powers within reason-
able time. Therefore, further approximations must be made. A very popular and
successful one is the so called central field approximation, which was proposed by
Hartree and Slater.

3.1 The Hartree-Fock Approach

The central field approximation is based on an independent particle model, in which
each electron moves in an effective potential which represents the molecular po-
tential energy curve (the nuclear potential) and the average effect of the repulsive
interactions between this electron and the (f — 1) other electrons. As a result of this
approximation the full wavefunction W(xy,...,x;t) can be separated into electron
orbitals,

\D(Xl, e ,Xf; t) = ul(Xl)’U,Q(Xg) e Uf(Xf; t). (34)

To reintroduce the spin into the wavefunction one has to multiply the electron
orbitals by a spin-1/2 eigenfunction x /2, thus forming the spinorbitals

pi(a;t) = ui(x;t) X172, (3.5)

which each may be orthonormalized,

(piles) = 6ij- (3.6)

An appropriate ansatz for equ. (3.3) is then constructed by the so called Slater
determinant

) er(ai;t) - ep(aist)
U(qi,...,qf:t) = —= : : : (3.7)
vi ei(ap;t) - wplarst)
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This so constructed wavefunction is fully antisymmetric and obeys the Pauli prin-
ciple. The normalization factor (f!)~/2 arises from the fact that there are f! per-
mutations of the electron coordinates qi,qi,...,qs. The Slater determinant (wave-
function) ¥ can also be written in the form

V(au... qfit) = % SO (—1PPi(ant). - prlagt), (3.8)
P

with P the permutation operator. The symbol (—1)% is equal 41, when P is an even
permutation and equal to —1 for an odd permutation. The Hartree-Fock method
uses an ansatz of the form of equ. (3.8) to solve the Schrodinger equation. The
spinorbitals ¢;(q) that give the ’'best’ f-electron wavefunction are found by us-
ing variation theory, which involves minimizing the Rayleigh ratio [29, 31]. This
leads to the Hartree-Fock equations. Originally the Hartree-Fock (HF) equations
are time-independent, but there are methods to extend them to time-dependent
problems [107, 60, 61].

Because the potential felt by each electron depends on all the other electrons
the time-independent Hartree-Fock equations must be solved iteratively. The it-
eration is carried out until the solution is self-consistent, hence Hartree-Fock falls
into a class of methods called self-consistent field (SCF) methods. Time-dependent
Hartree-Fock can be formulated such that the equations can be solved by standard
propagation methods like Runge-Kutta. Basically there are two different types of
HF-calculations, restricted and unrestricted. In restricted HF calculations, which
can be applied for closed-shell problems (for which the number of electrons, f, is
always even), it is supposed that the spatial components of the spinorbitals are iden-
tical for each member of a pair of electrons. Then there are f/2 spatial orbitals. In
unrestricted HF-calculations this constraint is not present.

As mentioned above, the Hartree-Fock method relies on averages. It does not
consider the instantaneous electrostatic interactions between electrons and the effect
of the (f — 1)-electron cloud on an electron of interest is treated in an average way.
These deficiencies are commonly summarized by saying that Hartree-Fock ignores
electron correlation. If one compares the ground state energy calculated with HF
with the exact ground state energy then the difference is called correlation energy.
In terms of Slater determinants the exact wavefunction can be written as a linear
combination of all possible f-electron Slater determinants arising from a complete
set of spinorbitals [108]. These other Slater determinants are different from the one
representing the ground state. Of course, a complete basis set of spinorbitals is
computationally impossible, one always has to use a finite basis set. Nevertheless,
to account for correlation an ansatz W, for solving the Schrodinger equation with
several Slater determinants can be made. This ansatz is of the form

L
\I’a(qla---vqf):ZAJ(I)J(qu---vqu)v (39)
J=1

where L is the number of Slater determinants, A; is the weight for the J-th Slater
determinant and ®; is a Slater determinant of the form equ. (3.7). If the basis
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functions of the Slater determinants are fixed one arrives at configuration inter-
action (CI). This method uses sophisticated basis sets and quite high numbers of
Slater determinants are usual. Very common are gaussian basis functions [109]. To
calculate the wavefunction ¥, the expansion coefficients A; are optimized. Fur-
ther improved methods also optimize the spinorbitals. Such methods are called
multi-configurational methods and are common for molecular structure calculations,
which are time-independent problems. However, there is currently, to the best of
my knowlegde, no method available for time-dependent problems capable of tak-
ing into account electron correlation'. Such a method, called Multi-configuration

Time-dependent Hartree-Fock (MCTDHF), will be introduced? in the next section.

3.2 Multi-configuration Time-dependent Hartree-Fock
(MCTDHF)

As stated in section 3.1, multiconfigurational methods make an ansatz ¥, for solving
the Schrédinger equation (3.3) similiar to the one used in CI calculations, equ. (3.9).
The difference to CI is that also the spinorbitals are optimized which decreases the
necessary number of Slater determinants to approximate the exact wavefunction
considerably. In laser-matter interaction the wavefunction additionally has to be
dependent on time and the ansatz takes the form

L
\Ila(qu cee 7qf7t) = Z AJ(t)(I)J(qjl? cee aqu;t)a (310)
J=1

where the same notation as in equ. (3.9) was used. Note, that here A; as well
as ®; depend on time in contrast to existing methods used in quantum chemistry,
where both of them are independent of time. The index J is an abbreviation for the
complete multi-index J = ji,j2,...,j7. With that the L Slater determinants take
the form

¢j1,---7jf(qj17"'7qu’t \/—Z 777)()0]1 an )"'(pjf(qu;t)' (3'11)

Such an ansatz means that the antisymmetricity of the wavefunction, according to
the Pauli principle, is accounted for by the Slater determinant. It is possible, though,
to construct an antisymmetric wavefunction even for a not antisymmetrized product
of the expansion functions taking the simple form

@J:gpjl...gojf. (312)

There do exist, though, approaches applying Time-dependent Density Functional Theory
(TDFT). But as already mentioned above, they still do not perform well [59]. Further-
more there exists a time-dependent multiconfigurational method for molecular quantum dynam-
ics [67, 68, 110, 69, 70]. Thus, this method, called Multiconfiguration Time-dependent Hartree
(MCTDH) deals with bosons, which do not have an antisymmetric wavefunction.

2The method was developed together with Armin Scrinzi and Jiirgen Zanghellini [72].
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In this case the weights A ;(t) must be antisymmetric with respect to the exchange
of any two indices,

A A (3.13)

Jlseesdmseosdnyeend f T LRI dnse s dmy e d f 0

As it turns out such an ansatz is much easier to treat when inserting into the
Schrodinger equation than an ansatz where the expansion functions are antisym-
metrized. The ansatz-wavefunction equ. (3.10), when writing the multi-sum, inher-
ent to the notation of the multi-index J, explicitely, reads

n n
Uaan, - apt) =Y > An g, (O (aist) . o5 (ag;b). (3.14)
Ji=1 jg=1

The sums are carried out over all expansion functions n. Note, that n = f for the
Hartree-Fock case (no "multi”), which results in only a single Slater determinant.
In the above multi-sum equ. (3.14) the Slater determinants add up ’automatically’
since the absolute value of the A’s is the same for every fixed combination of the
multi-index ji,..., jr, only the sign changes with respect to the permutation of its
values. For example, the multi-index 1, 3,4, 2 gives the same value for A as 2,3,4,1,
but only the sign changes from ”+” to ”—". Then the value of A can be singled
out of the sum. What then remains is exactly a Slater determinant. This procedure
leads, for n expansion functions per spinorbital and f electrons (degrees of freedom),

naturally, to a number L of Slater determined by (?) This is clear, since this is

nothing but the problem to choose f items out of n.

The ansatz ¥,, as outlined above, shall fulfill the time dependent Schrodinger
equation (TDSE) for f electrons in a molecular potential (Born-Oppenheimer ap-
proximation) and in an electric field. In order to derive the determining equations
for Aj(t) and for the expansion functions ¢;(q;t) we apply a variational princi-
ple. This will lead to nonlinear, first-order differential equations for both A ;(t) and
vi(q;t), called the working equations. Propagating these working equations starting
from a certain initial state, e.g. the ground state, yields the wavefunction under
the influence of the electric field and thus allows to investigate the dynamics of the
multi-electron cloud under laser impact.

We now turn to the derivation of the working equations and restrict ourselves,
in order to keep the numerical effort for the time-propagation tractable, to 1 spatial
dimension. Considering one dimensional problems is common in the literature [111]
and gives reasonable results for systems which have a favoured spatial extension
and if one does not want to investigate problems where angular moments are of
importance, such as aligning molecules in laser fields or angular resolved photoelec-
tron spectra [112, 113]. Moreover, in linearly polarized fields the favoured spatial
extension is given almost naturally by the polarization direction.

In our derivation we will use a Hamiltonian independent of the spin. Thus, the
spin of the spinorbitals does not change during propagation and can be considered
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as a parameter for each of the spinorbitals, which can be either present ("up”) or
not present ("down”). Therefore it is possible to only consider the spatial part of
the spinorbitals in the derivation of the working equations. The only point, where
the spin comes into play is when matrix elements, for example of the form (p;|¢;),
are considered.

Another important remark concerns the time dependency of the A’s and the
©’s in our ansatz. Because both of them depend on time our ansatz is not unique.
The orbital functions and the expansion coefficients can still be linearly transformed
while representing the same wavefunction, which prohibits singularity-free, well de-
fined working equations. Uniquely defined propagation is obtained by imposing
constraints on the orbital functions. The constraints are chosen to be [67]

(pi(x;0)|;(x:0)) = 64, (3.15a)

(ilz;t)|6;(z:t)) = 0. (3.15b)

3.2.1 Derivation of the Working Equations

We start out from the time-dependent Schrodinger equation for f electrons in 1
spatial dimension,

iW(z1, . xpt) = H(xy, ., xp ) V(2,0 23 t), (3.16)

with a Hamiltonian in dipole approximation and in velocity gauge of the form

H(xy,...,xp5t) = (3.17)
f 2 f
Z [% <—2% - %AL(t)> + U(zpm) + Z V(zpm — xp)
m=1 m n>m

In this Hamiltonian Ay, is the vector potential® of the laserfield, ¢ is the velocity of
light and U(z,,) and V(z,, — x,) are the nuclear potential for the mt'-coordinate
and the electron-electron potential for coordinates m and n, respectively. The latter
one shall be a smoothed Coulomb potential [111]

V(xm - xn) = ! (3.18)

Vin P a

where a is the smoothing parameter. In principle this potential could be of any form
but the form given here makes the “most” physical sense. Also the nuclear potential

3To avoid confusions of the vector potential Az, with the weights A; from the ansatz, the index
L for Laser is used. Moreover, if the letter A is used below, always the weights are meant. This is
because the vector potential will not be used in the derivation of the working equations.
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can be of arbitrary form. Equation (3.16) is solved by the MCTDHF-ansatz, as
explained above,

U(zy,...,xp3t) =
1 n n
N DD Ay () X g (13 0) @) (25 1) 05 (255 8)
“ha=l =l

1
=— ) A;®;. (3.19)
m; T

Note that the ansatz equ. (3.19) is complete in the limit n — oo. The greater
the number n of expansion functions, and thus, the greater the number <?) of

Slater determinants, the better can be accounted for electron correlation. Realistic
quantum mechanical problems are not so highly correlated, that n — oo is required
to describe the problem. Thanks to the variational principle, which will be applied
below, the wavefunction equ. (3.19) is optimal in the sense, that it is the best
approximation for a given n. Very recently it was shown for 2 laser-driven electrons
in a harmonic potential, that already with the very low number of n = 6 (15 Slater
determinants) the overlap |(¥5|¥.)|? between the approximated wavefunction W15
and the exact wavefunction U, is already 99.939 % [71].

The evolution equations for ¥ are obtained by demanding
(0W|i0y — H|¥) = (0W]i0|¥) — (§V|H|¥) = 0. (3.20)

Introducing our ansatz equ. (3.19) into equ. (3.20) leads to the expression

(60 H| W) — i—— (5] 3" Ayt (3.21)

2
f
J i=1
We permit only variations ¥ which remain within the general ansatz
1
W= Y (Ay+845) (g, +805) - (91, +0p5,), (3.22)
J

which consists of small variations around the exact solution of equ. (3.16). Carrying
out the multiplications and neglecting terms of O(62) we arrive at

f
1 1
W=(f+1)v+—)>» 04,2+ — > A ©jy - 004, P 3.23
(f+1) i EJ 1%+ % J;l i i i, (3.23)

For the coefficients Ay and the function ®; in the ansatz equ. (3.19) the variational
principle reads

o0 = —08A; + —6yy, 3.24
54,0 T 50 (3.24)
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where A; = #AJ.

The below derivation closely follows the description of the multi-configuration
time-dependent Hartree method outlined in ref. [67]. There the position within the
multi-index is important when carrying out derivations. In our case here we want
to include the antisymmetrization due to the Pauli principle. This allows us to
rearrange the multi-indices when applying operations like a derivation and to take
care of the position the operation was meant to act on only with the sign of the
permutation. Therefore we end up with f equal expressions for every operation.
Carrying out the variations yields

o
E = (pjl...gojf :q)J (325)
o -
5—@ = Z Aljg...jf‘Pjg e ngf. (326)
J2---Jf

Equ. (3.26) is called the single hole function and is denoted by U if [ is the
index of the ”hole”. Introducing the variational function of equ. (3.24) together
with equations (3.25) and (3.26) into equ. (3.21) leads to expressions for the single
hole function and the functions ® ;, which have to be satisfied in order to cause the
wavefunction ¥ to be a solution of the Schrédinger equation. These expressions read

<\11(’f>|H|\11> - i<\I'(k)|8t|\I!> (3.27a)

(QyH[T) = i(Ds|0,]¥). (3.27b)

Now the derivative of the wavefunction ¥ from the ansatz with respect to time has
to be carried out. The right hand side of equ. (3.27b) reads

i ()00 = i <¢J\¢/> —iAj, (3.28)
where use of the constraint equ. (3.15a) has been made. The right hand side of

equ. (3.27a), after carrying out the time derivative and some rearrangements, can
be written as

z’<\If(k)|\if> =i> o Y A i Ay 1D PPk, (3.29)
l

j27"'7jf 1
with
n n
Pkl = Z T Z Az,jg,___,jfAl,jg,...,jf- (3.30)
J2 Jf

If we introduce the relation equ. (3.28) for the derivative of Aj into equ. (3.29) we
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obtain
(OO =il D A, (<) (P [HI) 40 G
l J2emds I
= > A iods > len) sy -0 [ HIT)Y +0 > Gup
T I ]
=P (OWHW) +iY" dupn, (3.31)
l
where we have introduced the projector
n
P=>>leal- (3.32)
=1
Because equ. (3.31) must be equal to the left hand side of equ. (3.27a) we arrive at
(v® W) =P (WD HW) +iY" dion, (3.33)
!
or, equally,
i duon = (1= P) (¥ H|w). (3.34)
l

The expression <\I/(k)\H \\II> can also be written in the following way

(e®iEw) = 37 (vWIHED) o = ST H) o) (335)

J J

where we have introduced the mean-field operator
(H)yj = <\Il(k)|H|\IJ(j)> . (3.36)

Now we introduce the mean-field operator into equ. (3.34). This yields the first
working equation for the expansion functions ¢, ... ¢j,,

i prpr=(1=P) Y (H); ¢;. (3.37)
1

J

Replacing the right hand side of equ. (3.27b) with the right hand side of equ. (3.28)
yields the second working equation for the weights A z,

iAy = (@1 HW) =Y (®,|H|®L) Ap, (3.38)
L

where the normalization factor (f !)_1/ 2 which manifests itself in the presence of the

tilde, cancels out. Equation (3.37) can be written in a much more convenient form
with the help of a matrix formalism. If we define the vector

= (05, r05,)" (3.39)
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and the density matrix

pir 0 pP1f
PrL o Pff
as well as the matrix of the mean field operator
(H)in -+ (H)iy
(H) = ST : (3.41)
(H)pr -+ (H)gy

and consider that the operator pi; commutes with the projector P, the working
equations can be written in the final form

iA; = (0,|H|®L) AL (3.42a)
L
ip=(1-P)p {{H)e. (3.42b)

The working equations are, as announced, nonlinearly-coupled and of first order
in time. The non-linearity is brough about, since Ay depends quadratically on the
@; and ¢ depends quadratically and in the third power on the ¢; and quadratically
on the A’s. The equations can be solved by any numerical propagation method, e.g.
by a Runge-Kutta method, provided an initial state is given. For the ground state
this initial state can be easily found by an imaginary time propagation, starting
from reasonable initial values for ¢ and Aj;. For excited states different methods
have to be used.

3.2.2 Computational Details

The working equations, equ. (3.42a) and equ. (3.42b), determine the time evolution
of the system starting from a certain initial state. They turn the actual values
of Ay, and ¢ into their derivatives. This is done by the operators >, (®;|H|®)
and (1 — P)p~'(H). These operators contain a lot of multi-sums which have to
be implemented efficiently in order to make computation of the time-evolution of
systems with up to 10 electrons possible. It is indispensable to use all of the operators
properties to ones advantage and not to calculate unnecessary sums. In the following
we want to review some of the most important points of the computation of the
working equations.

The Matrix Elements

We split the Hamiltonian equ. (3.17) into single particle and two-particle parts
H = Hy{ + Ho, (343)
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with
f f 1 9 1 2
Hi = Z H(zp;t) = Z [5 <_Z(9m — —AL(t)> + U(xm) (3.44)
m=1 m=1 m
and
f
Hy =Y V(wm— ). (3.45)
m=1 m<k
Further on we define

Hpp = (om|H1lor). (3.46)

With that the one-electron part of the operator ), (®;|H|®r) from the first working
equation (3.42a) can be written as

> (@[ Hi|®L)AL =
L

Z [HjllAl.jQ---jf + HjyiAjjs..j; + -+ ijlAjl---jf71l:| . (3.47)
=1

The two-electron part, when treated in the same manner, yields

> (@4 Ha|®L) AL =

L
n n
= Z Z Z e Z<‘Pj1 ce ijf\V(a:m — xp)|en ---<Plf>x411,...,lf
m m<kli=1 l;=1
n n
=> >
k=1 1=1

(505 [V ko) Aigs...j; + (05035 [V [0 01) Argat...jj - - -
+<90j1 Pis |V|80k90l>Akj2...l
i is|VIerpr) Ay gy - - - + (0gapi [V Iokr) Ajyk.

i, P IV Iowp0) Ay otl] - (3.48)

For the operator (1 — P)p~'(H) from the second working equation (3.42b) we
only need to treat the mean-field operator (H);; because computing the matrix p
is trivial via equ. (3.30). However, inversion of this matrix is crucial for the initial
state.

The mean-field operator (H); = (V0| H|wD) = <\If(j)|H1 + Ho|U®) can be split
into two parts (Hp)j; + (H2)j. The first part can be expressed as

n n n n
(H)ju=> D03 > A%, Au (05, ps [ Hlpn, - pry). (3.49)
J2 ly

Jjr e
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The sum over terms of H; must now be split distinguishing two cases depending on
the electron coordinate. For the first coordinate, x1, the sum can be written as

(Hi)ji(w1) Z ZAJJQ 3 AU g H(21) = pjH (21), (3.50)
J2

and for the other coordinates, x,,, m > 1, the sum yields

(Hu)ji(xm) = (3.51)
f n n n
Z Z T Z Z Z AJJ2 JfA”2---lf <90j1 s Sojf|H(xm)|80l1 ce @lf>~
m=2 jz Jf 2
If we now renumber the jo, ..., jr and (simultaneously) the l5, ..., such that m = 2

in all sums in this expression we arrive at

<H1>]l(x2 ZZ ZA]j2]3 ]fAUQJS Ay <90J2‘H(x2)‘9012> (3‘52)

la Jo2

For the two-electron part of the mean-field operator, (Hs); = (¥ Hy|TW), the
full sum,

(o, ﬂ_z >y z (3.53

i 12

Ay Aty (P - - ¢Jf| > Vi@m —z)len - o),

m<k

must again be calculated differently for two separate cases. The first case is m =
1,k > 1. There the sums are the same for all k and carrying out the summation

over k gives (f — 1) equal terms. If we renumber the indices jo,...,j¢ and la,...,If
in each multi-sum for fixed m = 1 such that k& = 2, we arrive at
<H2>jl(961) =(f —1)x (3.54)
Z Z ZA_]]Q_]g ]fAllQJS ]f<(p]2’V($1 —.%'2)‘()0[2>
l2=1j2=1

The second case concerns m > 1,k > 2. Here the sums are the same for all m, k.
There are (f — 1)(f — 2)/2 terms in the sum over k. Renumbering the indices
Ji,---,Jp and lq,...,ly in each multi-sum for fixed m, k such that m = 2,k = 3
leads to

(- -2)
2

Z Z Z ZAmjs G Azgs...j; (02055 V(2 — @3) |01, 013)-

lo=113=1 j2=1 Jf

(Ha)ji(z2,3) = (3.55)
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Summing up equations (3.47) and (3.48) yields the operator for the first working
equation, which provides the time-derivative of the expansion weights A ;. The main
part of the second working equation, the mean-field operator (H), is obtained by
summing up equations (3.50) with (3.52) and equations (3.54) with (3.55).

The MCTDHF Package

The computation of the second working equation (3.42b) is a lot simplified by the
fact that some parts of the mean field operator (H);; do not need to be calculated.
This concerns the parts

(Hi)ji(z2) o< (s, | H (22)|1,)

and
(Ha)ji(z2,73) o< {@jo045 |V (w2 — 3) |01, 015),

which are nothing but imaginary figures rather than functions and can therefore be
considered as part of a linear transformation, which can be written in the form of a
matrix, denoted by M in the following. With that the second working equation for
the i-th expansion function reads

igi(@;t) = (1= P) Y (M + Rij(w;t))p; (w;1)) (3.56)

J

where the operator R;j(x) contains all the remaining parts of the working equation
which are not part of the matrix M. Taking into account that the matrix M
commutes with the projector, the working equation can be written as

i) = My (1 -> !<Pz><<ﬂz\<ﬁj>> +(1=P) Y Rij(w;t)p;(w;t). (3.57)
j =1 J

The expression in the bracket of the first term on the right hand side yields zero and
does therefore not contribute to the derivative of the spinorbital on the left hand
side. Taking into account this result, the working equations (3.42a) and (3.42b) were
programmed using the multi-sums of the previous subsection. The whole MCTDHF
program package consists of several routines to compute, handle, display and trans-
form time-propagated wavefunctions, as well as of routines for extracting important
information out of the wavefunction, alltogether some 28000 lines of code. At the
moment the program is capable of handling up to roughly 6 electrons. This limi-
tation mainly arises from the fact, that the program is not parallelized yet. It is
believed that the number of possible electrons will be increased to about 10-15 in
a parallelized version, which is being worked on at the moment. Furthermore there
will be a 3D-version available in the future.
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The Electron-Electron Potential

Except for questions of the expansion size, the most crucial problem in any multi-
electron calculation is an efficient description of the electron-electron interaction.
In general, for each update of the working equations, the “direct” and “exchange”
potentials, which in the present case take the form

Vi@) =3 0> Y A Ay (i IV (@ = 9)len (v),  (3.58)

l2=1j2=1j3=1 Jf

must be computed. As we have seen in the previous subsection the matrix elements
of the form

(©i20is|V (T — y)lp1,015) (3.59)

do not need to be considered. On the other hand, even when the calculations of the
needed matrix elements (¢;(y)|V (z—y)|¢i(y)) are performed with high efficiency, the
rapidly growing number of integrations in the sum of equ. (3.58) limits the number
of expansion functions, n, to smaller than ~ 20. The evaluation of equ. (3.58) can
be greatly accelerated by approximating the potential as

M
V(z —y) & Vapp(@,y) = Y v Win (2) Win (y) (3.60)

m=1

where M is a number much smaller than the number of discretization points for the
expansion functions ¢(z). When V is understood as a (real, symmetric) matrix with
indices x and y, then W,, are the eigenvectors of V corresponding to the M most
important eigenvalues v,,. This procedure is called Schmidt approzimation [114].
By giving certain regions of space, e.g. small |z|, more weight one can control for
which values of x and y the Vapp(z,y) is most accurate. This procedure generalizes
the multipole expansion that is usually employed to approximate the integrals when
one coordinate is small to the case when both, |z| and |y|, can be comparable in
size.

With only 50 functions Wy, (z) on a 1000 x 1000 grid one obtains relative ac-
curacies of < 1% in a cross-shaped region that well exceeds the size of the region
important for electron correlation. The approximation fails in the far region for
double-ionization, where |z| and |y| are large at the same time. This means that
post-ionization electron momentum distributions for (non-sequential) double ioniza-
tion are incorrect, but, e.g., total double-ionization can still be reproduced correctly.

3.2.3 The Single-Electron Case

Because we will (mis)use the above presented method in the next chapter to calculate
the dynamics of a single electron in a potential well, we will give here the formulation
of the working equations (3.42a) and (3.42b) for 1 electron. In this case the usage
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of only one expansion function ¢(z) and one weight A gives a complete basis set
(n = f = 1). Therefore the full wavefunction is ¥(z;t) = A(t)p(z;t) and the
working equations read

iA = (p|H|p)A (3.61a)

ip=(1—"P)p "(H)eg. (3.61b)

The projector simply is P = |¢)(¢|, the density matrix p = A*A, and the mean-field
operator (H) = (A|H|A) = A*AH. Therefore the working equations ”implode” to

iA = (p|H|p)A (3.62a)

ip=Hp— o (p|H|p). (3.62b)

In these equations the part ip = H is nothing but the Schrédinger equation for
the function ¢(x;t). The additional existance of the first equation reflects the fact
that there are two time-dependent functions in the ansatz, A(t) and ¢(z;t). If we
apply a simple phase transformation of the form

Y = exp (z /t B(t’)dt’> x(z3 1),

—00

with an arbitrary, time-dependent function B(t) and insert this ansatz into the
second working equation (3.62b) we end up with a Schrédinger equation for x,

ix(w;t) = Hx(z;t), (3.63)

provided the function B(t) satisfies the relation B(t) = (¢|H|g). The two working
equations (3.62a) and (3.62b) are coupled exactly by this term. Formally inserting
equ. (3.62a) into equ. (3.62b) leads to the expression

- A A
Z(sz(p—ngo: (H—ZZ> ®.

This equation can again be transformed into the Schrodinger equation by a phase
transformation of the same form as above, if the function B’(t) in the exponent of the
transformation satisfies the relation B'(t) = i%. The first working equation (3.62a)
provides the link between B(t) and B’(t): B'(t) = B(t). This result means, that
the phase of the function ¢(x;t) is time-dependent and the phase is determined by
an additional equation. Descriptively one could say that due to the over-complete
ansatz V(x;t) = A(t) p(z;t) the wavefunction’s phase is generated by one equation
(e.g. by the one for A(t)) and destroyed by the other equation. Anyway, this addi-
tional phase does not influence the probability density |W(x;t)|% = |A(t)|?|p(z;t)|?,
which can be seen by solving the first working equation,

AW =exp (i [ (ol Hlpl ) ar') .
(~i/ )

—00
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This means that merely the phase of A(t) depends on time, the absolute value stays
constant. The probability density function |¥(z;t)|? can then be expressed as

W (a5 8)[ = [x(a;8) [, (3.64)

and is determined by the Schrodinger equation (3.63).



Chapter 4

Elimination of Tunneling and
Classical Ionization

Almost all of the highly interesting phenomena in laser-atom interaction, such as
high harmonic generation (HHG) [73, 8], non-sequential ionization [5, 6, 7], multiple
ionization [4], above barrier ionization (ABI) [45] and even above threshold ionization
(ATT) [40] take place in the parameter regime, where the Keldysh parameter yields
values smaller than unity. This is the regime of strong field ionization or tunneling
ionization, see section 1.1 on page 2. Tunneling is well understood for atoms, also in
terms of theoretical descriptions [2, 48, 37, 46, 47, 52]. However, understanding how
more complex systems, such as molecules, ionize in the tunneling regime, remains
a challenge. Currently an increasing number of experimental work is dedicated
to the investigation of ionization in multi-electron systems of different size, like
(organic) molecules [23, 25, 24, 22] and clusters of metal atoms [53] or clusters of
novel gas atoms [54]. Unfortunately theoretical descriptions of effects observed in
these experiments are very few at the moment [26, 25, 107, 115, 116]. Most of
the theoretical work is dedicated to the description of non-adiabatic effects which
involve population of excited states. Currently, there does not exist a theory for the
description of strong field ionization for spatially extended systems. Additionally, if
the system size increases, as it is the case in bulks of metals or semiconductors or also
in structures in semiconductors like quantum dots [117], there are still unresolved
issues when it comes to the question, whether ionization happens through a multi-
photon process or via tunneling [87, 88, 89].

The MCTDHF-method developed in chapter 3 enables one to study multi-
electron dynamics in arbitrary systems. In this chapter we will systematically inves-
tigate how the system size and various laser parameters, like pulse intensity or pulse
duration, influence ionization and give an explanation how ”large” systems ionized.
We will describe a new effect, thus far, to the best of my knowledge, not observed
experimentally and as well not described theoretically, therefore, not reported in
the literature yet. This effect is a completely new kind of ionization, different from
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both tunnel- and multiphoton-ionization. A simple picture will emerge, which dis-
tinguishes between the parameter regime, where the laser photon energy is smaller
than some characteristic frequency! of the system and the one, where it is bigger.
The latter one is normally not observed in nature since almost all of the commonly
considered systems (atoms and molecules) have characteristic frequencies which are
larger than the photon energy of lasers in the infrared. But as the system size in-
creases, the characteristic frequency decreases and for sizes in excess some critial
length the photon energy is larger than the characteristic frequency. I will refer to
this parameter regime as the overresonant regime.

As is known, in classical systems of second order the output signal experiences
a phase shift of 7 with respect to the input, when the system is excited with a
harmonic oscillation with a frequency higher than the resonance frequency of the
system. Our calculations show that completely the analog happens in quantum sys-
tems: In the overresonant regime the wavefunction does not follow the field-tilted
nuclear potential but propagates in the counterdirection, carrying a phase shift of
7 to a wavepacket driven by the same laser pulse in an underresonant system?. As
a consequence of this "odd” dynamics the wavepacket is pulled away from the low-
ered potential barrier and tunneling is suppressed completely. Moreover, we show
that in a certain parameter range this overresonant dynamics leads to the suppres-
sion of quantum mechanical effects and the electron dynamics can be described by
classical mechanics. In this regime ionization occurs through a classical dephasing
mechanism. We called this effect Tunneling Suppression.

4.1 One Electron in an Overresonant Well Potential

I start by discussing the behaviour of one electron in a smoothed well potential. This
simple problem captures a lot of the physics to be discussed later on when we return
to the multi-electron behaviour in overresonant potentials. The well potential shall
be of the form

U(z) = =D exp(—(2z/L)"), (4.1)

with depth D, length L and the power b of the exponent which determines the
steepness of the well’s potential barriers. In order to achieve “nice”, smoothed well
potentials we set b = 10 for the rest of the chapter. The model potential does
not have a molecular long range behaviour of the form —f/|z|, but it is an excel-
lent model for artificially manufactured potentials in semiconductors like quantum
dots [117] and it might also be a suitable description of potential discontinuities like
vacuum barriers in metals and semiconductors without doping structures. Further-
more, as it will turn out, it is also a valid model for very large molecules with small
electron density, like highly charged ions of molecules, because the dynamics there

!The term ’characteristic frequency’ will be specified below.
2We stipulate to use this term for a configuration, where the photon frequency is smaller than
the characteristic frequency of the system, thus, being 'underresonant’.
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is not governed by the form of the barrier but mainly by its size and density of
electrons. Note, additionally, that using smoothed well potentials for investigating
molecular dynamics is common in the literature [25, 107].

4.1.1 Ionization Probability over Well Length

o
®

o
o

©
~
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Well Length [at.u.]

140 160 180

Figure 4.1: Quantum mechanical ionization probability over potential length length of one
electron in a smoothed well potential under laser impact for 3 different wavelengths: 600 nm
(dotted line), 800 nm (dotted dashed line) and 1200 nm (full line). The thin lines nearest
to each of the three thicker lines depict the ionization probability calculated by classical
mechanics. The arrow marks the length where the 1200 nm photons are resonant. For
parameters of the laser, the form of the potential or the calculation method for the classical
results see the text. The inset shows the wavefunction for two different well lengths. As
a reference the ground state is also included (dotted line). The full line corresponds to a
well of L = 112, the dashed line to a well of L = 3. The wavefunctions were normalized to
unity in width and both (dashed and full) are taken at the same field strength corresponding
to the tilt of the potential (dotted dashed line). For the L = 112 (overresonant) case the
wavefunction is pulled away from the lowered potential barrier (to the right in the inset), in
the L = 3 (underresonant) case it is pushed to the barrier (to the left).

Fig. 4.1 shows the ionization probability of one electron as a function of the well
length L. The depth D of the potential, see equ. (4.1), was adjusted for each L such
that the ionization potential was Ip = 0.44. The thick lines (full, dashed, dotted) in
fig. 4.1 are solutions of the Schrédinger equation (3.16) together with the expression
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for the Hamiltonian equ. (3.17) in the velocity gauge, that is

iat (.%'1, cey Lf3 ) = (4.2)
f 1 9 f
=1 " n>m
for f =
et = | (i~ Law) + o) v (43)
L0 ¥ \T; - 9 Zax c L xr ;5 . .
This equation is easier to write in the length gauge,
01 (z3t) = B Er(t) + U(z) ) Uy(x;t) (4.4)
Lo RIS - 2(9302 z L T I\T3t), .

but for numerical reasons the velocity gauge was actually used. However, a solution
of the Schrodinger equation (4.3) in the velocity gauge, ¥, can be transformed into
a solution U; of the Schrédinger equation in the length gauge, equ. (4.4), by a phase
transformation

1
U(x;t) = Uy (z;t) exp (—i—AL(t)x> (4.5)
c
together with the relation
1d
Ep(t) = ———A 4.
L(t) = <AL (16)

between the laser electric field and the laser vector potential. In the above equations
¢ denotes the speed of light. Equ. (4.5) means that the probability density function
is the same for the length gauge and the velocity gauge, |¥;|?> = |¥,|2, only the
phases of the wavefunctions differ. The two gauges are therefore interchangeable
with respect to the probability density function.

The ionization probability W is calculated by projection of the wavefunction on the
bound states and substracting the result from 1:

—1—2\ )W (a3 0) 2. (4.7)

®,, in equ. (4.7) denotes the n-th bound state, & is the total number of bound states
and the normalization condition (¥ (z; —00)|¥(x; —00)) = 1 justifies the substraction
from 1. In order to calculate the total ionization probability after the laser pulse,
W(t — +00), must be taken. In the following this value, W (t — +o00) = W, is
referred to simply as the ionization probability.

The three curves in fig. 4.1 correspond to 3 different wavelengths 600 nm, 800 nm
and 1200 nm (photon energies of 0.076/0.057/0.038), respectively. The laser vector
potential, Ay (t), was of the form

Er

AL(t) = _w_Lh( )sin(wrt + ¢), (4.8)
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where wy, is the laser frequency, h(t) (maximum value 1) is the pulse envelope, E;
the maximum field strength and ¢ the carrier-envelope phase, which was set to 0
in all calculations. The electric field is derived from the vector potential by the
relation equ. (4.6). The nuclear potential, U(z), was of the form equ. (4.1). The
laser peak intensity was 3 - 10'* W/cm? for all data points, the pulse envelope h(t)
was gaussian and the pulse duration was slightly greater than one cycle per FWHM,
that is 2.3/3/4.2 fs for 600/800/1200 nm. The reason for these (unnaturally) short
laser pulses is only a desired short computing time. We repeated our calculations
with 10 fs and 20 fs for parts of the curves in fig. 4.1 and all of the explanations and
conclusions given below stay equally valid. This is due to the fact that it is rather
the electric field than the pulse duration, which is responsible for the process to be
investigated here, which we will see later on. The actual values of the ionization
probability do increase, though, when increasing pulse duration and/or intensity for
a certain well length L, but this is merely caused by the greater number of laser
cycles for longer pulses or by the bigger excursion amplitude for higher intensities.
But for now we return to the interpretation of fig. 4.1. When increasing L from
L =0to L =180 all 3 curves in this figure reveal a rise of the ionization probability
up to the saturation value 1 at approximately L = 17 then a more or less pronounced
plateau and a plunge to 0 at different L’s depending on the wavelength. The energy
levels of the potential are further apart than the photon energies for small potential
lengths, become resonant around L = 17 — 20, where the ionization saturates, and
are closer for all L > 21. The drop in the ionization probability scales roughly with
the electron excursion amplitude 2E7, /w% of a classical particle in an oscillating
electric field which is 32.1/57.1/128.4 for 600/800/1200 nm at the given intensity.
These data may suggest a classically governed behaviour of the electron dynamics
in potentials for which the energy levels are more closely spaced than the photon
energy. If we increase the length L more and more, the levels get closer and closer.
For the infinitely long well the energy levels would be infinitely small spaced like
for a free electron in the continuum. There, classical mechanics is known to be a
suitable description. Furthermore, a classical mechanism would also explain the drop
of the ionization probability for lengths much greater than the classical excursion
amplitude since the electron just oscillates in the field and never touches the potential
barrier. Thus, the electron has no chance to absorb energy from the field which is
not possible for a free electron. Emnergy can be absorbed only when the electron
is dephased from its free oscillations. This might be the case for potential lengths
smaller than the electron excursion amplitude. Fig. 4.1 shows that there is significant
ionization probability in this region.

4.1.2 Tonization through Classical Mechanics

In order to test our hypothesis of the classically governed electron dynamics we
compare our quantum calculations with solutions of Newton’s equation,
d

#(t) = E(t) - ZU(@), (4.9)
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for a number of trajectories.

Classical Initial Conditions

The crucial point when comparing quantum calculations with classical mechanics
are the initial conditions for the starting point z¢ and initial velocity vy of each
trajectory. There are several methods to determine them. One is to place the
trajectories equally apart and weigh each trajectory according to the full quantum
mechanical ground state which we know from the solution of equ. (4.4) without the
laser field. The ionization probability is then given as the sum of all probabilities
represented by those trajectories which have positive energy after propagation in the
laserfield. The easiest way to determine the initial velocity for a trajectory placed

at xg is
1)0(1‘0) = i\/? (Eg — U(.Z'()))

Here, E, is the quantum mechanical ground state energy. The sign gives the direction
into which the velocity points. Note, that the velocity becomes imaginary at the
points where £, —U(xo) < 0. These regions are classically forbidden. Due to the + in
the relation for vg(xg) the number of trajectories is doubled taking both the +vg(zg)
and —vp(xg) trajectory with the same probability, |¥(zg; —o0)|?, tacitly assuming
an equal distribution for both directions. The total probability of all trajectories
must be normalized to 1 before time propagation.

Already this simple model for the initial conditions gives reasonable agreement
with the quantum mechanical results. But occasionally the classical results under-
or overestimate the quantum curve, which leads to a function with some spread
values around the quantum mechanical result. Only the tendency of the classical
ionization probability over L resembles the quantum mechanical result. Therefore,
there is still motivation to improve the calculation of initial conditions. The correct
way to get classical initial conditions from quantum mechanical wavefunctions is to
use a Husimi distribution [118, 119]

1
qu (v, o) = ;/dv/dxqw(v,x)

2
exp [~ - 20 + 505 (4.10)
where gy (v, x) is the Wigner function
qw (v, x) = /dn(a:—n/2|\I/><\I!\x+77/2)ew" (4.11)

with |U) the (ground) state the initial conditions should be derived from. Unfor-
tunately the Husimi distribution contains a parameter A which makes the initial
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conditions not unique. This parameter determines the form of the Husimi distribu-
tion in the (v,z) space, more clearly the ratio of the width in z- and v-direction,
respectively. We used this A as a fitting parameter to our quantum results and found
best agreement for a relatively small value of A = 0.02 (see fig. 4.1, calculated for
250 trajectories in z-direction and 57 trajectories in v-direction, leading to 14250
trajectories). This value of A corresponds to a narrow distribution in the velocity.
The agreement between the classical results and the full quantum mechanical curves
in fig. 4.1 is excellent revealing that quantum interference and quantum mechan-
ical wave packet spreading, which are not included in the classical treatment, are
not of importance for the electron dynamics in systems where the photon energy is
bigger than the level spacing. But as can be seen in fig. 4.1 the classical treatment
gives also good agreement for 4 < L < 20, where the levels are further apart than
the photon energy, meaning that the electron can gain energy in a non-adiabatic
manner through its motion in the field also in (short) molecular potentials. This
behaviour was not further investigated since the focus of the present work lies on
the overresonant case L > 21. But there are already hints about this mechanism in
refs. [25, 26, 107].

Classical Ionization Mechanism

In the classical description an electron can only pick up energy through its motion
in the well when it is dephased from the laser field by hitting the potential barrier.
This energy, W (t), is given by

¢ /
W(t) = — / ) gy ar. (4.12)
oo d¥

As long as Er(t) and v(t) = dx(t)/dt are out of phase by 7/2, as it is the case for
the free electron, no energy can be gained. This behaviour, that no “real” power
is accumulated although an electron moves in a field is the equivalent to reactive
power in electrical engineering. But since there is significant ionization and therefore
energy consumption visible in fig. 4.1, dephasing must occur.

This is just another hint that electron wave packet dynamics is not negligible
even for small potentials like molecular potentials, as has been proven in the previous
section. For L < 20 (underresonant case) the electron moves according to the laser
tilted nuclear potential; to the right, when the laser electric field is positive and vice
versa. As we will see, this is not the case for the overresonant case. Equ. (4.12), which
is the basis of our classical data in fig. 4.1, only accounts for the classical dephasing
mechanism. Tunneling ionization is not included in equ. (4.12) and, hence, also not
in fig. 4.1. Therefore, the classical curves in this picture underestimate the quantum
mechanical results. For very narrow potentials (L < 4) tunneling is the primary
method of ionization and the results can be reproduced by the ADK-theory [37, 48]
very nicely. Note, however, that ADK gives wrong results when L is increased. At
the same time the classical treatment reproduces the quantum result better and
better.
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Further Remarks on Classical Ionization

The unsatisfying fact that the Husimi distribution contains a parameter, which
has to be adjusted to reproduce the quantum results with classical mechanics, can
be avoided by directly transforming the quantum ground state ¥(x) = (z|¥) into
Fourier space, ¥(v) = (v|¥). Then the distribution P(z,v) = [¥(v)|? |¥(z)|? can be
taken as the probability of a trajectory with velocity v placed at space coordinate x.
Descretizing the probability function P in x- as well as in v-space and propagating
all those trajectories leads numerically to the same results in fig. 4.1 as with the
Husimi distribution for A = 0.02. However, this method to determine the initial
conditions cannot be derived from quantum mechanics as thoroughly as the Husimi
distribution but avoids the fitting parameter.

Not only did we comparisons of the quantum mechanical and classical ionization
probability as a function of the system’s length but also as a function of the pulse
duration and the pulse intensity. We calculated the ionization probability for two
different system lengths (50 and 70) and increased the pulse duration from 3 fs to
20 fs (800 nm, 3 x 10*W /cm?) leading to increasing ionization probability with the
pulse duration. For the dependence of the ionization on the laser intensity systems
with lengths 50, 70 and 120 were exposed to 800 nm-pulses with durations 3 fs, 10 fs
and 20 fs with increasing intensity from 3 x 1012W /cm? to 8 x 101W /em?. In every
case a similiar agreement between the quantum and the classical results as the one
shown in fig. 4.1 could be obtained by either the Husimi based initial conditions
or the Fourier-method. It is worth mentioning that the ionization probability does
neither increase steadily with the pulse duration nor with the pulse intensity. For
certain duration- or intensity-ranges the ionization probability goes rather down
than up for increasing duration or intensity. Generally this would be a hint of
an destructive quantum interference mechanism. Nevertheless, the quantum results
could be reproduced (within the mentioned accuracy) with classical mechanics. This
shows that it cannot be an interference mechanism since wave packet interference is
not included in the classical analysis. Therefore, this effect must be of pure classical
nature and must be caused by the electron’s dynamics.

Tunneling Suppression through Counterdirective Electron Dynamics

The possibility to describe quantum effects classically suggests that the quantum ef-
fects usually governing ionization (Tunneling, Multiphoton absorption, Above Bar-
rier Tonization) must be suppressed. For the parameters of fig. 4.1 the Keldysh
parameter yields v = 0.770/0.578/0.385 for a wavelength of 600/800/1200 nm. This
places us into the dominant tunneling regime, which means that multiphoton ioniza-
tion is negligible in our quantum calculations. Then, there must be an effect which
suppresses tunneling in large systems. Otherwise the quantum results could not be
described by classical mechanics. In fact, when looking at the electron wavefunc-
tion in our simulations, in the overresonant regime the electron’s probability density
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function |W(x;t)|?> moves exactly in counterdirection to the laser tilted potential;
to the left when the potential is tilted to the right and vice versa. This motion
pulls the wavefunction’s tail out of the lowered potential barrier and thus suppresses
tunneling, see inset of fig. 4.1 for an illustration of this effect. Hence, we called this
effect tunneling suppression. This dynamically induced effect is not a consequence
of the parameters used here but one of general validity. Even when solving such
a simple system as the harmonic oscillator, which can be done partly analytically,
the electron motion changes its sign as the photon energy becomes larger than the
level spacing [120]. This is also valid for 2 electrons [120], suggesting that tunneling
suppression might also occur in multi-electron systems. Tunneling suppression, to
my knowledge, has neither been observed nor calculated or reported so far.

4.2 Multi-electron Dynamics in Overresonant Systems

Thus far we have discussed the behaviour of one electron in large systems. The
question is, whether tunneling suppression is also observable in multi-electron sys-
tems. To this end equ. (4.2) was solved for f = 4 electrons. We used n = 8 (70
Slater determinants; the Hartree-Fock case would be 1 determinant, n = f = 4)
in the ansatz for ¥, equ. (3.19). As it was proven recently, 15 determinants are
enough to fully include correlation effects for 2 electrons [71]. To decide, whether
the number of Slater determinants is big enough and correlation effects are fully
included, either (i) a comparison with exact calculations has to be done, which is
not possible in the here considered 4-electron case, since an exact treatment of the
time-dependent 4-electron case is not feasible at the moment, or (ii) the number of
Slater determinants in the MCTDHF-ansatz equ. (3.19) has to be increased until
there is no change in the result any more. An increase from 15 determinants —
n = 6 expansion functions — to 70 Slater determinants (n = 8) resulted only in
a change of a few percent (< 0.02 — 0.03) of ionization probability. A calculation
carried out for the next possible value of 210 determinants (n = 10) for 1 data point
resulted in a difference of not even 0.01. Thus, the uncertainty of the ionization
probability is smaller than +0.01 as compared to the ”exact” value including full
correlation. Unfortunately, due to limitations of the computational resources, it was
not possible to calculate every data point with n = 10. However, as a first remark,
an uncertainty of < 0.01 is better than accuracies of even the best high-resolution
measurements. Second, this uncertainty lies within the Runge-Kutta propagation
accuracy and could therefore also arise from the propagation and not from an insuf-
ficient number of determinants. And finally, the calculations cannot be compared to
experimentally gathered data, anyway, because they are carried out for 1D-model-
potentials. Therefore, the absolute value of the computed ionization probability
is not very crucial, as long as all computed data to be compared with each other
are calculated for the same n and the same grid. Note, however, that these re-
sults are the first multiconfigurational, time-dependent calculations for more than
2 electrons, where correlation was included. Thus far correlation has never been
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considered, except for Time-Dependent Density Functional Theory calculations in
metal bulks (not molecular or atomic potentials!) [89].

The calculation range in our simulations was —150... 4+ 150 with absorbing
boundary conditions at the ends. The nuclear potential was again a smoothed
well potential of the same form as in the one-electron calculations above, and the
electron-electron potential was a smoothed coulomb potential [111],

1
\/(xm —xp)? + a?’

where a is the smoothing parameter. For 1D-calculations the electron-electron
smoothing parameter a in equ. (4.13) must be chosen carefully in order to simulate
the 3D-behaviour correctly. A large a gives “soft” electrons whereas small a’s lead to
very “hard” electrons. Softening the electrons in 1D-calculations is necessary since
it brings some 3D-behaviour into the simulations. This is, because it is energetically
easier for the electrons to pass each other (as is the case in 3D) in softened electron-
electron potentials than in infinitely repulsive potentials. On the other hand it is not
quite clear how the 3D-nature of real systems can be passed on to 1D-calculations
and whether softening of the electrons in our simulations captures the 3D-behaviour
correctly. However, a = 1 is very common in the literature [25, 111, 62, 107] and
this value was chosen for the calculations. Once a is fixed, the ionization potential
Ip, which is greatly influenced by a, must be adjusted with free parameters of the
nuclear potential, in our case this is the depth D of the well.

V(em —xn) = (4.13)

Once the number of electrons, f, the nuclear potential, U(z,,), and the electron-
electron potential, V(x,, — x,), are chosen, the energy level structure of the (un-
perturbed) system is fully determined. To observe tunneling suppression (counter-
directive wavepacket dynamics!), the characteristic frequency of the system must
be smaller than wy. In the one-electron case this frequency was determined by the
energy gap between the ground and the first excited state, £y — E;. For molecules
the according energy gap would then be the HOMO-LUMO gap. This means the
energy difference between the Highest Occupied Molecular Orbital and the Lowest
Unoccupied Molecular Orbital. Usually this gap is much larger than the photon
energy of commonly used lasers in the infrared. The Ti:Saphire laser radiates at
A = 800 nm, hence wy, = 0.057 or roughly 1.55 eV, whilst HOMO-LUMO in organic
molecules is of the order of a few electron volt and therefore larger than the pho-
ton energy, a situation which would not support counterdirective electron dynamics.
However, the energy level structure in molecules when excited with strong fields is
blurred and energy bands are formed. Moreover, HOMO-LUMO is the energy gap
relevant for the excitation of a single electron in the multi-electron ensemble [31].
The energy gap responsible for the excitation of the whole multi-electron cloud is
rather the plasma frequency than the HOMO-LUMO gap [25, 31]. The plasma
frequency reads (atomic units!)

wy = VAN, (4.14)
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where N is the density of electrons per unit volume. In order to observe tunneling
suppression and counterdirective electron dynamics, the laser photon energy, wy,
must be larger than w,. A simple estimate tells us that this cannot be the case in
molecules, not even in large organic ones: Those molecules studied in refs. [24, 25]
are up to approximately 35 at.u. long and have several active electrons. Decate-
traene for example can be treated as a potential well of length 13.2 A or roughly
25 at.u. with 8 active m-electrons [25, 107]. The o-electrons have a much smaller
movability and are therefore neglected. Calculating the plasma frequency for de-
catetraene yields w, ~ 0.642, where the volume which is available to the electrons
motion is calculated assuming an interatomic distance of 25/8 = 3.125. Then the
volume is estimated as 3.1252 x 8 x 3.125 = 244.14, leading to N = 8/244.14 = 0.0328
and hence via the relation equ. (4.14) for the plasma frequency to the above given
value wy, ~ 0.642 > wr. As a consequence the electron-dynamics is underresonant,
which is also confirmed by a TDHF-study carried out in ref. [107], where the nona-
diabatic dynamics reported in refs. [24, 25] was investigated. Therefore there is no
hope to observe tunneling suppression due to counterdirective electron dynamics in
molecules, not even in very large ones. However, it might be, that because of the
smaller electron density in ions of such molecules tunneling suppression could be
observed, provided the ions stay stable and do not fragment during ionization.
These considerations above lead us to the conclusion that multi-electron tunneling
suppression is not to be observed easily in "natural” systems like molecules. How-
ever, the prerequisite w, < wr is met in large, artificially produced systems like
structures in semi-conductors, e.g. quantum dots [117], or any other system with
small electron density N. It will be proven in the next subsection that tunneling
suppression does occur even for unexpectedly small quantum dots.

4.2.1 MCTDHF Simulations

In order to investigate if tunneling suppression also happens in multi-electron sys-
tems, the electron dynamics in a 100 at.u. long, smoothed potential well was studied
as a function of the laser intensity and the photon energy. The ionisation potential
of our 4 electron-system was Ip = 0.448, defined by

Ip=Ey;—Eyf 1, (4.15)

the difference of the ground state energy of the f-electron system minus the ground
state energy of the (f — 1)-electron system. The plasma frequency in this system
can be estimated similiar as outlined above. Each electron occupies a length of
100/4 = 25 at.u., which can be considered as an equivalent interatomic distance. If
it is assumed that this length defines a cube of free space for every electron than
the density of electrons per unit volume, N, can be calculated according to N =
4/(25? x 100) = 2572 = 6.4 x 1075, leading to a plasma frequency of w, = 0.0284,
which supports overresonant electron dynamics for wavelengths A < 1600 nm, for
which the photon energy is wy = 0.0285. Note, that L = 100 at.u. is very small for
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artificially produced systems. Bigger systems will support w, < wy, for even higher
numbers of electrons.

When studying the time evolution of the wavefunction, which is not directly
possible since the wavefunction is 8-dimensional (4 spatial- and 4 spin-coordinates),
but what can be done convenientely with the help of a one-dimensional function, the
so called electron probability density, (see appendix B on page 78 for a derivation) it
can be seen that the electrons do not spread over the potential length when excited by
the laser electric field. They stay confined to a narrow bunch and this bunch’s motion
in the field beautifully exhibits a phase shift of o 7 to the laser field, as observed in
the one-electron case and as used to from classical overresonantly excited systems,
see top panel of fig. 4.2. Therefore, tunneling dynamics might again be captured by
classical mechanics as predicted. To investigate this dynamics and the agreement
of classical mechanics with our quantum results we solve the f coupled Newton’s
equations for f = 4 electrons and model the quantum mechanical ground state
distribution by a bunch of trajectories similar to the one-electron case.

4.2.2 Initial Conditions and Classical Wavepacket Propagation in
the Multi-Electron Case

In order to calculate the initial conditions for our classical simulations we opted for
the simplest model, as described for the one electron case, since the Husimi distri-
bution in the multi-electron case is a very demanding task to compute. Therefore,
we should bear in mind that the agreement of our classical simulations with the
quantum results is the worst we can get. Every other method of calculating the
initial conditions would improve the agreement. In detail the initial conditions are
calculated as follows. We use an equidistant spatial grid and place our trajectories at
positions z; 1 ...x; r such that x;1 < x;2--- < x; y. The subscipt i denotes that the
trajectories are part of the i-th trajectory combination ¢; = {2;1,...,2; ¢}. The con-
dition z;1 < ;2 -+- < x; s ensures that no unnecessary combinations are calulated
since the ground state wavefunction is f-dimensional symmetric due to the exchange
symmetry. The probability every trajectory combination (; represents is given by the
quantum mechanical ground state probability density |¥(x;1,...,2; r; —00)|?. Then
the classical energy FE.; of the trajectory combination (; is calculated according to

f f
Eci= Z U(im) + Z V(Zim — Tin)- (4.16)

m=1 m<n

If this energy is higher or equal than the ground state energy Ey r, (; is taken as a
classically allowed trajectory combination. The initial velocities of the trajectories
belonging to (; are then calculated as v; = i% 2(E.; — E4 ), meaning that the
total positive energy of the combination (; is equally distributed among all the f
trajectories representing the electrons. A more sophisticated distribution function
might give better results, but already with this simple model reasonable results are



4.2. OVERRESONANT MULTI-ELECTRON DYNAMICS 55

1 F 0
o | | o
S L
s}

o
o
T
©
o
o
S
Ln
|
o
—100 —50 0 50 100

] N B

, L o
o 1 |
07 —
LO, -

]  Wc
07 —

1 | I9)

1 [ ©

1 F o
o | |
o
3 L
[ L

L . o

—100 =50 0 50 100

Figure 4.2: Time evolution of the electron density calulated by quantum mechanics via
equ. (B.2) (top panel) and by classical mechanics (lower panel) for 4 electrons. The vertical
axes are time, the horizontal ones space. Potential length L = 100, Ip = 0.448, laser
intensity I, = 8 x 10'3 W/cm?, laser pulse duration 6 fs FWHM, wavelength 800 nm. The
here presented data is marked by an arrow in fig. 4.3.
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achieved. Moreover it is assumed that the + and the — sign in the equation for the
velocity v; are equally probable. This leads to 2/ different combinations of + and
— for every (;. If we discretize the space within the potential U(z) with N base
points then there are, because the initial x-values are ordered for every trajectory
combination, (]}7 > trajectory combinations ;. Not all of them fulfill the requirement
E.; — E;; > 0. Let us denote the number of them, which do fulfill this condition,
with k. Hence, because of the 2/ equally probable combinations due to the velocity
permutations, this leads to k 2/ trajectory combinations. After having gone through
all ¢; the total probability of all the trajectory combinations k 2 must be normalized
to 1. This leads to a normalization condition for the probability P((;) of the i-th
trajectory combination of the form

]\I/(a:, Tgooo xi,f; —OO)’2
k2f ’
Z 2 |\Ij(.’£m 1y-- ,"I,'m7f;—OO)|2
Each of these combinations is taken as an inital condition for the f coupled Newton’s
equations
Eia(t) = E(t) -
Bia(t) = E(t) — di

P(G) = (4.17)

L) |lo=wiq QZn 1,n#1

U( ) ‘ diV(I' - xi,n) {x:xm
U(x)‘$ Zi,2 ZZn 1,n#2 div |

(x — i)

T=T;2

ji,f(t) = B(t) — d%U(m) |33:1'i,f 2 Zn 1,ntf dggv( 332‘,11) |m=:v¢,f

which are propagated using a Runge-Kutta method for the same laser pulse and the
same potentials as in the quantum calculations. In classical mechanics it is possible
to define an energy for each of the f electrons in a trajectory combination. Therefore,
it is easy to determine the probability of one-, two-, ... f-electron ionization®. The
ionization probability W, ys for ionization of M electrons is defined as the sum of
all probability of trajectory combinations where M electrons have an energy greater
than 0 after the laser pulse. The energy of the j-th electron of (; is calculated by

1.
E;; =U(x;;) Z V(xij — im) + 5%23 (4.18)
m#]

Then the number of ionized electrons of trajectory combination (;, denoted by M;,
is given by

f .
1 fE;, ;>0
M; = 7 . 4.19
' Z {0 else ( )
7j=1
With that the probability for the ionization of exactly M electrons is given by

k2f .
%% = . 4.20
oo M ; {0 else ( )

3 M-electron ionization means, exactly M electrons are ionized, (f — M) electrons remain bound.
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For comparisons with the quantum mechanical ionization probability given by
equ. (A.4) the sum W, = Zf\t/le Woo m must be taken. This is the probability
of finding at least one electron ionized.

Classical Ionization vs. Quantum Mechanics

Fig. 4.2 shows the ionization dynamics calculated by quantum mechanics (top panel)
and classical mechanics (lower panel). For the classical calculations k = 3296 trajec-
tory combinations in space were used. This gives a total number of 52736 trajectory
combinations, due to the 2 = 16 velocity combinations per trajectory combination
in space (3296 x 2* = 52736). The vertical axes shows time and the horizontal axes
space. The pictures show the evolution of the electron density defined by equ. (B.2)
in appendix B. The classical electron density is defined accordingly. Technically,
for the lower panel in fig. 4.2, the probability of finding at least an electron in a
space region Az was summed up. The potential length L in fig. 4.2 was 100, thus
the potential spans from approximately —50 to +50, cf. fig. 4.2. For approximately
t < —300 the laserfield is not strong enough to induce noticeable motion. Thus,
the wavefunction stays mainly in the ground state (upper panel). For the classical
case there is, of course, no eigenstate. Therefore the electron density in the lower
panel of fig. 4.2 does not exhibit a stationary structure like the quantum mechanical
electron density in the upper panel but an all over the potential spread density also
for t < —300. This is only the result of the initial velocities of the electrons. Then
the laserfield sets in, inducing dynamics in both the quantum and classical case.
When the laserfield is strong enough such that the electrons (wavefunction) hit the
potential barrier they can absorb energy (dephasing mechanism). Eventually, when
their energy becomes positive, they will ionize which can be seen in fig. 4.2 by the
probability clouds leaving the range —50 - - - +50. Tunneling suppression can be seen
clearly in fig. 4.2: For our hamiltonian of equ. (3.17) the well’s potential barrier is
tilted to the right (U(z > 0) < U(x < 0)) for positive laser field strengths. Thus,
if the electrons would minimize their energy by following the potential, they would
sit at positive z-values at the time ¢ = 0, where the laserfield has the maximum
positive value. But instead the electron cloud sits at x < 0 clearly revealing the
movement in counterdirection, thus, suppressing tunneling. The shielding factor a
(see equ. (4.13)) was a = 1 (as stated above) yielding relatively “hard electrons”.
This can be seen in the upper panel of fig. 4.2 by the fact, that the electron density
clearly exhibits 4 pronounced maxima up to ¢t ~ 0, where ionization sets in and
blurrs this structure. The 4 electrons move in the laserfield forming sort of a chain.
No electron can pass the other since that is energetically very unlikely. “Softer elec-
trons” would stick together more closely (due to energetic reasons). The electron
density would merge, forming a bunch. This means that softer electrons allow for
even more pronounced tunneling suppression. This makes our result independent of
a.

To test the agreement between classical mechanics and quantum mechanics also
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Figure 4.3: Quantum mechanical (filled squares) and classical (open squares) ionization
probability as a function of the laser intensity for a wavelength of A = 800 nm. The lines
are only to guide the eye and the arrow indicates the data points displayed in fig. 4.2. The
laser pulse was gaussian with a duration of 6 fs FWHM (2.25 full cycles), Ip = 0.448, a = 1,
L = 100.

quantitatively the ionization probability as a function of the laser peak intensity was
calculated, see fig. 4.3. The same potential as in fig. 4.2 was used. The filled squares
in fig. 4.3 correspond to the solution of the full Schréodinger equation and the open
squares depict the solutions of Newton’s equations (4.18). All the parameters are
indicated in the figure caption and correspond to those of fig. 4.2. The arrow marks
the data displayed in fig. 4.2. As can be seen in fig. 4.3 the agreement between
classical and quantum mechanics is excellent also in a quantitative manner.

Limits of the Classical Description

It is important to identify parameter ranges where the quantum dynamics can be
quantitatively described by classical mechanics. Basically, for fixed shielding a,
the agreement between classical mechanics and quantum mechanics depends on 4
parameters: the well length L, the ionization potential Ip, the laser peak intensity
I;, and the laser wavelength A\, which is proportional to the photon energy wy..

We have compared the ionization probability as a function of the laser inten-
sity calculated by quantum mechanics and classical mechanics for various lim-
iting cases. The parameters considered were: 4 electrons, laser wavelengths
A = 400, 800,1200 nm, well lengths L = 50,100 and ionization potentials Ip =
0.322,0.448,0.451,0.586. The calculations revealed, that classical mechanics failed
for 400 nm in all cases. The agreement was better for higher intensities than for
lower ones. Ip = 0.586 did not give satisfying results for any of the wavelengths,
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whereas the other Ip’s led to good agreement for 800 nm and 1200 nm. For L = 100
the agreement was always better than for . = 50, which is not surprising since
the plasma frequency for L = 50 is w, = 0.04, which is not much smaller than the
photon energy of 0.057 for 800 nm and even bigger than 0.038, the photon energy
for A = 1200 nm. Therefore L = 50 is too small to support overresonant electron
dynamics for 1200 nm.

By carefully comparing all the results it was concluded that an important param-
eter to decide, whether a classical description of the electron dynamics is acceptable,
is Up/wr,, with U, the average (ponderomotive) energy of an electron in a laserfield,
Uy, = E%/(4w?). The ratio U,/wy, is a measure of an electrons classical energy (Up)
as compared to its energy of quantum mechanical origin (wave picture, wy). In
quantum mechanics an electron can only pick up energy in multiplies of the pho-
ton energy, it gains energy stepwise. If the photon energy is large, the function
‘gained energy over time’ of the electron cannot be approximated by a smoothed
curve anymore. Therefore, the classical energy consumption mechanism proposed in
equ. (4.12) will fail. This is confirmed by the fact, that the calculations with 400 nm
could not be approximated by classical mechanics. Further on the ionization po-
tential is of importance. High Ip’s result in Keldysh parameters greater than unity
and, thus, leading to multi-photon ionization, which is not suppressed by the coun-
terdirective, overresonant electron dynamics. Only tunnel ionization is suppressed
by this mechanism. In the calculations Ip = 0.586 did not lead to satisfying agree-
ments which is consistent with the required small Ip’s. Finally, as a precondition,
the photon energy w; must be bigger than the plasma frequency in order to achieve
tunneling suppression. Therefore, summarizing, the classical description will only
lead to quantitative agreement with quantum mechanics in a parameter range lim-
ited by the introduced paramter U,/wy, and by the Ip, leading to three conditions:
(i) ”high” values of Up/wr, (ii) Ip not too large to support tunnel ionization and
(iii) overresonant dynamics through wy, > wp.

Concluding it can be said that tunneling suppression does exist in multi-electron
systems. For quantitative agreement of ionization probabilities calculated by quan-
tum and classical mechanics there are restrictions on the system size, the ionization
potential and the laser wavelength. Note, however, that our classical calculations
used a very crude model for the initial conditions. Nevertheless the results obtained
with them match the quantum results very well, see fig. 4.2 and fig. 4.3. The con-
cordance might be even better with more sophisticated initial conditions.



Chapter 5

Tunneling Suppression through
Laser Induced Polarization

In the previous chapter 4 the electron dynamics of big systems with few electrons
was investigated. We found that for such systems the laser induced motion of the
wavepacket is in the opposite direction as compared to dense systems like atoms
and smaller molecules. The reason is that in few-electron systems the plasma fre-
quency can be smaller than the photon frequency of common infrared lasers. This
overresonant excitation leads to the described wavepacket dynamics, tunneling is
suppressed and ionization happens via a classical mechanism, which is determined
by a deceleration of the electrons when they hit the potential barriers. Because of
this deceleration the electrons are dephased to the driving laser electric field and are
enabled to pick up energy from the field. Atomic and molecular systems usually have
densities of electrons and energy level structures exhibiting plasma frequencies bigger
than the photon energy. Therefore the laser induced wavepacket dynamics follows
the tilted nuclear potential and tunneling is no longer suppressed. Recently a lot
of experimental work was done on strong field ionization of complex multi-electron
systems like molecules [22, 23, 24, 25] and metal clusters [53]. It was found that the
wavelength dependency of the saturation intensity! in organic molecules, like e.g.
all-trans decatetraene, is such that for a laser wavelength of A < 1um the saturation
intensity can be described [25] by a length corrected molecular single active electron
model (MSAE) [121, 116, 115] which is based on the ADK theory but takes into
account the actual molecule potential structure which is not included in the ADK
theory. As the wavelength increases the saturation intensity increases, too, and
saturates for wavelengths A 2 1.4um. In this (long wavelength) limit the electron
dynamics is quasistatic and the ADK theory should apply. But as the experiments
show, the saturation intensity is by about a factor of 5-10 higher than the ADK

IThis is the laser peak intensity where the ionization probability exceeds a certain probability.
The saturation intensity can be determined experimentally with high precision [23]. In numerical
calculations usually the intensity corresponding to an ionization probability of 0.9 or 0.95 is taken.
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value [24, 25, 23]. This increased saturation intensity is also detectable in metal
clusters [53]. This result could not be explained but it was speculated that some
multi-electron effects like correlation could be responsible for this result [26, 25].
To further investigate these supposed multi-electron effects strong field ionization
experiments in a very big molecular system, the C60 molecule [22], and in very small
multi-electron systems, metal clusters [53], were carried out. The results of the C60-
experiments carried out for A = 1.2 — 2.2um suggested that this increase might be
explained by a field induced polarization which raises the effective tunneling barrier.
Applying the above barrier model of ionization [122], which relates the saturation
intensity of molecules to the intensity where the Coulomb barrier is suppressed be-
low the ionization potential, and including the potential obtained when modelling
C60 as a conductive sphere, it was possible to quantitatively describe the actual
experimentally obtained saturation intensity [22]. However, as it turned out, it is
not possible to explain the data of the experiments for all measured metal clusters
with this approach [53]. This might be attributed to the fact that metal clusters are
much smaller than C60 and therefore cannot be described as a conducting sphere,
which is a pure classical model. This motivates a quantum mechanical investigation
of the ionization process in molecules and metal clusters in the quasistatic tunneling
limit (long wavelength limit). The aim of this chapter is to explain the discrepancies
between the saturation intensity calculated by the ADK theory and the experimen-
tally obtained value. Although it is very difficult to develop a tunneling theory for
molecules, considering their complex level structures, let alone multi-electron influ-
ences of the remaining electron cloud on the tunneling electron, the applicability of
the ADK tunneling theory for molecules shall be questioned and an extended model
shall be given.

5.1 The Quasistatic Limit

As a first point we want to determine the wavelength required to be in the quasistatic
regime. Taking the Keldysh parameter as a measure, as it can be done for atoms, is
not possible for molecules. The Keldysh parameter «y looses its meaning for molecules
and it was shown that v < 1 does not necessarily mean that ionization takes place
quasistatically [25, 121, 116, 115]. Therefore, in order to determine the minimum
wavelength for being in the quasistatic limit, we solve the Schrédinger equation (4.2)
for 4 electrons in a nuclear potential of the form equ. (4.1),

Ulz) = —De /D)

10
)

(5.1)

which is a smoothed well potential. The length L of the potential was chosen to be
L = 18 and D was adjusted to obtain an ionization potential of Ip = 0.2, which is
defined, as stated above, by

Ip=Eqg— Egr-1, (5.2)

the difference of the ground state energies of the f-electron system minus the (f —1)-
electron system. We used, as in the previous chapter, n = 8 expansion functions
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(70 Slater determinants). The Hartree-Fock case would be n = f = 4 (1 Slater
determinant). The electron-electron potential was chosen as in equ. (4.13), that is

1
om =t

and the shielding parameter a was 1.4. Smoothed well potentials do not have a
Coulombic long range behaviour as it is the case for molecular and atomic systems.
However, they are very common in the literature [25, 107]. This is mainly due to the
fact that Coulomb potentials extend very widely and therefore call for big calculation
boxes which is numerically very demanding. In order to investigate the influence of
the laser induced polarization on the tunneling barrier we will get back to Coulomb
shaped potentials. Equ. (4.2) was solved on a grid with a spacing of Az < 0.15.
For the smoothed well potentials the calculation range was —150... 4+ 150. For
the Coulomb potentials the calculation range must be chosen much bigger. The
maximum possible calculation range for our computers was —420... 4+ 420, due to
limitations of the main memory. At the ends of the calculation range absorbing
boundary conditions were applied. The simulations were carried out on a 1.8 GHz
Desktop PC and each simulation took typically 20-40 hours, depending on the cal-
culation range and the electron-electron potential expansion accuracy.

V(em —xn) =

(5.3)

We used two different wavelengths, A = 800 nm and A = 1500 nm, in our
simulations and the pulse form was chosen to be gaussian. The simulations revealed
that the saturation intensity for 1500 nm is by about a factor of 3 higher than the
one for 800 nm, in accordance with the experiments [53, 25]. This may be attributed
to the fact that for 800 nm non-adiabatic transitions greatly influence the ionization
dynamics [25] and add to the ionization probability, thus, decreasing the saturation
intensity. Here, we want to exclude such effects, since we want to investigate “pure”
quasistatic tunneling, which accordingly will give the highest saturation intensity.
In ref. [25] it is shown that the saturation intensity for all-trans decatetraene is
independent of the wavelength for A > 1.4um (quasistatic limit) and that it does
not increase any more when the wavelength is increased further. This means that
even if we are not fully in the quasistatic limit when using A\ = 1500 nm, we are
on the save side since further increasement of the wavelength would just increase
the saturation intensity. Therefore, the discrepancy obtained between ADK and our
numerical calculations is just a save lower value.

5.2 The Effective One-Electron Potential

Now, that we have established that using a wavelength of A = 1.5 um gives a suitable
(lower) boundary for comparisons with the quasistatic ADK ionization probability
we return to the problem of the influence of the laser induced polarization on tun-
neling. We now use Coulomb shaped nuclear potentials, which in the case of an even
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number f of nuclei take the form

-1

1
Uz) = - , (5.4)
mZ:o\/(er%é—mé)?er?

~

with b a smoothing parameter and § the internuclear distance. Such a potential
form basically models a molecule consisting of f “Hydrogen” atoms. In considering
the influence of the field-induced polarization on tunneling we will use the density
matrices of the first, p(z;t), and the second order, vy(x1,x2;t). They are derived in
appendix B on page 78. With the help of (z1, z2;t) we analyze the influence of the
(f — 1) remaining electrons on the tunneling electron. To do so, we calculate the
expectation value of the potential, which the electron cloud executes on an electron
situated at R, taken at an instant ¢. We denote this potential with ¢(R;¢) and the
expectation value, which is derived from the Hamiltonian given by equ. (3.17), with
(p(R;t)). This expectation value is given by

f f
(p(Rst)) = > (Ryma,...,xf|U(wm) + > V(@m — zn)|Ry22,... ), (5.5)
m=1 m<n

where, for the sake of simplicity, we have suppressed the spin coordinates although
the integration is meant to be carried out over them. Expression (5.5) can be written
as

(p(R;t)) = (5.6)
f
Z/\I/*(R,xQ,...,:cf;t)U(xm)\IJ(R,zQ,...,zf;t)(dfl)+

m=1
f
fz/\If*(R,xg,...,zm...,:Uf;t)V(R—a:m)
m=2
XW(R,Z2,..., & ..., Tf;t)(dTq)
:U(R)f/\I/*(R,arg,...,a:f;t)\IJ(R,a;g,...,xf;t)(da?l)+
f(f—1)/\11*(R,x,z3,...,zf;t)V(R—x)
X\P(szaxfi""7zf;t)(d§:1)’

where the notation of appendix B was used. Inserting the definitions of the electron
densities from appendix B leads to

(o(R:1)) = U(R) p(R;1) +2 / V(R - 2)y(z, R t)da.
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To obtain the potential ¢(R;t) instead of the expectation value (p(R;t)), the elec-
tron density function p(R;t) must be singled out of this equation. This leads to

o le(Rst)
o(R;t) = W = (5.7)

—U(R) +

p(R;t) /V(R —z)y(z, R;t)dz,

= U(R) + 7(R;t),

where 7(R;t) denotes the potential produced by the (f — 1)-electron cloud taken at
a position R. The integral in m(R;t) is a Green’s integral for our electron-electron
potential V(R — x) and the first term, U(R), is just the nuclear potential.

In deriving equ. (5.7) we have integrated over the positions and spins of the
remaining (f — 1) electrons. Thus the influence of these remaining electrons is
only considered in average just like in Hartree-Fock only the integral influence of
all other electrons on one electon is taken into account. By calculating ¢(R;t)
effects of correlation and antisymmetry are neglected. Indeed, when calculating the
ground state energy for a one-electron system with a binding potential p(R;t —
—0o0) derived from the f-electron ground state wavefunction of the system to be
considered in the next sections this one-electron ground state energy deviated by
roughly 20 % from the actual Ip of the f-electron system. However, ¢(R;t) is the
best approximation for a single active electron potential for the tunneling electron
one can derive from the full f-electron wavefunction. For values of R within the (f—
1)-electron cloud ¢(R;t) does not represent the actual potential felt by the weakest
bound electron (due to the above mentioned reasons). But ¢(R;t) is expected to
give a reasonable approximation for situations where one electron is sufficiently far
away away from the (f — 1)-electron cloud. This is because for such situations
the weakest bound electron (the tunneling electron) does not feel each of the other
electrons separately but only the integral influence of the whole cloud. Therefore
©(R;t) can be considered as an approximation for an effective potential for the
tunneling electron. It consists of the nuclear potenial, U(R), and additionally of the
potential w(R;t) caused by the integral influence of all other electrons corresponding
to their positions at the considered instant t. We will refer to ¢(R;t) defined by
equ. (5.7) as the effective one-electron potential in the following but have to bear in
mind that it is only a good approximation for a single electron sufficiently far away
from the other electrons, e.g. for a tunneling electron.

5.3 Tunneling Dynamics

We now turn to the investigation of the tunneling process. As explained in appendix
B, the diagonal elements of v(z, R, x, R;t) = v(z, R;t) have the following meaning:
v(z, R;t) dx dR is the probability of finding one electron with arbitrary spin within
dx around the point x and another electron with arbitrary spin within dR around the
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4 dimensional density matrix

Figure 5.1: Tunneling dynamics of one electron in the effective potential caused by the
influence of all other electrons depicted by the electron density function of second order
~v(z, R, z, R;t) = vy(x, R; t), defined by equ. (B.1), in logarithmic scale, exactly one lasercycle
before the laser pulse peak, that is at ¢ = —186.04. Note that v(x, R;t) = v(R,x;t) and
that the horizontal axis and the vertical axis are interchangeable. Probabilities within the
bands —15 < z < 15 and —15 < R < 15 correspond to the ionization of one electron
while the other electrons remain bound. The shift of the probability to values R > 0 for
a certain x > 0 during tunneling is caused by the motion of the remaining electron cloud
after the tunneling electron. This excursion of the cloud is responsible for a polarization of
the molecule. The effective potential caused by the shifted electrons can be evaluated by
equ. (5.7).
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point R, all other electrons having arbitrary positions and spins. Therefore plotting
the matrix (z, R;t) visualizes the probability of the tunneling electron under the
influence of all other electrons. To study the tunneling process we propagated the
ground state wave function of a molecule consisting of four electrons and nuclei
(f = 4). The nuclear potential was of the form equ. (5.4) with 6 = 3.5 and b = 1.5.
The smoothing parameters of the electron-electron potential was a = 0.9. This
resulted in an ionization potential of Ip = 0.261, defined by equ. (5.2), and a ground
state energy of E;, = —2.972. Note, that Ip = 0.261 is a very common value
for metal clusters and (organic) molecules. The wavelength of the laser light was
A = 1500 nm, the laser peak intensity Iy =5 x 10'® W/cm? and the pulse duration
was 10 fs (FWHM).

Fig. 5.1 shows v(z, R;t) at the time ¢ = —186.04, which is exactly one laser-
cycle before the laser pulse peak situated at ¢ = 0. The actual field strength at
this time is F(t = —186.04) ~ 0.0247, corresponding to an intensity of roughly
2.14 x 10 W/cm?. Note, that vy(x, R;t) = (R, x;t) which can also be seen from
equ. (B.1). The potential barrier is tilted to the right (into the positive R or z direc-
tion) and consequently the probability of finding an electron at a certain = (or R) is
higher for positive x or R than for negative ones, since we are in the underresonant
parameter regime and the electrons follow the tilted nuclear potential. According
to the above explanations, the probability of finding the other electrons, when one
electron is situated at R = Ry is given by ~(z, Ro;t = —186.04)dx dR. Thus, the
bands —15 < R < 15 (and —15 < = < 15) in fig. 5.1 show tunneling of one electron
when all the other (f — 1)-electrons stay in the potential. Significant probability
values outside this area would correspond to multi-electron ionization. As can be
seen, there is nearly no multi-electron ionization in fig. 5.1. The most striking fea-
ture of fig. 5.1 is, that for a certain R = Ry > 0 the probability for finding the
other electrons is not centered around x = 0 but is shifted to values x > 0. This
means, that during the tunneling process the remaining (f — 1)-electrons move after
the tunneling electron. This displacement of the electrons corresponds to a laser-
induced polarization. The effects of the asymmetric electron distribution within the
molecule can be calculated from the wavefunction with the help of equ. (5.7). The
next section is dedicated to the investigation of the consequences of this behaviour
of the remaining electron cloud.

5.4 The Effects of the Laser-Induced Polarization

In order to quantitatively estimate the influence of the induced polarization on the
tunneling electron we calculate the potential caused by the (f — 1)-electron cloud
according to m(R;t) of equ. (5.7). The full line in the upper panel of fig. 5.2 on the
following page shows the potential 7w(R;t) for the situation depicted in fig. 5.1, that
is at t = —186.04. The dotted line in the upper panel shows the electron density
p(R;t). The tunneling process can be seen by the hump of p(R;t) for R ~ 12 — 16.
That the (f — 1) remaining electrons in the nuclear potential follow the tunneling
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Figure 5.2: The upper panel shows the potential w(R;t) (full line) and the electron density
(dotted line) for the density matrix of fig. 5.1 at ¢ = —186.04. The full line of the lower
panel shows the effective one-electron potential ¢(R;t) = U(R) + n(R;t) with 7(R;t) of the
upper panel in comparison to the effective one-electron potential taken at an instant before
the laser pulse, denoted by the dotted line, which was tilted taking the same electric field
strength as the one which causes the tilt of the full line. At times before the laser pulse the
system is in the ground state and no laser-induced polarization is present. Therefore the
influence of the laser-induced polarization can be seen by the boosted potential barrier (full
line) as compared to the uneffected potential (dotted line).
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electron, as was explained in the previous section, can be seen in the electron density
by the fact that p(R;t) is asymmetric with respect to R = 0 and exhibits larger values
for R > 0. This subsequently leads to an asymmetric potential w(R;t), see full line
in the upper panel of fig. 5.2.

The lower panel of fig. 5.2 depicts the effective one-electron potential in the laser
field corresponding to the situation of the upper panel and fig. 5.1, as well as for the
ground state. This effective potential can be formally written as

©(R;t) =U(R) +m(R;t) + R x E(t).

The dotted line in the lower panel shows the effective potential for times before the
laserpulse, p(R;t — —oc0), when the system is still in the ground state. Then the (f—
1) electrons are not shifted, neither to R > 0 nor to R < 0, their influence, m(R;t —
—00), is symmetric with respect to R = 0. To make this potential comparable to
the one corresponding to m(R;t = —186.04) of the upper panel, it is tilted by the
same field strength at this instant, that is E(t = —186.04) = 0.0247. This potential
acts as a reference in the sense, that no influence of any shifted electrons is included.
The full line, however, depicts ¢(R;t = —186.04), with 7(R;t) from the upper panel.
As can be seen, the effective potential is boosted for R ~ 18 — 15 as compared to
the reference potential, which does not contain effects of the laser induced shift of
the electron cloud. The increase of the barrier is approximately 0.14 at.u. This
increased potential barrier makes it harder for the outermost electron to tunnel
into the continuum and higher intensities to compensate for the decreased tunneling
probability are needed to free the electron. This might explain, why the saturation
intensities in molecules are higher than expected. In refs. [24, 25, 23] experimental
results are compared with results obtained by the ADK tunneling theory. In the
next section we will do the equivalent with numerically obtained results: MCTDHEF-
solutions of the full, time-dependent Schrodinger equation will be compared with
ADK tunneling formulas in 1D.

5.5 Comparison with ADK

As was shown in the previous section, due to the laser induced polarization (the
shift of the electron cloud), the tunneling barrier is increased. Now we want to
estimate the influence of the barrier boost on the saturation intensity. In order to
do so we compare numerical results for 4 electrons in a molecular potential with
numerical results obtained for an atom and with analytical results calculated by
the ADK theory [37, 48]. As mentioned, the experimentally obtained saturation
intensities are by about a factor of 5-10 higher [22, 23, 24, 25, 53] than the saturation
intensities given by ADK and the length corrected molecular single active electron
model (MSAE) [121, 116, 115]. We calculated the probability for the ionization
of at least one electron as a function of the laser peak intensity for the molecule
already used in figs. 5.1 and 5.2. The same measure was calculated for an atom-like
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Figure 5.3: Ionization probabilities for the ionization of at least one electron over laser peak
intensity. Full numerical calculations for Helium (filled squares) and for an equivalent one-
electron atom with same Ip (open circles). The filled triangles depict results obtained for
the molecule explained earlier, and the open squares are obtained for a one-electron system
equivalent to the effective potential, p(R;t — —o0), of the molecule. The full line shows
the result obtained with ADK theory for this equivalent system and the arrow indicates the
data point used for figs. 5.1 and 5.2.

potential, also of the form equ. (5.4). The parameters of this atom were: 2 electrons
and nuclei (f = 2), § = 0 (2 nuclei at the same place; “Helium”) and a = b = 0.7408.
These parameters led to an Ip = 0.978 and a ground state energy E, = —2.902 and
are commonly used in the literature as a 1D-model of the Helium atom [62, 123].
The wavelength of the laser light was again A = 1500 nm and the pulse duration was
10 fs (FWHM) for both cases. The numerical ionization probabilities are depicted in
fig. 5.3, see figure caption for a mapping between the used symbols and the systems.

In addition to Helium and the 4-electron molecule, values calculated for a one-
electron atomic system (6 = 0) with the shielding parameter b adjusted such, that
it has the same ionization potential as the Helium atom, are shown in fig. 5.3 (open
circles). Because this atom has only one electron it is impossible that the barrier is
boosted up by a shift of the remaining electron cloud, since there is no remaining
cloud. This comparison reveals that for Helium (and therefore also for other noble
gas atoms, for which ADK suits best) no influence of any barrier boost is detectable:
the values of the one-electron atom and the Helium atom are identical, see fig. 5.3.
This proofs that the SAEA is justified and only the weakest bound electron tunnels
through the barrier, whilst the stronger bound electron does not influence the ion-
ization behaviour of the atom. Therefore the assumptions of the ADK theory are
met.

In order to compare the numerical results for Helium with the ADK theory we
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derive the quasistatic tunneling probability in 1D. This formula is calculated for
a delta potential as a binding potential and corrected for the Coulombic longrange
behaviour of the potential barriers. This is the standard procedure for the derivation
of ADK-formulas also applied in the original work [48, 37]. The ADK theory foots
on the quasiclassical WKB approximation. In principle it is possible to derive the
tunneling probability also with a different approach — the one applied by Keldysh
and which the KFR theory relies on. The KFR approach is very similar to the one
outlined in chapter 2 for the derivation of equ. (2.5). The crucial point in the KFR
theory is the dipole matrix element (0|z|p) of the transition from the bound state
into the continuum. It is not always possible to calculate this matrix element and
in such cases WKB has to be used [124]. Nevertheless, both ADK and KFR lead to
the same form of the tunneling probability as a function of time, that is

A 23

w(t) =dxe 380 (5.8)

with the characteristic tunneling coefficient exp(—gQEL(i)), where E(t) denotes the

electric field at time t and x = /2Ip. The preexponential factor d depends on
the actual form of the potential and on the electric field and does also contain the
Coulomb-correction. As we will prove below, it is not sufficient to only calculate the
ionization probability with exponential accuracy and forget about the preexponential
factor, as often done. In fact, it is the preexponential factor which causes the
difference between experiment and the ADK-theory.

For 1D-atoms (delta potential plus Coulomb correction) the preexpontial factor

d reads
-~ K [ der?t 2/n
d=— | =— . .
= (50) (59)

The ionization probability at time ¢ is calculated from the tunneling probability by
assuming that the number of atoms in the ground state of the atomic ensemble under
consideration, denoted by n, decreases proportional to the tunneling probability,

dn(t)
iy = —n(t) w(t). (5.10)

Equ. (5.10) is solved by the function

t

n(t) = ngexp <—/ w(ﬂ)dt’) , (5.11)
—00

where ng = n(t — —o0) is the total number of atoms in the ensemble. Since tunnel-

ing is a process from the ground state directly into the continuum (no population

of higher bound states), the diminution of n(t) is inverse to the increase of ionized

atoms. Therefore the expression

W(t)=1- nit) (5.12)
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is nothing but the probability of ionizing the fraction n(t)/ng of the ensemble up
to the time ¢. As explained before, W (t) must be taken at times after the laser
pulse for comparison with experimental results and the ionization probability can
be written as

+oo
W(t—>+oo):W00:1—exp<—/

w(t’)dt') : (5.13)
—00

W of equ. (5.13) was calculated as a function of the laser peak intensity for
the Helium atom of fig. 5.3. This function was in good agreement with the nu-
merical values — an expected result, since ionization probabilities obtained with the
ADK formula of ref. [37] usually predict the experimentally obtained values very
well. What we are especially interested in here is to investigate how the shift of
the remaining electron cloud in a laser-driven multi-electron system influences the
saturation intensity. To this end W, was calculated with the atomic preexponential
factor of equ. (5.9) as a function of the laser peak intensity for k = /2 x 0.261,
the value of the 4-electron molecule. This yielded a saturation intensity which is
even slightly higher (!) than the numerically obtained one, in contradiction to the
experimentally found statement ”molecules are harder to ionize than atoms” [23].
This finding, that a one-dimensional spatially extended multi-electron system yields
lower saturation intensities than a 1D one-electron system with the same Ip, was
recently confirmed [72]. The reason for this inconsistency is yet to be explained. We
want to concentrate here, however, on the influence of the remaining electrons on
the ionization probability (and, hence, on the saturation intensity). As was shown
above, the laser induced shift of the (f — 1)-electron cloud produces a potential
which boosts up the Coulomb barrier and makes it more difficult for the outermost
electron to tunnel through this barrier. Therefore, in order to make the influence of
this boost visible, the multi-electron system has to be compared with an equivalent
system with no influence of any remaining electrons, that is a one-electron system
of the same form as the effective one-electron potential and with the same Ip as
the molecule. By comparing these two systems we will prove, that the barrier boost
causes indeed a factor of 5-10 difference in saturation intensities, as observed in the
experiments. Furthermore we will show below, that it is the preexponential factor
in the ADK tunneling rate, which is responsible for the lower saturation intensities
yielded by the ADK theory as compared to experimental results.

The equivalent one-electron model-system, which approximates the effective one-
electron potential ¢(R;t — —o0) = U(R) + m(R;t — —oo) of the molecule, is given
by a nuclear potential, U(x), of the form

—1 — for x > 4.3
. V(=374 (55)
U(z) = —1 forz < 4.3. (5.14)
V13724 (535)°
—0.2775 else

This model-potential has the form of a well potential with Coulomb shaped barriers
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and differs from the form of ¢(R;t — —o0) of the molecule only by a flat ground, cf.
dotted line in the lower panel of fig. 5.2. The depth —0.2775 in the above equation
was adjusted in order to obtain the same Ip = (0.261 as the 4-electron system.
Analytically calculating the ADK tunneling rate for this system yields a Coulomb
corrected preexponential factor

d=

K2 cos? (kd)e?d 213\ /" (5.15)
cos?(kd) + rd + 55 sin(2kd) \ E(t) ’ ’

with d half the length of the potential well (without Coulomb barrier) and k& =

V2V — k2, where V is the absolute value of the depth of the well. The values
are d = 4.3 and V = 0.2775. Note, that the laser induced motion of the electron
in the spatially extended potential U(m) is not considered in this formula. Hence,
any possible polarization effects are excluded from this tunneling probability. The
difference between d of equ. (5.15) for the well as compared to d of equ. (5.9) for the
atom only arises from the spatially extended ground state in the well.

First we want to compare numerical results obtained for this one-electron system
(no influence of any remaining electrons!) with the 4-electron system system. This
yields the influence of the excursion of the remaining electron cloud. According
to the results of the experiments the multi-electron system (the molecule) should
be harder to ionize than the one-electron system (the atom) and thus lead to an
approximately 5-10 times higher saturation intensity for the molecule as compard to
the atom. The empty squares in fig. 5.3 depict the numerical results obtained for the
atom, whilst the filled triangles are the results obtained for the molecule. Clearly, the
molecule yields a saturation intensity 6 times higher than the atom, in accordance
with the experiments and the boost of the Coulomb barrier calculated in section 5.4,
revealing that this boost is capable of explaining the increased saturation intensities
observed in the experiments. The values W, calculated with the preexponential
factor d of equ. (5.15) for the one-electron model-atom yield a dependency on the
laser peak intensity as depicted by the full line in fig. 5.3: The numerical curve
and the analytical curve agree very well and give the same saturation intensity of
roughly 5x10'® W/cm?, 6 times smaller than the one of the corresponding 4-electron
molecule (filled triangles).

Contrariwise, the by a factor of 6 smaller saturation intensity of the one-electron
model potential can U(z) can be re-increased to the value of the molecule by an
effectively increased ionization potential in equs. (5.15) and (5.8). This means, that
the boost of the barrier due to the motion of the remaining electron cloud can be
modelled by a higher ionization potential in the ADK formula. As was shown in
section 5.4, the boost of the barrier at time ¢ = —186.04 is about 0.14. Of course,
because the boost depends on the excursion of the (f —1)-electron cloud, it basically
depends on the electric field strength. The higher, the more boost (as long as there
is no multi-electron ionization and the electron cloud follows the tilted potential
adiabatically). Thus, the influence of the induced potential 7(R;t) varies within the
laser pulse and also with the laser peak intensity. The displayed case in fig. 5.2,
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marked by an arrow in fig. 5.3, corresponds to an ionization probability of 0.98
and is therefore representative when contemplating the increase of the saturation
intensity, since the saturation intensity is defined for an ionization probability of
Woo = 0.95. The field strength at the time point t = —186.04 displayed in fig. 5.2
is also intermediate within the pulse and therefore we expect the displayed boost
of 0.14 to be representative for the whole pulse. Taking an Ip in equs. (5.15) and
(5.8) which is by 0.14 higher than the actual one of 0.261, we arrive at an saturation
intensity which is roughly a factor of 6 higher than the one obtained both numerically
(open squares) and analytically (full line) of the one-electron system with Ip =
0.261, confirming the above statement that the barrier boost effectively leads to a
dynamically increased ionization potential.

5.6 Interpretations

The results of the above considerations and calculations can be summarized and in-
terpreted as follows. First, numerical results obtained for Helium and a one-electron
atom with the same ionization potential as the Helium atom yield the same depen-
dence of the ionization probability on the laser peak intensity. This demonstrates,
that in atoms there is no influence of any polarization, produced by the remaining
electrons, recognizable. The single active electron approximation (SAEA) is justified
and the numerical results can be reproduced by the ADK theory, that means by a
tunneling coefficient of the form exp(—fELé)) together with a preexponential factor

d which in our case takes the form of equ. (5.9).

When looking at the motion of the (f —1)-electron cloud in a f-electron molecule
during tunneling of the outermost electron it can be realized that the cloud moves
after the tunneling electron, cf. fig. 5.1. This excursion from the equilibrium po-
larizes the molecule and the potential corresponding to this electron configuration
boosts up the Coulomb barrier, cf. fig. 5.2, and decreases the tunneling probability.
The boost can also be seen as if the ionization potential was increased.

When comparing the ionization probability as a function of the laser peak inten-
sity of a molecule with that of an atom with the same Ip the resulting saturation
intensity of the atom is even higher or comparable to the one of the molecule. This
behaviour was confirmed by independent calculations in 1D [72] and is in contradic-
tion to the experiments [22, 23, 24, 25, 53], where a saturation intensity, which is
a factor of 5-10 higher than the one given by the ADK theory [37], was identified.
The preexponential factor taken in those experiments was the one corresponding to
Xenon but with the Ip of the molecule. Experimentally obtained results for Xenon
are known to match the theoretical predictions of the ADK formula very well and
Xenon is commonly taken as a reference target to calibrate laser intensities. The
reason why the numerical comparison of atoms with molecules does not lead to the
behaviour observed in the experiments is yet to be explained.
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However, the influence of the remaining electron cloud on the ionization prob-
ability can be investigated with the help of a model-system consisting of only one
electron with a nuclear potential which has the form of the effective one-electron
potential of the molecule. Comparing the saturation intensities obtained for the
multi-electron system with the one of the equivalent one-electron system yields the
experimentally observed differences, in the above case a factor of 6. The ionization
probability as a function of the laser peak intensity for the one-electron case can
be modelled analytically by a quasistatic tunneling formula. This ADK-formula
does not contain the motion of the electron in the spatially extended potential and
therefore no polarization effects either. Nevertheless does this formula reproduce
the numerical values for this one-electron model potential very well. Consequently,
there cannot be any influence of polarization present in the numerical values (open
squares in fig. 5.3). Therefore the difference in the saturation intensity between
the multi-electron system and the one-electron system must arise from the boost
of the barrier only. This proves that in multi-electron systems the motion of the
remaining electron cloud must be accounted for by any theory describing ionization
in molecules or other spatially extended multi-electron systems having delocalized
electrons. This applies in the quasistatic tunneling limit. For shorter wavelengths
non-adiabatic transitions, which we have excluded here by using A = 1500 nm, have
to be taken into account [25, 26].

As for the question, why in refs. [22, 23, 24, 25, 53] a comparison of the ADK
tunneling probability for Xenon with the experimental values led to increased sat-
uration intensities of the molecules, we would like to point out, that the difference
between all quasistatic tunneling theories lies alone in the preexponential factor.
The exponential tunneling coefficient, exp(—fEL(i)), is the same for all systems. In
the above described comparisons the preexponential factor of the atomic potential
led to a higher saturation intensity than stated by the full numerical calculations
for the 4-electron molecule. On the other hand the preexponential factor of the
model-potential determined by equ. (5.14) yielded a 6 times lower saturation inten-
sity than the numerical calculations. This lets us conclude, that the preexponential
factor is crucial and, furthermore, that the outcome of comparisons of experimental
results with analytical theories, e.g. the ADK theory, is greatly influenced by the
analytical form of this factor. Most important, however, is the fact that the laser
induced polarization of the remaining electron cloud boosts up the barrier and as
a consequence the saturation intensity is increased as compared to a one-electron
system, where this polarization is not present. This proves the fact that the SAEA

cannot be applied for molecules.



Conclusion and Outlook

Conclusion

The results presented in this thesis add to the understanding for processes taking
place in atoms and molecules when irradiated by ultrashort laser pulses with peak in-
tensities in the range of 1012 —10'® W/cm? and wavelengths in the xuv and infrared
regime. There are four main results presented in this thesis: (i) a measurement
method for xuv-pulses in the attosecond (107!® s) regime based on the energy shift
which the xuv-photoelectron spectrum experiences in the field of a strong infrared
laserpulse; (ii) a method for the numerical investigation of the multi-electron re-
sponse of arbitrary systems to a strong laser pulse, which is capable of fully taking
into account electron-correlation; (iii) the investigation of a new effect, unobserved
so far, taking place in spatially far extended systems which manifests itself in a clas-
sically governed electron dynamics leading to an ionization mechanism analogous to
the energy-pick-up of a free, classical particle; and (iv) a proof and first quantum
mechanical demonstration that in the quasistatic tunneling regime the remaining
electron cloud influences the tunneling electron such, that the effective potential
barrier is boosted up by the laser induced polarization, rendering it more difficult
for the outermost electron to tunnel through this barrier as compared to systems,
where the remaining electron cloud does not move and consequently no polarization
is evoked.

Outlook

Future advancements in experimental techniques, such as attosecond pump-probe
spectroscopy, and ever more available computational power will further increase the
understanding of light-matter interaction. Until very recently mainly the interaction
of laserlight with atoms was investigated. This has led to several extremely valueable
results as stated in the introduction, section 1. The response of atoms to laserlight
is quite well understood in general.

In the last decade increasing work was done on the interaction of lasers with more
complex matter, especially molecules and plasmas, but also with clusters of atoms,
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with metals and dielectrica and other solids. Very few work was done with biological
targets like tissue and cells but this kind of matter will become increasingly relevant
due to important applications in medicine and biology.

Because dealing with many-body problems in a non-perturbative way is one
of the most demanding tasks in physics, severe difficulties arise if one wants to
study the interaction of light with solids on a microscopic level as was done with
atoms. Therefore, knowledge about such targets is poor at the moment. With
the availability of more and more computer power and increasingly sophisticated
numerical techniques it will be possible to gain understanding of the complicated
physics taking place in these targets.

High power laser pulses directed into plasmas have led to the discovery of

Coulomb explosion [16] in clusters, neutron production [17] and laser wake field
acceleration of electrons [125], which has lead to relativistic electrons, see e.g.
ref. [126]. Exposing metal bulks to such pulses has lead to the production of hard
x-rays [127, 128]. Still stronger pulses, with intensities in excess of 102° W/cm?, may
lead to the discovery of interesting effects unknown so far. Simulations predict the
generation of superhot electrons in the GeV regime [129], when such intense pulses
interact with highly charged ions. It is interesting to investigate how more complex
matter reacts to such high power laser pulses.
Laser machining in solids is another very hot topic [130, 131, 132] of the future and
may open the way to major applications like laser-produced integrated optical cir-
cuits and waveguides in dielectrica [133] or even to integrated lasers. Laser-control
of chemical processes [19, 20, 21] seems to be another promising avenue of future
research.

It will be a great challenge to fully understand the processes taking place in
the above outlined cases. But dragging the comprehension of the interaction of
atoms with laser pulses to the next levels of more complicated matter like molecules
and clusters, or even further to solids, will open the way to applications at least
that fascinating as they were discovered in atoms. Increasing computer power and
ever more advanced numerical- and experimental techniques, in special cases even
analytical approaches, will path these routes.



Appendix A

Derivation of the Multi-Electron
Ionization Probability

In the framework of the MCTDHF method introduced in chapter 3 the probability
for ionizing (at least) one electron is calculated as follows. Let the symbol

(dz) =dzidag...dzy (A1)
indicate integration over all spatial coordinates and
(ds) =dsidsy...dss (A.2)

integration over all spin coordinates. With that, normalization of the wavefunction
before the laser pulse can be expressed as

/(dm) /(ds) |0 (21, 51,...,7,8 —00)> = 1. (A.3)

Then the probability for ionizing at least one electron within the time span
{—00...t} can be calculated by integrating over the whole f-dimensional proba-
bility density function within a range —zy...x,, where x; must be much greater
than the potential range, and substracting this value from 1:

Tp
W(t)y=1- / (dx) /(ds) | W (x1,81,... ,:Uf,Sf;t)|2. (A.4)
.
For comparison with experiments W (¢) must be taken at a time ¢t — oo (long after
the laser pulse), in order to collect every ionized wave packet which will eventually
drift out of the box —zyp ... xp.



Appendix B

Derivation of Electron Densities

In accordance with equs. (A.1) and (A.2) defined in appendix A on the preceding
page we define the symbol (dz;), which denotes integration over all spatial coor-
dinates except for z; and (d#;Z;), which consequently means integration over all
spatial coordinates except for x; and x;. With these definitions the 4 dimensional
density matrix can be defined as [134, 56]

y(x1, 0, X, hi t) = <‘£> X (B.1)

/\I/*(l'l,sl,wg,SQ,xg,Sg, . ,1’f,$f;t) X
(2, 81,25, 89,23, 83, - - - Tp,sfit) (dT122)(ds).

The 2 dimensional density matrix is then defined as

p(l‘,.ﬁl}l;t) = f/\I’*($,81,$2,82,...,IL’f,Sf;t) (BQ)

x U(z', s1,29,82,...,25,5¢t) (dT) (ds).

The diagonal elements p(x,z;t) = p(z;t) have the following physical meaning:
p(x;t)dx is the probability of finding an electron of arbitrary spin in the space-
region dzr around x multiplied by the number of electrons. The diagonal elements
of 7 can be similarly interpreted: ~(z1, 22,21, z2;t) dridas = y(z1, x2;t) drides is
the probability of finding one electron with arbitrary spin within dz; around the
point x; and another electron with arbitrary spin within dxo around the point o,
all other electrons having arbitrary positions and spins. The relation between p(x;t)

and 7y (z1, zo;t) is
2
plx;t) = 1 /'y(x,xg;t)da:g. (B.3)



Appendix C

Conversion between Atomic
Units and SI

Atomic units are used for convenience in quantum mechanics [29, 135], as by setting
the fundamental constants i = m = e? = 1 calculations are simplified substantially.
In the following conversion factors between atomic units and SI units are given

e 1 atomic charge unit = charge of the electron = 1.602x10~1C
e 1 atomic mass unit = mass of the electron = 9.109x103'kg

e 1 atomic length unit = radius of the first Bohr orbit = 5.2917x10~"'m

e 1 atomic velocity unit = electron velocity in the first Bohr orbit =
2.1877x105m/s
e 1 atomic momentum unit = electron momentum in the first Bohr orbit =

1.9926x10~%*kg m/s

1 atomic energy unit = twice the ionization potential of hydrogen =
4.359x10718J

1 atomic time unit = 2.4189x10~17s

1 atomic frequency unit = 4.1341x10'6s~1

1 atomic unit of electric potential = 27.210V

1 atomic unit of electric field strength = 5.142x101V /m.



Appendix D

Common Abbreviations

ABI
ADK
ATI
CI
DFT
HF
HHG
Ip
KFR
MCTDH
MCTDHF
MPI
MSAE
PIC
SAEA
SFA
SCF
TDFT
TDHF
TDSE
Up
WKB

Above Barrier Ionization

Tunneling Theory named after Ammosov-Delone-Krainov
Above Threshold Ionization

Configuration Interaction

Density Functional Theory

Hartree-Fock

High Harmonic Generation

Ionization Potential

Tunneling Theory named after Keldysh-Faisal-Reiss
Multi-configuration Time-dependent Hartree
Multi-configuration Time-dependent Hartree-Fock
Multi-Photon Ionization

Molecular Single Active Electron

Particle in Cell

Single Active Electron

Strong Field Approximation

Self-consistent, Field

Time-dependent Density Functional Theory
Time-dependent Hartree-Fock

Time-dependent Schrodinger Equation
Ponderomotive Potential

Quasiclassical Approximation named after Wentzel-Kramer-Brillouin
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