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Extrem kurze Lichtimpulse: Erzeugung, Diagnostik und
Anwendung in der Attosekunden-Spektroskopie

– Kurzfassung –

Diese Dissertation befasst sich mit dem Design gechirpter Spiegel, mit der Er-

zeugung hoher Harmonischer und mit dem Auger Zerfall in Gegenwart äußerer

Felder. Allen drei Punkten gemeinsam sind der Gebrauch ultrakurzer Lichtpulse

und physikalische Prozesse, die auf der femtosekunden Zeitskala stattfinden. Die

wichtigste Ergebnisse der Arbeit sind folgende:

• Es wurde gezeigt, dass effiziente globale Optimierung gechirpter Spiegel

mit einer adaptierten Version des memetischen Algorithmus möglich ist (der

Algorithmus ist auch als “hybrid genetic algorithm” bekannt).

• Das elektrische Feld ultrakurzer Lichtpulse im Nahbereich der Spitze der

Einhüllende kann mittels einer Analyse von hohen harmonischen Strah-

lungsspektren rekonstruiert werden.

• Eine Quantentheorie der zeitaufgelösten Auger Spektroskopie wurde ent-

wickelt. Anhand der Methode der “essential states” wurden Ausdrücke für

die Wahrscheinlichkeitsamplituden in geschlossener analytischer Form her-

geleitet. Die Theorie bildet die Grundlage für die Interpretation von Expe-

rimenten, die die Bewegung von Elektronen während Anregung, Abregung

und Ionisation von Atomen untersuchen.
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Introduction

Since the invention of the laser a lot of scientific effort was put into the genera-

tion of shorter and shorter light pulses. Nowadays state-of-the art mode-locked

lasers can produce pulses as short as a few femtoseconds. These ultrashort pulses

have found a wide range of applications in fundamental science as well as in in-

dustry: they are used to study ultrafast processes in semiconductors, to trace and

control chemical reactions, to explore light-matter interactions at very high inten-

sity levels, as well as for precision processing of materials, for precise frequency

measurements, and even for early diagnosis and treatment of eye diseases.

Although the duration of pulses emitted from an oscillator can be decreased by

external compression, the pulses cannot be made shorter than one optical cycle,

which is approximately three femtoseconds for a Ti:sapphire oscillator, for which

the centre of the luminescence region lies at 800 nanometres. Breaking the limit of

1-fs duration requires shorter-wavelength radiation. At the present time we know

two approaches to generation of sub-femtosecond pulses: stimulated Raman scat-

tering [1] and high-order harmonic generation [2, 3]. Both methods were inten-

sively studied theoretically and experimentally, but so far generation of isolated

sub-femtosecond pulses was only demonstrated by using the high-harmonic gen-

eration process [4]. In these experiments soft X-ray pulses shorter than one fem-

tosecond were obtained by irradiating neon atoms with intense few-femtosecond

laser pulses. The duration of the sub-femtosecond X-ray pulses reached thus the

time scale of electronic processes in atoms, making for the first time attosecond1

spectroscopy possible.

11 attosecond = 10−18 seconds
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In my thesis I cover important aspects of the generation of few-cycle laser

pulses, diagnostics of their electric field, and their application in attosecond spec-

troscopy. The first chapter of my thesis reports on my contribution to the tech-

nology of few-cycle laser pulse generation by the design of “chirped mirrors”.

Since the invention of the Kerr-lens mode-locking in Ti:sapphire the main obsta-

cle to approaching the theoretical limit of pulse duration remains the necessity

of accurate dispersion control over a broad wavelength range. An indispensable

tool for this purpose is provided by chirped mirrors: multilayer dielectric mirrors,

where the thickness of each layer is carefully chosen so that the whole system

has special dispersion properties. Design of chirped mirrors relays on computer

optimisation of layer thicknesses. In my work I developed new optimisation al-

gorithms specially adapted for dispersive multilayer coatings. The achievements

I have made in this direction significantly facilitate design of high-quality chirped

mirrors, especially if an extremely broad bandwidth is required.

The second chapter is concerned with the diagnostics of few-cycle pulses. Dif-

ferent from longer laser pulses, a complete characterisation of few-cycle pulses re-

quires the determination of the so-called carrier-envelope phase of the laser pulse

in addition to pulse envelope and chirp. High harmonic radiation generated the

pulse passes through a gas volume can be used to determine his parameter.

Finally, the third chapter of my thesis is devoted to the theoretical analysis

of a first application of few-cycle pulses and high-harmonic generation in sub-

femtosecond time-resolved spectroscopy. The investigations were triggered by

the first experimental demonstration of feasibility of time-resolved spectroscopy

with an attosecond resolution [A2]. In this experiment Drescher et. al. performed

a pump-probe observation of the Auger decay in krypton, where the pump pulse

was a sub-femtosecond extreme-ultraviolet pulse, and the probe pulse was a few-

cycle laser pulse. In this experiment the energy distribution of Auger electrons was

measured in dependence on the delay between the two pulses. In order to fully

interpret these measurements, a detailed theory of the Auger decay dressed by

laser field is necessary, which didn’t exist at the moment, when the experiment was
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done. Development of a quantum-mechanical description of the process started

immediately after the experimental breakthrough, and the results of this work are

presented in the last chapter of my thesis.
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Chapter 1

Novel techniques for the

optimisation of chirped mirrors

Dispersive dielectric multilayer mirrors [5] [henceforth chirped mirrors (CMs)]

have contributed significantly to enhancement of the performance, compactness

and reliability of femtosecond laser sources. The generation of sub-10-fs pulses

directly from oscillators requires accurate, broadband, higher-order dispersion

control [6], which can now be achieved routinely with CM dispersion-controlled

oscillators. Progress in CM-design and manufacturing in conjunction with ad-

vanced oscillator architectures has permitted the direct generation of sub-6-fs

pulses [7, 8, 9]. Novel spectral broadening techniques [10, 11, 12] allow spec-

tra to be produced that can extend over more than one optical octave1; subsequent

compression with CMs led to pulses shorter than 5 fs [10, 13, 14, 15].

The underlying physical principle of CMs is the same as in all other kinds of

interference optical coatings: interference of light waves reflected from different

plane-parallel interfaces results in a certain frequency-dependent reflectance R(λ )

and phase shift ϕ(λ ) of the incident light, where ϕ(λ ) is directly connected to the

1one octave is a frequency range, where the biggest frequency is two times larger than the

lowest one

8



group delay (GD) and the group-delay dispersion (GDD) introduced by the mirror:

GD(ω) =−ϕ ′(ω), and (1.1)

GDD(ω) =−ϕ ′′(ω). (1.2)

The same principle works, for example, in a Bragg reflector: a stack of layers

with a fixed optical thickness equal to λ0/4 that has a high reflectance for wave-

lengths close to λ0. However, CMs possess another very important property: they

can be designed in such a way that the frequency-dependent phase shift ϕ(λ )

matches dispersion properties of materials common in laser systems (e.g. fused

silica or Ti:sapphire), which is essential for the generation of ultrashort pulses.

This property can be explained by the frequency-dependent penetration depth:

although each frequency component is partially reflected from each boundary be-

tween two layers with different refractive indexes, in CMs a certain penetration

depth is associated with every frequency component, at which most of reflec-

tion takes place. In the first approximation the frequency-dependent group delay

is twice the time of light propagation from the front interface to the penetration

depth of the corresponding frequency component (Fig. 1.1). Thus, a desirable

dispersion can be achieved if optical layer thicknesses gradually change along the

coating, so that a component with wavelength λ is reflected from the part of the

stack, where the optical thickness of layers is close to λ/4. This gradual change

of optical layer thicknesses is referred to as “chirping”, hence the name “chirped

mirrors”. Unfortunately, simple chirping of layer thicknesses is not sufficient to

obtain CMs with satisfactory dispersion characteristics: Reflections other than

the ones at the expected penetration depths lead to parasitic interferences, which

cause large GDD oscillations [5]. Computer optimisation was recognised as an

indispensable tool for tuning layer thicknesses of CMs.

The first CM designs were obtained by computer optimisation of “chirped”

Bragg reflectors. Ref. [5] reports a design consisting of 42 alternating layers of

SiO2 and TiO2, which had a bandwidth of 200 nm at the central wavelength of

800 nm. Several predesign methods were proposed for the calculation of start-
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(a) (b)

Figure 1.1: Schematic representation of a standard CM (a) and of a TFI CM (b).

In order to achieve negative GDD upon reflection, the inequality λ1 < λ2 < λ3

must be fulfilled. Rays reflected at the front interface (represented by dots) can

interfere with rays reflected within the multilayer (full lines) giving rise to GDD

oscillations in the case of the standard CM. The wedge attached to the TFI mirror

prevents this effect.

ing structures that, after limited computer optimisation, converged to designs

with enhanced performance [16, 17, 18, 19]. Of particular interest are the so-

called “double-chirped” mirrors [16, 20, 21]: an analytical approach based on the

coupled-mode theory for multilayer interference coatings [22]. In this approach

a chirped mirror is composed of Bragg cells, where each cell is characterised by

a corresponding Bragg wavelength and the thickness of the high-refractive-index

layer. Both these parameters are chirped in order to achieve a smooth increase of

the coupling coefficient, which was recognised as a prerequisite for suppression

of GDD oscillations.

Although the proposed design methods are substantially different from one

another, the final designs perform comparably, as all the designs suffer from a

fundamental limitation: to obtain a smooth dispersion curve on reflection, one

must suppress the interference between the light reflected from the front interface

and the light reflected within the multilayer structure. This problem is sometimes
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referred to as the problem of impedance matching, because of the close analogy

between chirped mirrors and inhomogeneous electric transmission lines that was

recognised in Ref. [16]. Recently proposed implementations of CMs solve this

problem by separating the two beams in space, achieving thus the ideal impedance

matching [23, 24]. Drawing on this concept, mirrors that provide high reflectance

and accurate dispersion control over a full optical octave were demonstrated [25,

A3]. Mirrors of this kind manufactured by optically attaching a thin glass wedge

on top of a multilayer structure (Fig. 1.1) were called tilted-front-interface (TFI)

chirped mirrors [A3]. Similar to them back-side-coated (BASIC) chirped mirrors

[25], which were proposed simultaneously with the TFI mirrors, are manufactured

by growing a coating on a thin wedged substrate.

Although the recently found improved implementations and the analytical pre-

design methods were essential for enhancing the performance of CMs, they did

not obviate the need for efficient computer optimisation techniques. On the one

hand, the quest for mirror designs with even larger bandwidth, which would per-

mit the generation of nearly single-cycle pulses for scientific applications, makes

requirements to chirped mirrors so extreme that even small improvements may

play a crucial role. On the other hand, the high production cost of chirped mir-

rors demands designs with reduced sensitivity to small discrepancies between the

layer thicknesses of a calculated design and those of the manufactured mirror,

especially if the mirror is designed for a broad spectral range.

The following part of this chapter is organised as follows. In section 1.1 an

efficient global optimisation algorithm is described, which has been found to be

very successful for CM design. The subject of section 1.2 is the design of broad-

band chirped mirrors, the bandwidth of which approaches or even exceeds one

optical octave. Such an extreme bandwidth poses additional problems and re-

quires special approaches. In particular, it is beneficial to use specialised merit

functions described in 1.2.1. The inherently high sensitivity of CM characteristics

to manufacturing errors is discussed in section 1.3. In section 1.3.1 an optimisa-

tion algorithm is proposed which can be used to make designs more robust against
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small random errors in layer thicknesses.

1.1 An advanced global optimisation algorithm

1.1.1 Challenges

Design of multilayer dielectric coatings usually consists of two parts: construc-

tion of a starting design, where available knowledge about physics of multilayer

coatings can be exploited, and computer optimisation of the starting design, where

layer thicknesses are considered as optimisation parameters, and the optimisation

routine varies the thicknesses in order to minimise the value of a specially con-

structed merit function2 f (x1,x2, . . . ,xn). It was recognised long time ago that the

main problem with computer optimisation of multilayer dielectric coatings is that

the merit function of a multilayer coating has many local extrema if the number

of layers is large (see, for example, [26]). This problem is illustrated by Fig. 1.2,

where the merit function is plotted as a function of thicknesses of two layers of a

broadband TFI chirped mirror. The surface shown in this plot has one relatively

deep minimum and many local extrema close to it. Optimising such a mirror, we

usually have to optimise all the layers simultaneously. It means that we have to

search for a minimum in a space, the dimension of which is equal to the number of

optimisation parameters. For example, the mirror used to make Fig. 1.2 consisted

of 70 layers. Searching for a minimum of a function in the 70-dimensional space

may become a challenging problem. In the rare occasion, when there is a downhill

route from the starting design to the global minimum, a local optimisation routine

would lead us to the best possible design. Otherwise there is always a risk that the

local optimisation will get stuck far away from the global minimum.

Global optimisation was recognised long ago as a solution to this problem.

Unlike local optimisation, which is usually a deterministic procedure that attempts

2It is a matter of convention, whether the merit function should be maximised or minimised in

order to improve design performance. Throughout this thesis merit functions are considered to be

constructed such that lower values correspond to better designs.
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Figure 1.2: Merit function of a broadband TFI chirped mirror as a function of
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merit function is based on simulation of pulse reflection (section 1.2.1). The merit
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to find one of the nearest minima as quickly as possible, global optimisation al-

gorithms are capable of optimising functions, which have many local minima, but

these algorithms are not deterministic in the sense, that they exploit some strategy

of random trials. There have been many successful attempts to apply global op-

timisation algorithms to the design of optical multilayer structures. In Ref. [27]

authors compare different optimisation techniques, including a few global global

optimisation algorithms: adaptive random search, generalised simulated anneal-

ing, and Monte Carlo simulated annealing. Application of genetic algorithms to

optimisation of optical interference coatings was discussed in detail in Ref. [28],

while Ref. [26] was devoted to the thin-film design by simulated annealing. The

algorithms were reported to be useful, but there was one common problem: all

known global optimisation algorithms demand a large number of evaluations of

the merit function. Therefore such an optimisation is often extremely time con-

suming.

1.1.2 The memetic algorithm and the optimisation of multi-

layer interference coatings

The approach I’m going to present is based on the so-called memetic algorithm

[29]. On the web site [30] devoted to this class of algorithms they are introduced

in the following way:

Memetic Algorithms is a population-based approach for heuristic search in

optimization problems. They have shown that they are orders of magnitude

faster than traditional Genetic Algorithms for some problem domains. Basi-

cally, they combine local search heuristics with crossover operators. For this

reason, some researchers have viewed them as Hybrid Genetic Algorithms.

However, combinations with constructive heuristics or exact methods may

also belong to this class of metaheuristics. Since they are most suitable

for MIMD parallel computers and distributed computing systems (including

heterogeneous systems) as those composed by networks of workstations,

they have also received the dubious denomination of Parallel Genetic Algo-

14



rithms. Other researchers know it as Genetic Local Search.

So, memetic algorithms can be defined as a class of evolutionary algorithms in

which local search plays a significant role. Usually a type of genetic algorithm

(a particular type of evolutionary algorithm) is used in conjunction with local op-

timisation. We adopt the terminology of evolutionary computation and call a set

of trial designs a population and a particular design from this set a member of

the population. Like in any genetic algorithm the memetic optimisation process

evolves from population to population by means of crossover and mutation oper-

ators. The difference between the genetic and memetic algorithms is that in the

latter each newly constructed member is locally optimised before it is included in

the new population; i.e. constructing a new set of trial designs from the old set we

locally optimise each design that is going to be added to the new set. This local op-

timisation does not necessarily have to lead to the very (local) minimum: the most

important thing is that it be fast but able to considerably improve designs bringing

them closer to local minima. The effectiveness of a memetic algorithm depends

to a large extent on the effectiveness of the local optimisation, which I will call

partial refinement. It turns out that this partial refinement can be performed very

fast in the case of multialyer coatings.

The properties of multilayer dielectric structures are calculated by the transfer

matrix method [31] (see A.1 in the appendix). To calculate the reflectivity of a

mirror consisting of n layers at a particular wavelength, one has to calculate the

product of n transfer matrices Mk. This is a very time consuming part of any CM

optimisation routine. The calculations can be made faster if the merit function

has to be evaluated for several designs that differ from some particular previously

characterised design by thickness of only one layer. Let us define n matrices Lk

Lk =





1, k = 1,

∏k−1
i=1 Mi, 1< k ≤ n,

(1.3)
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and n matrices Rk

Rk =





1, k = n,

∏n
i=k+1 Mi, 1≤ k < n.

(1.4)

When all the matrices are calculated, one can quickly find the reflectivity in

the case, when only the kth layer is changed, because only one single matrix Mk

has to be calculated and only two matrix multiplications instead of n− 1 have to

be performed:

n

∏
i=1

Mi = M1M2 . . .Mk−1MkMk+1 . . .Mn = LkMkRk. (1.5)

This opens a way for quick evaluation of the gradient of the merit function, quick

optimisation of one particular layer, and so on. There are a few ways, how to im-

plement partial refinement by using this method. For example, one can calculate

the gradient and optimise the mirror along the gradient direction or optimise each

layer one by one.

The whole algorithm I utilised for optimisation of CMs is built as following.

The initial population (the set of initial designs) is constructed randomly (except,

maybe, a few designs which can be obtained from the analytical theory [21] or

from previous optimisations). All the designs have the same number of layers

made from the same materials; only the layer thicknesses are different. On each

iteration two members of the population are randomly chosen according to their

values of the merit function: the lower the value is, the more chances there are that

the member will be selected (the rank selection was used). After that a new mem-

ber is formed by the crossover: a part of its layers is taken from the first design,

the rest is taken from the second design, and together they form the new member;

the sizes of the parts are determined randomly each time. To avoid congestion of

designs in a small number of local minima, a simple heuristic check can be made

on whether the newly formed member is in the same local minimum as one of the

existing members: for each of the designs I check whether the maximal difference

between layer thicknesses of the selected and the newly constructed designs is

smaller than 10 nm. If this is the case, the designs are moved towards each other
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step by step (considering each design as a point in the multidimensional paramet-

ric space) as long as the steps decrease the value of the merit function. If this

procedure decreases the distance between the designs to zero, one of the designs

is excluded from the population. Finally, a partial refinement of the new member

is performed and the new population is formed by adding the member to the old

population. In a last step the worst member of the new population is “killed” (ex-

tracted from the population) if the population size exceeds some prescribed limit.

When the global optimisation is completed (after the specified number of itera-

tions is reached or some convergence criterion is fulfilled), a few best members

are chosen and further optimised with the aid of a full-power local optimisation

(conjugate gradients algorithm, for example).

1.1.3 Advantages of the memetic algorithm

Global optimisation outperforms local optimisation algorithms, particularly if no

good starting design is available. Despite the progress in analytical design tech-

niques for CMs, for several dispersive-mirror design problems no direct synthe-

sis is currently possible. One of these problems is the design of dichroic CMs

(input-couplers) used in femtosecond lasers, where they exhibit high reflectance

and controlled negative dispersion over the fluorescence spectrum of the active

laser medium and high transmittance over the relatively narrow wavelength range,

at which the medium efficiently absorbs the pump radiation. Although double-

chirped mirrors inherently tend to exhibit large transmittance at wavelengths be-

low the high-reflectance range, parameters such as position, width and losses of

the high-transmittance band cannot be explicitly taken into account by analytical

predesign, thus the use of a global optimisation technique is called for.

Fig. 1.3 presents a CM designed to be used as an input coupler of a Ti:Sapphire

oscillator that has a high reflectance and a nearly constant GDD in the range 650-

900 nm (the target GDD was set to -35 fs2) and transmission as high as possible in

the range 527-537 nm. The mirror consists of 60 layers made of two materials: the

low-refractive-index material is SiO2, and the refractive index of the second ma-
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terial is equal to 2.25 at 800 nm (these materials are used by
����������	
����
������

;

the exact chemical formula of the high-refractive-index material has not been re-

vealed to us, although we know the dispersion properties of this material). The

mirror was designed, first, with the conjugate gradients algorithm starting from a

double-chirped design provided by the analytical theory [21] and, second, by use

of the memetic algorithm, where the double-chirped design was included into the

initial population, which consisted of 100 members, and the rest of the popula-

tion was made up of designs with random layer thicknesses. 3000 iterations of

the memetic algorithm were performed. As can be seen from Fig. 1.3, the global

optimisation found a better solution than the local refinement.

As stated above, without the partial refinement the memetic algorithm would

be just a genetic algorithm. The effectiveness of the memetic approach is demon-

strated by a comparison of optimisations with and without the partial refinement.

Such a comparison is shown in Fig. 1.4. The algorithms cannot be compared in

terms of the number of merit function evaluations, because the memetic algorithm

uses two different ways to calculate the function, so they can only be compared in

terms of the processor time required by the optimisation (a PC with a 600 MHz

Athlon processor was used). Although the partial refinement slows down the opti-

misation process at the initial stage, it allows the memetic algorithm to outperform

its genetic counterpart on the long-term run.

Finally I would like to summarise my experience with design of “ordinary”

CMs using the memetic algorithm. The theory of double-chirped mirrors usually

provides very good starting designs. Such a design should include at least three

different parts [21]: an anti-reflection coating, a double-chirped part, and a Bragg

reflector which usually consists of a few layers and serves to improve the mirror’s

reflectance. It is necessary to notice that the double-chirping approach has some

free design parameters, the most important being the number of layers assigned

for each of the parts and the choice of the double-chirping method. One can vary

these parameters to obtain a set of starting designs, each of those can either be

optimised locally or serve as a member of the initial population for the memetic

18
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Figure 1.3: Comparison of an input-coupler design found by the memetic algo-

rithm (red curves) with that obtained by local optimisation using the conjugate-

gradient algorithm (blue curves). Large transmittance in the wavelength range

527-537 nm as well as high reflectance in the range 650-900 nm together with

the target dispersion of −35fs2 were required. The error bars correspond to per-

turbation of layer thicknesses with the standard deviation of 1 nm (discussed in

section 1.3).
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algorithm. It is a good idea to let the number of double-chirped layer pairs take

all the values allowed for a fixed overall number of layers.

A simple local optimisation of a double-chirped design often results in a coat-

ing of a good quality, but the quality can be improved even further, if one employs

the memetic algorithm. It usually does not make much difference, whether one

applies the global optimisation directly to the analytic designs, or optimises them

locally first and then includes them into the initial population. A typical exam-

ple is presented in Fig. 1.5. This is a CM designed to compensate for 0.75 mm of

Ti:Sapphire in the wavelength range 625-975 nm. The mirror consists of 65 layers

made of the same materials as the mirror in Fig. 1.3. The solid black curves corre-

spond to the best result obtained by local optimisation of double-chirped designs,

the blue and the red curves correspond to designs, obtained with the memetic al-

gorithm, where the initial population either contained the “raw” double-chirped

designs (red curves) or was formed by perturbing layer thicknesses of the best

locally optimised double-chirped design (blue curves). One can see, that the lat-

ter two approaches provide designs of a comparable quality, and both of them

outperform the locally optimised double-chirped design.

1.2 Extremely broadband chirped mirrors

The pursuit to generate ultrashort light pulses with duration approaching the one-

cycle limit created a demand of dispersion control over large bandwidths. At

present chirped mirrors are the only tool suitable for accurate dispersion compen-

sation in a spectral range approaching or even exceeding one optical octave. Such

an extreme bandwidth of operation creates new challenges and difficulties, makes

some of the small-bandwidth approaches ineffective, and therefore deserves a spe-

cial treatment.

In contrast with coatings designed for a modest bandwidth, dispersion control

in a broad spectral range can only be realised with chirped mirrors, where the

basic mechanism of dispersion control is the difference in penetration depths for
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Figure 1.5: A chirped mirror compensating for the dispersion of 0.75 mm

Ti:Sapphire in the wavelength range 625-975 nm, which was designed in three

different ways: the local optimisation of a double-chirped design (marked as “lo-

cal optimisation”), the optimisation with the memetic algorithm, where the initial

population was made up of random designs together with a few double-chirped

designs (marked as “memetic 1”), and the optimisation with the memetic algo-

rithm, where the initial population was formed by perturbing layer thicknesses of

the “locally optimised” design (marked as “memetic 2”).
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different wavelength components. For a smaller bandwidth other types of optical

interference coatings exist, which may outperform chirped mirrors. For exam-

ple, the multiple-cavity Gires-Tournois interferometer reported in Ref. [32] has

a smooth dispersion and an extremely high reflectance in the wavelength range

740-860 nm. However, as practice shows, these approaches don’t work for larger

bandwidths, because it becomes increasingly difficult to make wavelength compo-

nents interfere in a proper way in the whole spectral range, unless different com-

ponents are reflected more or less at different parts of the coating. It also turns

out, that several kinds of optical coatings can’t be designed at all, if the bandwidth

of operation approaches an optical octave: examples include Bragg-reflectors and

positive-dispersion mirrors.

The GDD of a chirped mirror usually oscillates around some smooth target

dispersion. As the bandwidth of a design is increased, the amplitude of the GDD

oscillations grows and at some point it may become intolerable. Currently there

are two approaches, which allow to overcome this problem. One of them is rep-

resented by the TFI or BASIC mirrors mentioned in the introduction (page 11).

Solving the problem of parasitic interference between the light reflected off the

mirror’s surface and the light reflected within the multilayer structure, this ap-

proach leads to designs of broadband CMs with very smooth dispersion charac-

teristics. Design of these mirrors doesn’t differ from the design of ordinary CMs,

except that the medium of incidence is not air, but some optically dense material,

whose refractive index is close to the refractive index of one the layer materi-

als. Another useful approach to increase the bandwidth of CMs is to use pairs of

mirrors designed for mutual compensation of GDD oscillations [33]. In this case

each of the mirrors may have relatively large GDD oscillations, but the net disper-

sion of the pair is smooth. To design such a pair of mirrors one has to optimise

layer thicknesses of both mirrors simultaneously using the same algorithms as for

design of single mirrors.

Although the design of ultrabroadband CMs doesn’t require new optimisa-

tion techniques, it does require that one should be much more careful defining

23



optimisation targets. It turns out, that an accurately chosen merit function is in-

dispensable for successful design of ultrabroadband coatings.

1.2.1 A merit function based on simulation of pulse reflection

An ideal CM would reflect 100% of the incident radiation and introduce a GDD

exactly equal to the prescribed one. Thus, the merit function commonly used for

characterising properties of dispersive multilayer coatings has the form [5]:

f (x1,x2, . . . ,xn) =
1
m

m

∑
i=1

(νi(1−Ri)
2 + wi(D̃i−Di)

2), (1.6)

where Ri and Di are the reflectance and the GDD of the mirror at the wavelength

λi calculated from the parameters of the merit function x1,x2, . . . ,xn , D̃i is the

target GDD at this wavelength, νi and wi are the weights given to the reflectance

and the GDD values, respectively. The number of wavelengths m, at which the

reflectance and the GDD have to be evaluated, depends on the required bandwidth;

for a chirped mirror with the bandwidth of 200÷300 nm it is a reasonable to take

m∼ 100.

Standard CMs can be efficiently designed by employing this merit function.

Usually both a reflectance close to 100% and accurate GDD control over≈ 300nm

can be achieved with a moderate (< 50) number of layers. Extreme design spec-

ifications such as bandwidth approaching an optical octave call for a trade off

between reflectance/transmittance and GDD deviations making the choice of the

weights in Eq. (1.6) non-trivial. For example, at some iteration an optimisation al-

gorithm may have to chose between two designs: one with an average reflectance

of 98% and an amplitude of GDD oscillations of 30 fs2, and the other with an

average reflectance of 97%, and GDD oscillations having an amplitude equal to

10 fs2. Which of these designs will be preferred depends on the weights given to

the reflectance and the GDD in Eq. (1.6), but which of them is really better for a

particular application?

There is another problem with the merit function defined by Eq. (1.6). If GDD

curves of two different designs exhibit the same second-order momentum devia-
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tions from the target GDD, their contributions to the merit function (1.6) will be

equal. Still, reflecting the pulse off the mirrors with identical merit functions can

affect the temporal shape of the pulse in very different ways. Mirrors introducing

a residual GDD described by the full oscillating curve or by the dashed step-like

curve in Fig. 1.6 (left plot) have the same figure of merit according to Eq. (1.6)

(we assume that the reflectance is 100% in both cases). The effect of the residual

chirp corresponding to the two GDD curves on a 5-fs bandwidth-limited Gaus-

sian pulse (having a centre wavelength of 800 nm) is also shown in Fig. 1.6 (right

plot). The oscillating dispersion distorts the pulse shape to a much smaller extent,

although both residual GDDs deliver exactly the same contribution to the merit

function (1.6). This ambiguity and the difficulty in choosing the weight coeffi-

cients can be avoided by using a merit function that directly evaluates the effect of

the amplitude and phase change introduced by the mirror on a reflected broadband

pulse.

The effect of the reflection on the temporal pulse shape can be calculated by

multiplying the complex spectrum of the incident pulse by the transfer function

of the mirror H(ω) = |r(ω)|exp[iϕ(ω)], where r(ω) and ϕ(ω) = arg[r(ω)] are

the complex reflectivity and the phase shift on reflection, respectively. Fourier

transforming the product yields the temporal shape of the reflected pulse. To

evaluate the quality of a design one should take a sufficiently short trial pulse

and set ϕ(ω) equal to the difference between the target phase and the phase shift

introduced by the mirror.

The evaluation of the merit function based on simulation of pulse reflection is

more time-consuming than the evaluation of Eq. (1.6), because it involves calcu-

lating a Fourier transform (even if the fast Fourier transform algorithm is applied).

Thus, such a merit function should only be used for optimisation of sophisticated

dispersive coatings (e.g. chirped input/output couplers or ultrabroadband CMs)

that can not be unambiguously characterised by the standard merit function (1.6).

Fig. 1.7 compares two CMs, one of which was optimised to yield maximum peak

intensity of the reflected pulse, and the other was optimised to minimise (1.6).
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Figure 1.6: Comparison of influences of oscillating (a) and step-like (b) deviations

from the GDD target on the shape of a 5-fs bandwidth-limited Gaussian pulse:

The left panel depicts the spectrum of the pulse and GDD deviations from the

target that produce equal contributions to the merit function given by Eq. (1.6).

The step-like GDD distorts the pulse shape much more strongly compared to the

oscillating GDD as revealed by the respective reflected temporal intensity profiles

(right panel).

Although the GDD oscillations are much smaller and the reflectance is better in

the second case, the corresponding pulse is much longer.

Depending on the parameters most critical for the application, either the peak

intensity, the pulse duration (root mean square or full width at half maximum),

or a weighted combination of these parameters can be used to construct the merit

function. Obviously, traditional targets can be additionally used, e.g. in order to

impose a high transmittance within the absorption-band of a laser medium that is

necessary for input-couplers. An example of an ultrabroadband TFI chirped mir-

ror designed with such a merit function is given by Fig. 1.8. The mirror consists of

70 layers made of the “Layertec” materials (section 1.1.3 on page 18). The mirror

was designed with the additional requirement that the reflectance be as high as

possible in the long-wavelength part. After several attempts the following merit
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Figure 1.7: Comparison of two TFI chirped mirrors. The incoming pulse (for

the compression of which the mirrors were designed) is shown in panel (b). It

has the spectrum depicted in (a) and carries a chirp corresponding to a 10 mm

propagation path through fused silica. Panels (d) and (f) show the calculated

intensity obtained after 10 bounces of the chirped pulse off a mirror optimised

for the peak intensity of the reflected pulse and off a mirror optimised with the

conventional merit function, respectively. Comparison between (d) and (f) clearly

demonstrates that compression with the mirror optimised with the conventional

merit function (e), which has smaller GDD oscillations and better reflectance,

results in a much poorer pulse shape.
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function was found to provide a satisfactory result:

f =

(
W −W̃

W̃

)4

+
1
N

[
∑

550≤λi≤1100





(
0.8−Ri

0.01

)4
, Ri ≤ 0.8,

0, otherwise

+ ∑
λi>1100

(
1−Ri

0.01

)4]
, (1.7)

where W is the root-mean-square (RMS) width of the reflected pulse, W̃ is the

RMS width of the trial pulse, Ri is the reflectance at the wavelength λi, the sum-

mation is performed over N wavelengths λi, at which mirror properties are eval-

uated. The first term in (1.7) sets the requirement that the dispersion broadening

of the trial pulse followed by dispersion compensation (one reflection off the mir-

ror) should change the duration of the pulse as little as possible. The rest of the

merit function represents the target for reflectance, where the mirror’s bandwidth

is split into two regions: in the spectral region 550 ≤ λi ≤ 1100 we do not care

about reflectance if it is larger than 80%, while in the spectral region λ > 1100nm

reflectance as high as possible is demanded.

1.3 Sensitivity to perturbations of layer thicknesses

Any manufacturing process introduces systematic and random errors into the opti-

cal thicknesses of layers. The systematic errors (like, e.g. a uniform increase in the

thickness of all layers) are usually not critical for CMs, because these errors only

slightly change the reflectance and dispersion characteristics and/or shift them in

the spectral domain, but the random perturbations pose a serious problem. The

group delay dispersion (GDD) of CMs is very sensitive to small discrepancies

between the layer thicknesses of a calculated design and those of the manufac-

tured mirror. This effect becomes more and more pronounced as the required

spectral range gets broader. Modern technologies, like ion-beam sputtering, allow

control of layer thicknesses within a fraction of nanometre, but even these small

deviations can make the GDD of a manufactured design very different from the

expected one.
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Figure 1.8: An example of a broadband TFI chirped mirror designed for the

wavelength range 560-1130 nm. The mirror consists of 70 layers, the incidence

medium is fused silica, the angle of incidence is 5◦, the light is p-polarised. Nei-

ther the reflectance of the fused-silica wedge to the air, nor the dispersion of the

wedged plate were taken into account in this figure.
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This sensitivity may be regarded as an additional design criterion, it should

be taken into account when choosing the best design out of a few comparable

ones, and it can be optimised with a proper algorithm. In this section I present

such an algorithm that can be used to make designs more robust and more suitable

for manufacturing, but first, I would like to put down a few simple but important

statements about the sensitivity.

• Reflectance of a chirped mirror is usually rather insensitive to small pertur-

bations, while the GDD oscillations may grow by an order of magnitude

as compared to the ideally manufactured mirror. This is explained by the

fact that the dispersion GDD(ω) = −ϕ ′′(ω) =−d2(arg[r(ω)])/dω2 being

the second derivative of the phase shift is very sensitive to small frequency-

dependent changes of the complex reflectivity r(ω) introduced by the per-

turbations, while the reflectance R(ω) = |r(ω)|2 doesn’t involve any differ-

entiation and, consequently, it is more robust against the perturbations.

• Even a single thin layer can make a CM design very sensitive to pertur-

bations of layer thicknesses, especially, if this layer is close to the front

interface of the mirror. If an optimisation process has not made the layer

infinitely thin, then the layer, even being much thinner than the wavelength,

is supposed to play an important role in the coating. In this case it is not

surprising when a perturbation comparable to the thickness of the layer has

a big impact on mirror properties. Unfortunately, thin layers (. 10nm) are

unavoidable in broadband CMs. Nevertheless a reasonable compromise can

always be found.

• The larger the penetration depth, the higher the sensitivity is. For example,

negative-dispersion CMs are always more sensitive in the long-wavelength

region, because the penetration depth increases with the wavelength.

As a good example of how important the penetration depth can be in the con-

text of sensitivity, let us consider a CM with a high third-order dispersion (TOD).
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This mirror was manufactured and now it is used in pulse-compression experi-

ments. The requirements to the design were the following: the third- and the

forth-order dispersion at the central wavelength λ0 = 800nm had to be equal to

600 fs3 and 1800 fs4, respectively, the second-order dispersion D2(λ0) was a free

parameter, the mirror had to be designed for the wavelength range 680-930 nm.

Setting D2(λ0) to 100 fs2 one can design a mirror, for which the GDD closely

follows the target curve shown in Fig. 1.9 in the left panel. Nevertheless, this de-

sign has virtually no chance to become a useful mirror when manufactured, since

the sensitivity of its GDD to small perturbations of layer thicknesses is very high

in the short-wavelength region, as it is revealed by the sensitivity analysis: each

error bar in the plot represents the smallest GDD range such that the probabil-

ity of GDD being in this range is equal to erf(1/
√

2) ≈ 0.68 (the probability of

finding a normally distributed random variable within the root-mean-square width

of the distribution). The sensitivity can be reduced dramatically, if one sets the

D2(λ0) = −100 fs2. The GDD of a mirror designed with this target is shown in

Fig. 1.9 in the right panel. As one can see, the error bars are significantly shorter in

the latter case, and the mirror is most sensitive in the long-wavelength region. An

insight into why the sensitivity depends so much on the target D2(λ0) can be given

by electric-field intensity plots, such as the ones shown in Fig. 1.10. The GDD of

a mirror is positive, if the penetration depth decreases with the wavelength. Since

D2(λ0) = 100 fs2 implies a large positive target GDD in the short-wavelength re-

gion, large penetration depths are unavoidable for short wavelengths. Thus, mir-

rors generated with this target will inevitably be very sensitive in this region. The

sensitivity can be diminished, if one carefully selects D2(λ0) in order to make the

penetration depth as uniform as possible over the whole spectral range. For the

considered design the optimal value is close to D2(λ0) =−100 fs2 (Fig. 1.10, the

right panel).
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Figure 1.9: Chirped mirrors designed to have a large TOD, where the target GDD

at the central wavelength D2(λ0) is a free parameter equal to 100 fs2 for the mirror

(a) and −100 fs2 for the mirror (b). The error bars are calculated from analysis

1000 randomly perturbed designs, where the perturbations of layer thicknesses

have the Gaussian distribution with the standard deviation of 1 nm.
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Figure 1.10: The electric-field-intensity plots for the mirrors presented in Fig. 1.9.

Red colour represents large values of the squared amplitude of the electric field

|E0|2, while the violet colour corresponds to small values of |E0|2. From these

figures one can see that the sensitivity is higher in those parts of the spectral range,

where the penetration depth is larger.

1.3.1 Stochastic quasigradient algorithm

The global optimisation algorithm, described in section 1.1.2, leads to a set of

designs of comparable quality. In analysing these designs, one may notice that

they have different sensitivities to random perturbations of layer thicknesses. This

raises the question: is it possible to optimise this sensitivity? There have been

attempts to do so; for example, the sensitivity optimisation is included in com-

mercial software [34] (where it is known to work quite slowly). Here I report an

attempt to apply algorithms of optimisation of noisy functions to the design of

chirped mirrors.

Why should the merit function be noisy and how can it be made so? If one

were able to evaluate the merit function for each of the trial designs by manufac-

turing the corresponding mirror and measuring its properties, the function would

look as if some noise were added to it. To find a minimum of such a function

would mean to find a point, where its average value is minimal, and this solu-

tion would obviously give us the most robust design. This noise can be simulated
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by calculating the merit function each time not exactly for the given layer thick-

nesses but for randomly perturbed thicknesses for which the random perturbation

simulates the errors introduced by the manufacturing process.

The classical optimisation algorithms are barely applicable, when the function

values are corrupted with noise, because they rely on determinism of the merit

function. One of the approaches that are suitable for this case is known under the

name “stochastic quasigradient methods” [35]. The underlying idea is simple: at

each iteration the gradient of the merit function is estimated and a step in the di-

rection opposite to the gradient is made. It resembles the steepest descent method,

but the stochastic nature of the merit function requires specialised techniques to

estimate the gradient and places certain restrictions on the sequence of step sizes.

If all the necessary mathematical conditions (thoroughly described in [35]) are

met, the algorithm is guaranteed to converge to a stationary point with probability

1, though the convergence may be very slow. One of the advantages of this method

is that the sensitivity does not have to be explicitly calculated to be optimised. The

algorithm I implemented is analogous to the one used for the feed-back control of

adaptive optics [36], for which it is termed “parallel stochastic perturbative gra-

dient descent”. To estimate the gradient of the merit function, the simultaneous

perturbation approximation [37] was used. Let (x1,x2, . . . ,xn) be a vector of layer

thicknesses. The noisy merit function J̃(x1,x2, . . . ,xn) is connected to the exact

merit function J(x1,x2, . . . ,xn) by applying random technological perturbations to

the layer thicknesses:

J̃(x1,x2, . . . ,xn) = J(T1(x1),T2(x2), . . . ,Tn(xn)). (1.8)

To estimate the gradient of this function let us introduce m vectors of n mutu-

ally independent random variables (ξk1,ξk2, . . . ,ξkn), k = 1, . . . ,m. If the vari-

ables satisfy certain mathematical conditions [37], the most important of which

are that 1) the variables must have zero expectation value E(ξki) = 0 and 2)

E|ξ−1
ki | or some higher inverse moment of ξki must be bounded, then the gradient
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of J̃(x1,x2, . . . ,xn) may be estimated from 2m measurements:

∇J̃ ≈ 1
m

m

∑
k=1




J̃+
k − J̃−k
2ckξk1

...
J̃+

k − J̃−k
2ckξkn



, (1.9)

where

J̃+
k = J(T1(x1 + ckξk1),T2(x2 + ckξk2), . . . ,Tn(xn + ckξkn)),

J̃−k = J(T1(x1− ckξk1),T2(x2− ckξk2), . . . ,Tn(xn− ckξkn)),

and ck is a positive scalar determining the step size. It is common to take the

random variables ξki as symmetrically Bernoulli distributed: ξki =±1 with equal

probabilities P(1) = P(−1) = 1/2. In this case E(ξki) = 0 and E|ξ−1
ki |= 1, so that

the necessary conditions for (1.9) are satisfied. A larger number of iterations m

provides a more accurate estimation of the gradient, improving the convergence of

the algorithm, but requires more evaluations of the merit function, increasing the

time necessary for one iteration. A compromise should be found that will produce

the best performance. The remarkable feature of this algorithm is that the optimal

value of m is often much smaller than the number of variables n, which makes the

algorithm faster than the one based on the “classical” estimation of the gradient.

A result of the sensitivity optimisation is shown in Fig. 1.11. The mirror con-

sisting of 49 layers was optimised in the wavelength range 650-900 nm for the

normal incidence of light from the air. The design obtained was further optimised

with the aid of a simple implementation of the stochastic quasigradient algorithm,

in which the step size was kept constant (equal to 0.5 nm), the random variables

ξki were allowed to take only values +1 and −1 with equal probabilities, ck were

chosen to be equal to 2 nm; 10000 iterations were performed to get the final de-

sign. Two major assumptions were made regarding the error distribution of layer

thicknesses introduced by the manufacturing process: first, the perturbations were

simulated by an additive noise that affected all the layers in the same way, and,

second, the distribution was taken to be Gaussian with a standard deviation of
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Figure 1.11: The result of sensitivity optimisation of a modest-bandwidth chirped

mirror. The mirror consists of 49 layers, the incidence medium is the air, normal

incidence. The error bars were obtained for the standard deviation of technologi-

cal errors equal to 1 nm.
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1 nm. It was observed that the sensitivity optimisation substantially shortens the

error bars. Although the optimisation tends to decrease the quality of the ideally

manufactured design (with the layer thicknesses exactly equal to the prescribed

ones), this effect may be overcompensated by improved design robustness, pro-

vided the technological perturbations have been well enough approximated.
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Chapter 2

High harmonic imaging of few-cycle

laser pulses

In ordinary optics a laser pulse is well defined for all practical purposes, when

its envelope and chirp or, equivalently, the spectrum and the relative phases be-

tween the spectral components are known. With extremely short pulses the peak

heights of the electric field vary significantly with their positions under the enve-

lope. To determine these positions, the “carrier-envelope” (also known as “abso-

lute”) phase ϕCE must be known in addition to the relative phases between spectral

components. For a chirp-free pulse with fundamental frequency ωl one can define

ϕCE by writing the electric field E(t) as

E(t) = f (t)cos(ωlt + ϕCE). (2.1)

The pulse envelope f (t) is chosen such that the maximal electric field strength for

a given envelope is reached at t = 0 for a “cosine pulse” ϕCE = 0, while a “sine

pulse” ϕCE = π/2 has two smaller field peaks with opposite signs (Fig. 2.1).

Without stabilisation, the CE phase changes randomly from pulse to pulse

[38]. If pulse duration is much larger that one optical cycle, all known physical

effects are insensitive to the CE phase. The situation changes for few-cycle pulses.

In this case the CE phase was predicted [39, 40, 41, 42, 43] and observed [A4, 44]

to affect strong-field phenomena, manifesting itself in harmonic spectra, harmonic
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Figure 2.1: A “cosine” (ϕCE = 0) and a “sine” (ϕCE = 90◦) laser pulses. The

cosine pulse has one dominant peak of intensity, while the sine pulse has two

dominant peaks that are equal in magnitude as long as the pulse envelope is sym-

metric and chirp is absent. The pulses in this figure have a sech shape with the

FWHM of 5 fs.

yield, energy and angular distribution of photoelectrons. Still, it was only recently

that the advances in the generation of ultrashort laser pulses allowed to stabilise

[15] and measure [A4] the CE phase.

The stabilisation of the CE phase allowed for the first time to measure high-

harmonic spectra for a fixed value of the phase, and not just an averaged spectrum.

Although the structure of these harmonic spectra had already been predicted by

numerous numerical calculations [40, 42, 45, 46, 47, 48, 49, 50, 51, 52, 53], no-

body had proposed a method of systematical analysis of experimental spectra and

it was not clear, what kind of information could be extracted from them. In this

chapter it will be shown that the high harmonic power spectrum provides an image

of the strongest laser electric field peaks giving direct access to intensity, pulse du-

ration, and ϕCE up to an ambiguity with respect to the overall sign of the electric

field and the sequence of field peaks in the pulse. By looking at harmonics we

literally for the first time can have a look on the electric field of a short light pulse.
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This chapter is organised in the following way. In section 2.1 I briefly describe

the model used for simulations of high-harmonic generation and propagation, and

I also compile all the information about the recollision model that is necessary to

introduce the method of analysis of high-harmonic spectra. The method itself is

described in section 2.2. It is important to take pulse chirp into account, when

applying this method, this issue is discussed in section 2.2.1. The applicability of

the method, its advantages and disadvantages are discussed in section 2.2.2

2.1 Simulation of generation and propagation of high-

order harmonics

Theoretical investigations of high-harmonic generation (HHG) are hardly possible

without computer simulations. The first ab-initio calculations of HHG in a rare

gas taking account of both the single-atom response and propagation effects in

a non-perturbative way were reported in Ref. [45]. Since then different aspects

of the process were explored by either solving the time-dependent Schrödinger

equation or employing the semi-classical theory of Lewenstein et. al. [47]. The

former approach is more accurate and it allows to investigate effects inaccessible

to the semi-classical model (e.g. diffusion of electronic wavepackets, quantum

interferences, HHG by rescattered electrons etc), but numerical solution of the

Schrödinger equation is much more time consuming in comparison with semi-

classical calculations. This becomes especially important if spatial effects play

an important role, so that generation and propagation of high harmonics in three

spatial dimensions has to be simulated.

In my work I used an improved version of the code which was first presented

in Ref. [53]. The code simulates propagation of an ultrashort laser pulse in a gas

undergoing ionisation. A three-dimensional model is implemented, where cylin-

drical symmetry is assumed for the transverse beam profile. Simultaneously, the

code simulates generation and propagation of high harmonics. The atomic dipole

response to the laser field is calculated by an extension of the model of Lewenstein
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et. al. [47, 53], using accurate static-field ionisation rates obtained from numerical

fully quantum-mechanical calculations [54]. Harmonic absorption and diffraction

are taken into account, as well as the geometrical (Gouy) phase shift, dispersion

introduced by free electrons, ionisation energy losses, and the delay due to the

refractive index of neutral atoms. The one-dimensional version of the code was

originally written by T. Brabec and G. Tempea [19], then it was generalised to the

three-dimensional case by N. Milosevic [55]. My own contribution to the code

was, first of all, in making it substantially faster and employing more accurate nu-

merical schemes. I included diffraction of harmonics into the propagation part of

the code, implemented the Crank-Nicholson scheme (described in the appendix

A.2) , and improved the algorithm of birth-time calculation.

In order to test the code a comparison was performed with purely quantum-

mechanical calculations [56]. Fig. 2.2 shows a good concordance between the two

calculations, especially if the harmonic signal is integrated over the transverse

beam profile. The laser pulse in these calculations was specified by the vector

potential

A(t) = A0 sech
(

2.356 t + π/4
2π

)
sin(2.356 t),

where the time t is measured in femtoseconds (the FWHM of the pulse is ap-

proximately 5 fs), a Gaussian beam profile with the beam waist w0 = 61 µm was

assumed, the peak intensity of the pulse was taken to be equal to 5×1014 W/cm2.

2.1.1 The recollision model of high-harmonic generation

The model of Lewenstein [47] is based on the so-called recollision scheme: an

electronic wave packet is detached from the atom by tunnelling around each oscil-

lation peak of a laser electric field that is strong enough to substantially suppress

the effective binding potential; depending on the initial conditions the electron

can return to the point where it was released where it recombines with its parent

ion and releases its excess energy in bremsstrahlung-like radiation. This model is

applicable to a regime where bound states are not important (low-frequency high-

intensity laser field) and by now the model is well established. Nevertheless, it has
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Figure 2.2: Harmonic spectra calculated in the fully quantum-mechanical model

(red curves) and in the semiclassical model (blue curves). The left panel shows

the power spectrum of the second derivative of the single-atom dipole response

|F [d̈(t)|2, while the right panel shows the power spectrum integrated over a range

of intensities of the laser pulse, accounting in such a way for a particular transverse

profile of the laser beam. Parameters of the calculations are listed in the text.
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some subtleties that are very important for the research presented in the thesis. So,

I will shortly describe the model along the lines of Ref. [57].

The dipole moment responsible for high-harmonic generation is obtained as

a product of three probability amplitudes (atomic units are used throughout this

section):

d(t) = Re

[
∑
tb

1√
i
aion(tb)apr(tb, t)arec(t)

]
, (2.2)

where tb stands for a particular birth time of the electron, which recollides with its

parent ion at the moment t. The “ionisation”, “propagation”, and “recombination”

probability amplitudes in Eq. (2.2) are given by

aion(tb) =

√
dn(tb)

dt
, (2.3)

n(t) = n0

(
1− exp

[
−
∫ t

−∞
dt ′w{El(t ′)}

])
, (2.4)

apr(tb, t) =

(
2π

t− tb

)3/2 (2Wb)1/4

El(tb)
exp[−iS(tb, t)], (2.5)

S(tb, t) =

∫ t

tb
dt ′
(

1
2

[p(tb, t)−Al(t ′)]2 +Wb

)
, (2.6)

arec(t) =
p(tb, t)−Al(t)

[2Wb +{p(tb, t)−Al(t)}2]3
, (2.7)

Al(t) =−
∫ t

−∞
dt ′El(t ′), (2.8)

p(tb, t) =
1

t− tb

∫ t

tb
dt ′Al(t ′), (2.9)

where n(t) is the free-electron density, w{El} is the ionisation rate at the electric

field El , n0 is the initial concentration of neutral atoms, Wb is the ionisation po-

tential, p is the classical momentum of the electron. The instant of birth tb as a

function of time t is determined by solution of the algebraic equation

p(tb, t)−Al(tb) = 0. (2.10)

For a fixed time t this equation can have several solutions, which are included into

the sum in Eq. (2.2).
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2.1.2 Photon energies

It is convenient to regard oscillations of the dipole moment (2.2) as radiation of

photons, where the photon energy depends on the recollision time. Since the only

fast-oscillating term in equations (2.3-2.9) is exp[−iS(tb, t)], the frequency is given

by the derivative dS/dt at the moment of recollision. From (2.6) we have

dS
dt

=

(
1
2

[p(tb, t)−Al(t)]2 +Wb

)
− dtb

dt

(
1
2

[p(tb, tb)−Al(tb)]2 +Wb

)
. (2.11)

According to (2.10) p(tb, t) is equal to Al(tb) provided that t is the recollision

moment, and from (2.9) we conclude that

p(tb, tb) = lim
t→tb

1
t− tb

∫ t

tb
dt ′Al(t ′) = Al(tb). (2.12)

Further, from (2.8), (2.9), and (2.10), we obtain

dtb
dt

=
Al(t)−Al(tb)

A′l(tb)(t− tb)
=−Al(t)−Al(tb)

El(tb)(t− tb)
. (2.13)

With this expression and Eq. (2.11) the instantaneous frequency of dipole oscilla-

tions (the photon frequency) can be written as

ω(tb, t) =
dS
dt

= εkin +Wb ·
(

1 +
Al(t)−Al(tb)

El(tb)(t− tb)

)
, (2.14)

where

εkin =
1
2

[p(tb, t)−Al(t)]2 =
1
2

[Al(t)−Al(tb)]2 (2.15)

is the kinetic energy of the electron at the recombination moment. This result

is rather surprising, because the photon energy is not simply the kinetic energy

of the electron plus the ionisation potential, but it also contains the correction

term, which is basically explained by the connection between the birth and the

recombination times of an electron. Mathematically speaking, the term appears,

because the derivative dtb/dt in Eq. (2.11) is not equal to zero. It does not imply

any contradiction with the energy conservation law, because equation (2.14) does

not determine the energy radiated in the form of harmonic radiation, it only gives

a semiclassical value for the most probable photon energy.
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Let us estimate the correction term for some typical parameters. Taking the

harmonic energy εkin = 100eV = 3.7a.u., the electric field at the birth time El(tb) =

6×1010 V/m = 0.1a.u., and t− tb = 1.6fs = 70a.u. we obtain
∣∣∣∣
Al(t)−Al(tb)

El(tb)(t− tb)

∣∣∣∣=

√
2εkin

|El(tb)|(t− tb)
= 0.4.

So, the correction term in Eq. (2.14) is important for interpretations of high-

harmonic simulations.

The correctness of formula (2.14) has been confirmed by the full quantum-

mechanical calculations. Fig. 2.5 on page 51 shows such an example, in which

the photon energies calculated with Eq. (2.14) are compared to the time-frequency

analysis of a quantum-mechanical calculation (a detailed discussion of the time-

frequency analysis is given in section 2.1.4). Fig. 2.5 also shows that the recolli-

sion model gives a consistent explanation of high harmonic generation throughout

the laser cycle.

The highest-order harmonics form the so-called “cut-off” region in the har-

monic spectrum where radiation intensity rapidly decreases with the frequency. It

is well known (Ref. [47]) that for long laser pulses the cut-off energy is approxi-

mately equal to

εcutoff = Wb + 3.17
E2

0

4ω2
l
, (2.16)

where E0 is the amplitude of the laser field. Surprisingly, Eq. (2.16) gives accurate

results even for few-cycle pulses if one replaces E0 with the amplitude of the

electric field half cycle, within which the corresponding electron recollides with

the parent ion. So, the semiclassical cut-off energy for the 5-fs Gaussian pulse

shown in Fig. 2.3 is equal to 113 eV. With E0 = 5.86× 1010 V/m = 0.114a.u.,

ωl = 2.36fs−1 = 0.057a.u., and the ionisation potential of neon Wb = 21.6eV =

0.79a.u. the cut-off energy calculated with the aid of Eq. (2.16) is equal to εcutoff =

108eV, which differs by only 5% from the exact value.

It is also important to understand that each photon energy is generated at most

twice during a laser half-cycle, corresponding to “short” and “long” trajectories of

the classical picture [47, 58]. This is illustrated in Fig. 2.3. There are a few effects
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Figure 2.3: Detachment and recombination of electrons. Both the short and long

electron trajectories result in the same kinetic energy of the electron at the re-

combination moment, but the phase change of an electronic wavepacket between

the birth and recombination moments is more sensitive to the laser field, if the

electron follows the long trajectory. The trajectory of the maximal electron’s ki-

netic energy is plotted as the black broken line (in this case the short and long

trajectories become identical).
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which make the contribution from short trajectories much stronger in comparison

with the contribution from long trajectories [58]. First, an electronic wave packet

expands as it is moving in the continuum, thus the probability of hitting the parent

ion is lower for longer trajectories. Second, the phase of radiated photons depends

on the intensity of the laser pulse, so it depends on the distance to the axis of the

laser beam. For longer trajectories this dependence is stronger than for short ones,

and this effectively suppresses the contribution from the long trajectories when

the harmonic spectrum is integrated over the beam profile (Fig. 2.4). Third, short

trajectories are found to experience more favourable phase-matching conditions,

so that propagation through a target medium further attenuates the long-trajectory

signal.

2.1.3 Simulated harmonic spectra

At this point we have to clarify what we call “harmonics”. In the domain of the

perturbative non-linear optics the nth harmonic of the electric field oscillating with

the frequency ω0 oscillates with the frequency nω0. In particular, only harmonics

with an odd value of n can be generated in an inversion symmetric medium. The

situation changes dramatically in the strong-field regime, where the perturbative

approach is no longer applicable. If a laser pulse is as short as a few optical cycles,

then the peaks in the harmonic spectrum are no longer fixed to multiples of the

central frequency of the laser pulse. This behaviour appeared in numerical simu-

lations [51] and was observed in a recent experiment with phase-stabilised pulses

[A4]. Strictly speaking, the high-frequency radiation generated by an ultrashort

laser pulse in the strong-field region may not be called “harmonic radiation”. Nev-

ertheless, there is currently no alternative name for it. To remain consistent with

the current conventions in this field of science, I call this radiation “harmonic” and

the physical process behind it the “high harmonic generation”. One should keep

in mind though, that these harmonics have some very special properties, discussed

below.

One of these properties, which attracted attention of researchers, is the influ-
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ence of the CE phase ϕCE of the laser pulse on the structure of harmonic spectra

[40]. It was observed that the frequencies of “harmonics” are shifted when the

CE phase is changed, in spite of the fact that this change does not affect the spec-

trum of the laser pulse. This can be easily understood if one notices that if a

laser pulse is so short, that the ϕCE begins to play an important role, the sine-

and cosine-pulses show different behaviour under the time-reversal t →−t: the

field of a cosine-pulse remains invariant, while the field of a sine-pulse changes its

sign (here we consider bandwidth-limited pulses with symmetric envelopes). The

cosine pulse therefore has a preferred orientation of the electric field—the orien-

tation of the maximal field peak, which breaks the symmetry of field orientations

usually assumed in optics. The violation of symmetry has a striking manifestation

in the high-harmonic spectrum of a cosine pulse: the rule that harmonic peaks

only appear at odd multiples of the fundamental frequency is violated.

Another interesting property of high harmonics is the structure of the so-called

cut-off region—the farthest part of spectrum, where the spectral intensity rapidly

decreases with photon energy. In Fig. 2.2 the cut-off region spans approximately

over harmonic orders 73-80. It was found [40] that this region can be either

smooth or modulated depending on the CE phase of a few-cycle laser pulse: a

cosine-pulse generates a smooth cut-off without any harmonic structure, while

a sine-pulse is associated with a regularly modulated cut-off. This behaviour is

clearly seen in Fig. 2.4. The two upper panels show the intensity of the harmonic

field on axis Ih(ω,ρ = 0) for a very short propagation distance and for the dis-

tance, where phase-matching effects come into play (L = 2mm is approximately

1/4 of the coherence length near h̄ω = 100eV). The lower panels show the corre-

sponding spectra integrated over the radial coordinate:

Ĩh(ω) =

∫ ∞

0
ρIh(ω,ρ)dρ. (2.17)

In these pictures one can also see that the integrated spectra look much more

regular than the spectra on axis, and they become even more regular after prop-

agation. Both effects are explained by the effective suppression of long electron

trajectories [51, 59]. On the one hand, Fig. 2.4 demonstrates that it is absolutely
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Figure 2.4: Harmonic spectra obtained by semi-classical simulations for different

propagation distances and two different values of the CE phase: ϕCE = 0◦ (red

curves) and ϕCE = 90◦ (blue curves). Integration over the radial coordinate makes

spectra much more regular (this is explained by the effective suppression of the

long electronic trajectory). The HHG was simulated for neon at 100 mbar, 5-fs

Gaussian laser pulse with the beam waist of 61 µm and the central wavelength

λ0 = 750nm that corresponds to the photon energy of 1.65 eV. The cut-off region

covers harmonic orders 73-80.
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necessary to consider spatial effects to analyse harmonic spectra, on the other

hand, we will soon see that the classical picture of photon energies can still be

used to interpret harmonic spectra, provided that one removes the long trajecto-

ries from the picture.

2.1.4 Time-frequency analysis

A very useful tool which gives us insight into the HHG process is the time-

frequency analysis. In this analysis a time-dependent signal [in our case, the elec-

tric field of the harmonic radiation Eh(t) or the second derivative of the atomic

dipole d̈(t)] is multiplied by a narrow window function g(t) and the result is

Fourier transformed. We used a Gaussian window with the width chosen to be

a small fraction of the laser optical cycle, but still longer than the period of har-

monic oscillations: T = 0.05×2π/ωl. Fig. 2.5 shows the time-frequency analysis

of a dipole response calculated in the full quantum-mechanical model:

H(ω, t) =
∣∣∣Ft ′[d̈(t ′)e−(t−t ′)2/T 2

]
∣∣∣
2
. (2.18)

In the central panel one sees several harmonic radiation bursts, which we label by

Bt with t =−0.5,0,0.5, and 1 referring to the approximate times where the lower

energies of the burst are generated. The intensity of each Bt is proportional to

the ionisation rate at the starting time tb of the classical trajectory, which precedes

recollision by typically |t− tb| ≈ 1/2 optical cycle. As ionisation is strongest for

the peak field at t = 0, the burst B0.5 has the highest intensity. The right panel

of Fig. 2.5 shows the spectrum of the single-atom contribution to the harmonic

radiation. It is interesting now to interpret the spectrum with the aid of the time-

frequency analysis. At the highest photon energies (≈ 125eV), there is only one

single burst of high-harmonic radiation that is responsible for the smooth cut-off

of the harmonic spectrum. At lower photon energies, there are contributions from

several bursts, which modulate the spectrum. If the laser pulse is much longer

than its central wavelength λ0, there will be many nearly identical bursts, with the

phase changing by π from burst to burst. In the frequency domain this produces
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Figure 2.5: Time-frequency analysis of the dipole response of a neon atom to

a strong short laser pulse. The box at the bottom shows the acceleration of the

atomic dipole by a 5-fs laser pulse with sech envelope, central wavelength of

800 nm, and peak intensity of 5× 1014 W/cm2. The box to the right shows the

harmonic power spectrum. Solid lines in the time-frequency plot indicate har-

monic energies calculated from equation (2.14).
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the usual harmonic comb, in which the peaks are centred around odd multiples of

ωl = 2πc/λ0. The picture is different for few-cycle laser pulses. In this case only

a few bursts contribute to the spectral part situated just below the cut-off. This

creates a rather irregular modulation of harmonic spectra. In the next section it

will be demonstrated that the information contained in this modulation is sufficient

to retrieve the electric field of the highest peaks of a laser pulse as well as the CE

phase of the pulse. This is the main finding presented in this chapter of my PhD

thesis.

2.2 Advanced analysis of high-harmonic spectra

In section 2.1.4 it was demonstrated that the frequencies of the dipole response

keep a detailed record of the laser field, which to a certain degree has to reappear

in the harmonic power spectrum, except that information on the harmonic phase is

lost and therefore no absolute times but only time-separations of the electric field

peaks are reflected in the spectrum. One of the well known features, for example,

is the modulation of the cut-off region in harmonic spectra: for a cosine laser

pulse the cut-off is smooth, while for a sine pulse, it is modulated. This behaviour

was exploited to make the first measurements of the CE phase [A4]. To perform

such an experiment, ultimately short laser pulses are necessary. Apart from that,

the photon flux in the cut-off region is rather weak. This stimulated the research

to find a way to extract some useful information from the part of the harmonic

spectrum, which precedes the cut-off region.

In an experiment, one does not record the signal from a single atom, but from

an ensemble of atoms distributed across the focal region of the laser. Phase match-

ing effects, the spatial laser intensity profile, and the focal distortions of the laser

wave front must be taken into account. By simulating the three-dimensional prop-

agation of laser pulse and harmonics we verified that phase matching effects do

not distort the harmonic image, provided one uses a long laser focus and operates

well below the regime, where harmonic generation saturates (see A.3 in the ap-
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Figure 2.6: Time-frequency plot of electric field on axis (a) and power spectrum

(b) generated in a gas volume after propagation over 10 cm. (Pulse parameters as

in Fig 2.5.)

pendix). Under these conditions the time-frequency plot of HHG can be partially

recovered from the harmonic power spectrum h(ω). Applying a frequency-time

analysis to h(ω)

Z(τ,ω) =
∣∣∣Fω ′ [h(ω ′)e−(ω−ω ′)2/Ω2

](τ)
∣∣∣
2
, (2.19)

we can determine the time-separation of radiation bursts contributing to the har-

monic spectrum at a given energy ω . The width of the Gaussian window function

Ω must be large enough to enclose a few harmonic orders, and at the same time

it should be as small as possible to get better resolution. Acceptable performance

is achieved with Ω = 3ωl . In Fig. 2.6 the time-frequency analysis of the on-axis

dipole field and the frequency-time analysis of the harmonic power spectrum are

shown. The harmonic pulse for this figure was obtained with the aid of three-

dimensional HHG simulations for a 2 mm neon target (p = 100mbar) followed

by propagation over 10 cm in vacuum. Both, the propagation in the gas and the

diffraction in vacuum made the time-frequency plot more regular, as compared

to the single-atom response in Fig. 2.5, because the contributions of the classical

short recollision trajectories are favoured by phase matching. The laser pulse for

this simulation has a sech time-envelope with 5-fs FWHM and peak intensity of
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5× 1014 W/cm2, the central wavelength is equal to 800 nm. The focus of the

Gaussian beam was placed in the centre of the gas volume, the beam waist was

72 µm resulting in the confocal parameter of 2 cm. The frequency-time analysis

of the harmonic power spectrum shows distinct peaks at time-separations τ = 0,

1/2, and 1 optical cycles, which we label by Pτ . There is a close correspondence

between the radiation bursts Bt in the analysis of the dipole moment and the peaks

Pτ . The cut-off energy of P0(ω) coincides with the cut-off of B0. The frequency

dependence of P1/2 and P1 reflects the successive appearance of contributions with

time separations 1/2 and 1, respectively. P1/2 is predominantly due to the pair of

bursts (B0,B0.5) and first appears at the maximal energy of B0.5. At higher en-

ergies a weak signal in P1 is generated by the pair (B−0.5,B0.5), but the stronger

contribution at lower frequencies is due to (B0,B1).

Several characteristic features of short pulse high harmonic spectra can be un-

derstood from time-frequency and frequency-time plots. Fig. 2.6 shows that in any

given range of harmonic frequencies, the separation between peaks is given by the

time-separation of the two dominant bursts of radiation. It was noted earlier [40]

that peaks observed in short pulse harmonic spectra are not located at odd mul-

tiples of the fundamental frequency, since the time-separation of high-frequency

radiation deviates from half the optical period: P1/2 in Figure 2.6 shifts to larger τ

with increasing ω . Another feature appearing in short pulse high harmonic spec-

tra is an apparent phase-jump of modulations of the harmonic spectrum separating

groups of “odd harmonics” from “even harmonics”. These jumps can be associ-

ated with the end of one of the two dominant bursts and takeover by a new pair of

bursts.

For a quantitative analysis one can eliminate the τ-coordinate by defining the

integrated peaks

Pτ(ω) =
∫ τ+1/4

τ−1/4
Z(ω,τ ′)dτ ′. (2.20)

Figure 2.7 compares the cut-off energies of P1/2 and P1 with the second and third

highest classical recollision energies as a function of ϕCE. For this picture the cut-

off was defined as the energy, where the height of an integrated peak drops to 8%
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Figure 2.7: Comparison of the peak cut-off energies for P1/2 (upper curve) and P1

(lower curve) with the cut-off energies from the recollision model (dashed) as a

function of ϕCE.

of the first preceding maximum. The recollision model and the numerical simu-

lation agree within . 10%. The deviations from the classical recollision energies

are brought about by interference of contributions of bursts of comparable height

to P1/2 and P1, which blurs the cut-off.

The frequency-time analysis of the harmonic spectrum generalises the phase-

measurement method proposed by de Bohan et al. [40], where the structure of

the harmonic spectrum near the cut-off was used to distinguish sine- from cosine-

pulses. In the terminology introduced here, the main result of Ref. [40] is that

for a sine-pulse the cut-off energies of P0 and P1/2 become nearly equal, while for

a cosine pulse the difference between the cut-off energies is maximal, leading to

a strongly modulated and a smooth cut-off spectrum, respectively. By exploiting

a much larger part of the harmonic spectrum, the present method provides more

detail on the pulse and in particular higher sensitivity to ϕCE. While P0 and P1/2

are both related to bursts Bt at times t near the centre of the laser pulse, whose

height and intensity vary little with ϕCE, the peak P1 involves a third burst nearer

to the slope of the laser pulse with greater variability with ϕCE. For that reason

our method is applicable to longer pulses with durations up to . 7fs. Figure 2.8

shows as an example the ϕCE-dependence of the quantity

R =
∫ ω1

ω0.5

P1(ω)dω /
∫ ω1

ω0.5

P1/2(ω)dω (2.21)
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for pulse durations between 6 and 8 fs. The frequency range [ω0.5,ω1] is given by

the maximal semiclassical energies for B0.5 and B1, respectively, as obtained from

Eq. (2.16). The ratio R indicates, to which extent two bursts separated by τ = 1

contribute to the harmonic spectrum. It shows a pronounced maximum near the

cosine-pulse and can therefore be used to fix ϕCE.

Figure 2.8: Modulation of intensity ratio R at period τ = 1/2 and τ = 1 for pulse

durations between 6 and 8 fs FWHM.

2.2.1 High-harmonic imaging of chirped laser pulses

A possible pulse chirp must be taken into account when deducing the electric

field from the harmonic cut-off energies. Small chirp is a prerequisite of generat-

ing few-cycle pulses, but even pulses as short as 5 fs may carry a non-negligible

chirp. As the recollision energies, given by Eq. (2.15), depend on the laser field

preceding the recollision moment by more than half an optical period, changes

of the effective field period lead to corresponding relative changes in harmonic

energy.

To explore the influence of chirp analytically, it is necessary to assume a cer-

tain pulse shape. It is convenient to choose the parabolic pulse

El(t) = E0(1−αt2)cos(ωlt + ϕCE + γt2). (2.22)

This is a good approximation, since the nonlinear phenomena that we are dis-

cussing occur close to the top of the pulse, where any pulse shape can be approx-
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imated by a parabola.

Since the most striking manifestation of the CE phase in harmonic spectra is

the structure of the cut-off region, it would be interesting to find an analytical

expression for ϕCE corresponding to either the smoothest or the most modulated

cut-off generated by a chirped laser pulse. Let us denote the first phase by ϕsco,

and the second one by ϕmco, where the abbreviations “sco” and “mco” stand for

“smooth cut-off” and “modulated cut-off”, respectively. In fact, these two phases

differ by π/2, what can be shown analytically and was verified numerically. The

phase ϕmco can be derived using the following simple model. The deepest modu-

lation of the cut-off region means that the highest harmonic energies are generated

in two bursts of radiation separated by half an optical cycle of the laser pulse. The

highest energies of the bursts are approximately given by Eq. (2.16), where the

amplitude of the electric field E0 and the frequency ωl must be replaced with the

amplitude and the instantaneous frequency of the electric field half cycle, within

which the harmonic burst is generated. The peaks of the field (2.22) are situated

at the times

tn =−ωl

2γ

(
1−
√

1− 4γ(ϕCE−πn)

ω2
l

)
≈ πn−ϕCE

ωl
, (2.23)

where the chirp γ is assumed to be so small that

4γ(ϕCE−πn)

ω2
l

� 1. (2.24)

The maximal energy of the nth burst according to Eq. (2.16) is given by

εn = Wb + 3.17
E2

0(1−αt2
n)2

4(ωl + 2γtn)2 . (2.25)

Two central harmonic bursts have equal highest photon energies if either ε0 = ε1

or ε−1 = ε0. One of these conditions is fulfilled if the CE phase is equal to

ϕmco =
±πγ + ω2

l −
√

1
α
(
γ2(π2α−4ω2

l ) + αω4
l

)

2γ
≈±π

2
+ γ
(

1
α
− π2

4ω2
l

)
,

(2.26)

where the chirp was, once again, considered to be small:

γ2(π2α−4ω2
l )

αω4
l

� 1. (2.27)
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The term π2/(4ω2
l ) can be neglected in Eq. (2.26) because π2/(4ω2

l )� 1/α

for pulses longer than one optical cycle. The same argument allows to unify the

conditions (2.24) and (2.27) into

γ � ωl
√

α ≈ ωl

FWHM
. (2.28)

Numerical calculations based on the recollision model described in sections 2.1.1

and 2.1.2 confirm that ϕmco linearly depends on the chirp γ and that ϕ ′mco(γ) =

1/α (Fig. 2.9). However, a certain value ∆ϕCE must be added to the phase given
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Figure 2.9: The CE phase corresponding to the strongest modulation of the cut-off

region in the high-harmonic power spectrum generated by a 7-fs Gaussian laser

pulse with the peak intensity 5× 1014 W/cm2. The numerical calculations are

based on Eq. (2.14) with Wb = 21.6eV (neon). The solid curve shows the result of

the simplified analytical treatment: ϕmco = (π/2 + γ/α)180◦/π . The numerical

simulations confirm that Eq. (2.26) correctly predicts the slope of ϕmco(γ), but the

phase must be corrected by a certain shift ∆ϕCE.

by Eq. (2.26) in order to correctly determine the phase ϕmco yielding the strongest

modulation of the cut-off region:

ϕmco =±π
2

+
γ
α

+ ∆ϕCE. (2.29)

The numerical simulations also show that ∆ϕCE is practically independent of pulse

shape and duration, but it depends on the pulse intensity as well as on the ioni-
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sation potential Wb. In table 2.1 a few values of ∆ϕCE are given for different

peak intensities, where Wb is taken to be equal to the ionisation potential of neon

(21.6 eV). It was verified numerically that the correction ∆ϕCE to ϕsco is the same

peak intensity,

W/cm2

∆ϕCE,

degrees

3×1014 25.2

4×1014 22.8

5×1014 21.4

6×1014 20.4

7×1014 19.7

8×1014 19.2

9×1014 18.8

1×1015 18.4

Table 2.1: Correction to the CE phase ϕmco, which yields the most modulated cut-

off region (the correction to the CE phase corresponding to the smoothest cut-off

is the same). The calculations are based on Eq. (2.14) with Wb = 21.6eV (neon).

as to ϕmco, so that

ϕsco =
γ
α

+ ∆ϕCE. (2.30)

2.2.2 Applicability of the method

The proposed method of analysis of high-harmonic spectra may be viewed as a

generalisation of the cut-off analysis proposed in Ref. [40] and experimentally

demonstrated in Ref. [A4]. The main advantage of the new method in comparison

with its predecessor is the broader applicability range. Indeed, a sufficiently broad

cut-off region can only be generated if pulse FWHM is as small as two optical

cycles. If the central wavelength is λ0 = 800nm, it corresponds to 5-fs pulses.

Another advantage of the proposed method is that it is has relaxed phase-

matching requirements. It is still necessary that the propagation length be a frac-

tion of the coherence length, but we can benefit from the fact that the coherence
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length is proportional to wavelength. Including into the analysis the part of har-

monic spectra preceding the cut-off region, we increase the effective coherence

length. Thus, it allows to use a larger propagation distance or a higher gas pres-

sure, which increases the photon flux, shortens the observation time and improves

the signal-to-noise ratio.

60



Chapter 3

Quantum theory of time-resolved

Auger measurement

Recent advances in the generation of ultrashort laser pulses with controlled CE

phase and application of these pulse to the generation of very short (. 1 fs) ex-

treme ultraviolet (XUV) pulses have opened a new horizon in time-resolved spec-

troscopy. It was demonstrated that atomic inner-shell processes, which happen

on a few femtosecond time scale, can be investigated by pump-probe experiments

with the aid of state-of-the-art techniques [A2, 60]. This created a new field in

physics research, which is now called “attophysics”.

Theory, however, lagged somewhat behind the exciting experimental achieve-

ments. There was no well-founded theory to analyse the Auger-decay pump-probe

experiment described in Ref. [A2]. In traditional electron beam or synchrotron

spectroscopy time-independent approaches are used (see [61] for a review). Time-

dependent methods employing wave-packet dynamics as for Rydberg atoms or in

femtochemistry are inappropriate for the Auger process, where only few discrete

levels are involved. Approaches developed for atoms in strong fields do not ad-

dress the question of time-resolved observation [62, 63]. The lack of an appropri-

ate theoretical framework stimulated the research presented in this chapter.
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3.1 Time-resolved measurement of Auger decay in

krypton

In this section I briefly describe the pump-probe experiment [A2], which demon-

strated the feasibility of time-resolved spectroscopy on the attosecond time scale

and triggered the theoretical investigations described in the following sections. In

this experiment a sub-femtosecond, 97-eV XUV pulse initiates an Auger process

in krypton by ionising one of the inner-shell electrons and creating thus a tran-

sient hole state (Fig. 3.1). This state is not stable, so the atomic system tends to

minimise its energy by filling the vacancy with an electron from an outer shell.

The excess of binding energy is either carried away by a fluorescence photon or

transferred via electrostatic forces to another (Auger) electron. The latter relax-

ation channel is most probable for light atoms and moderate binding energies of

the inner-shell electron (E0 < 1keV), which is the case with the Auger decay in

krypton investigated in Ref. [A2] (E0 = 70 eV). The XUV pulse in this experi-

ment serves as a pump pulse, while details of the Auger decay can be revealed

if an additional “probe” pulse is used, which either accelerates or retards the

Auger electron depending on the instant of time when the electron was released.

This method is sometimes referred to as “attosecond streak camera” [64, 65]. In

the considered experiment the probe pulse was a linearly polarised sub-7-fs laser

pulse with the central wavelength λ0 = 750 nm and the peak intensity in the range

1011÷ 1012 W/cm2. At this intensity ionisation of the gas by the laser pulse is

negligible, which is important for interpretation of pump-probe experimental re-

sults. The kinetic energy distribution of emitted electrons was measured with

a time-of-flight spectrometer aligned parallel to the polarisation direction of the

light pulse. In the experiment the distribution had a form of a deformed Auger line

accompanied by a few sidebands generated by the probe pulse. The Auger elec-

tron spectrum was measured for different values of the delay between the XUV

pulse and the laser pulse, then the measured data were analysed using a simple

phenomenological model of the Auger decay. From the delay-dependence of the
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Figure 3.1: Scheme of the time-resolved Auger measurement: an XUV pulse

with central frequency Ω removes a core electron from the energy level E0. The

created vacancy is filled by an electron from the energy level Ea. The energy

difference Ea−E0 is carried away by the Auger electron from the energy level Eb,

which is ejected to a continuum energy near WA = Ea +Eb−E0. Interaction of the

Auger electron with the laser pulse can change the kinetic energy of the electron

depending on the phase of the laser pulse at the moment of ionisation.
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area of the first sideband, it was possible to retrieve the Auger decay time, which

was found to be in close agreement with the value given by the width of the Auger

line1, giving thus the first evidence for time-resolved attosecond spectroscopy.

3.2 Derivation of basic equations

3.2.1 Essential states method

We consider a krypton atom in the electric field of two pulses linearly polarised

in the same direction: an XUV pulse with the central wavelength of 10 nm and a

few-cycle laser pulse with the central wavelength λ0 = 750 nm. In general, each

electron of the atom is to some extent influenced by the electromagnetic field of

the pulses. As a first step of developing the analytical approach to the problem, let

us limit our consideration to only three electrons participating in the given channel

of the Auger decay. Furthermore, we assume that it’s possible to construct the

wavefunction Ψ(r1,r2,r3; t) from only three electron states: the initial ground

state |g〉, the core hole state |h〉, in which one inner-shell electron is ionised, and

the doubly ionised final state | f 〉. Such an approximation is known by the name

“essential states method” [66]. We also assume that all the three states can be

described as simple products of one-electron states of the form

|g〉= [|0, t〉|a, t〉− |a, t〉|0, t〉]|b,t〉, (3.1a)

|h〉= [|p, t〉|a, t〉− |a, t〉|p, t〉]|b,t〉, (3.1b)

| f 〉= [|p, t〉|0, t〉− |0, t〉|p, t〉]|k, t〉. (3.1c)

The momenta p and k are continuous three-dimensional vectors corresponding

to the XUV photoelectron and the Auger electron momentum, respectively. The

bound states |0, t〉, |a, t〉, and |b, t〉 denote orbitals that are occupied initially cor-

responding to the energies E0, Ea and Eb; their time-dependence consists only in

the phase oscillations exp(−itEα), where α = 0,a,b [see (3.5a-3.5c) below]. The
1From the spectroscopic measurements Γ = 84± 10meV, which corresponds to decay time

equal to 7.8 fs; the analysis of the area of the first sideband gives the decay time equal to 7.9+1.0
−0.9 fs.
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continuum states |p, t〉 and |k, t〉 are time-dependent Volkov solutions for the free

motion of an electron in the XUV field and the laser field, respectively. Anti-

symmetrisation is only essential to exclude the de-excitation |a〉 → |0〉 before the

state |0〉 is vacated and was therefore omitted for the state |b〉.
The next step is to put down the time-dependent Schrödinger equation. Em-

ploying the atomic units (h̄ = me = e2 = 1) we write

i
∂
∂ t

Ψ(r1,r2,r3; t) = ĤΨ(r1,r2,r3; t). (3.2)

The Hamiltonian in this equation is also subject to approximations. To take only

the most important effects into consideration, we assume that

• each of the three electrons moves in an effective potential created by the

nucleus and the rest of electrons;

• the Hamiltonian is only symmetric with respect to electrons 1 and 2;

• there is no direct interaction between electrons 1 and 2;

• electrons 1 and 3 as well as electrons 2 and 3 interact via the Coulomb force

with the potential energy Uab(r j− r3) = 1/|r j− r3|, j = 1,2;

• electrons 1 and 2 only feel the XUV field Ex(t), while electron 3 only feels

the laser field El(t).

With these approximations the Hamiltonian can be written in the following form:

Ĥ(t) =−1
2

∆1 +Ua(r1) +Uab(r1− r3)−Ex(t)z1−

− 1
2

∆2 +Ua(r2) +Uab(r2− r3)−Ex(t)z2−
1
2

∆3 +Ub(r3)−El(t)z3 (3.3)

with the Laplacians ∆ j, j = 1,2,3 acting on the respective electron coordinates

r j. The potentials Ua and Ub are effective single-electron potentials (electron 3

may feel a different binding potential than electrons 1 and 2). The laser pulse and

the XUV pulse are represented by their electric fields El(t) and Ex(t), the fields

are assumed to be polarised in the z-direction.
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Since we assumed that the wavefunction Ψ(r1,r2,r3; t) can be constructed

from the |g〉, |h〉, and | f 〉 states, it is reasonable to make the following ansatz for

the solution of the time-dependent Schrödinger equation (3.2):

Ψ(r1,r2,r3; t) = cg(t)|g〉+
∫

dpch(p, t)|h〉+
∫

dpdkc f (p,k, t)| f 〉. (3.4)

In order to use the ansatz in the Schrödinger equation we have to find derivatives of

the states |g〉, |h〉, and | f 〉 with respect to time, i.e. we have to differentiate the re-

lations (3.1a-3.1c). To calculate the derivatives we first define the single-electron

states so that they satisfy the following one-electron Schrödinger equations:

i
∂
∂ t
|0, t〉= [−1

2
∆ +Ua(r)]|0, t〉, (3.5a)

i
∂
∂ t
|a, t〉= [−1

2
∆ +Ua(r)]|a, t〉, (3.5b)

i
∂
∂ t
|b, t〉= [−1

2
∆ +Ub(r)]|b, t〉, (3.5c)

i
∂
∂ t
|p, t〉= [−1

2
∆− zEx(t)]|p, t〉, (3.5d)

i
∂
∂ t
|k, t〉= [−1

2
∆− zEl(t)]|k, t〉. (3.5e)

For (3.5a-3.5c) we can write the time dependence of the states explicitly, and the

equations (3.5d-3.5e) are known to have “Volkov solutions”:

|0, t〉= e−itE0|0〉, (3.6a)

|a, t〉= e−itEa|a〉, (3.6b)

|b, t〉= e−itEb|b〉, (3.6c)

|p, t〉= exp[−iΦx(p, t)]exp{i[p−Ax(t)]r}, (3.6d)

|k, t〉= exp[−iΦl(k, t)]exp{i[k−Al(t)]r} (3.6e)

with

Ax,l(t) =−
∫ t

−∞
Ex,l(t ′)dt ′ (3.7)

and the “Volkov phases” defined by

Φx(p, t) =
1
2

∫ t

t0
[p−Ax(t ′)]2dt ′, (3.8)

Φl(k, t) =
1
2

∫ t

t0
[k−Al(t ′)]2dt ′, (3.9)
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where t0 is an arbitrary instant of time.

With the aid of equations (3.5) the time derivatives of the three essential states

(3.1a-3.1c) can be written as

i
∂
∂ t
|g〉=

(
−1

2
(∆1 + ∆2 + ∆3) +Ua(r1) +Ua(r2) +Ub(r3)

)
|g〉, (3.10a)

i
∂
∂ t
|h〉=

(
−1

2
(∆1 + ∆2 + ∆3) +Ub(r3)

)
|h〉+

[
(Ua(r2)− z1Ex)|p, t〉|a, t〉− (Ua(r1)− z2Ex)|a, t〉|p, t〉

]
|b, t〉, (3.10b)

i
∂
∂ t
| f 〉=

(
−1

2
(∆1 + ∆2 + ∆3)− z3El

)
| f 〉+

[
(Ua(r2)− z1Ex)|p, t〉|0, t〉− (Ua(r1)− z2Ex)|0, t〉|p, t〉

]
|k, t〉. (3.10c)

These equations can be readily used to apply the ansatz (3.4), but we need further

approximations to obtain analytical expressions for cg(t), ch(p, t), and c f (p,k, t).

3.2.2 Equations for the probability amplitudes ch and c f

To begin with, let us neglect depletion of the ground state and normalise the wave-

function Ψ(r1,r2,r3; t) so that

cg(t)≡ 1. (3.11)

This is a good approximation, since the flux of XUV photons produced by the

high-harmonic generation process is so small that it ionises only a small fraction

of atoms. Our goal is now to find the functions ch(p, t) and c f (p,k, t). To do this,

let us to close the Schrödinger equation with proper bra-vectors. To obtain ch(p, t)

we consider the equation

〈h′|i ∂
∂ t
− Ĥ|Ψ(r1,r2,r3; t)〉= 0, (3.12)

where

〈h′|= 〈b, t|[〈a, t|〈p′, t|− 〈p′, t|〈a, t|]. (3.13)
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Using ansatz (3.4) and approximation (3.11) equation (3.12) can be written as

〈h′|i ∂
∂ t
− Ĥ|g〉+ i

∫
dp

∂ch

∂ t
〈h′|h〉+

∫
dpch(p, t)〈h′|i ∂

∂ t
− Ĥ|h〉+

+ i
∫

dpdk
∂c f

∂ t
〈h′| f 〉+

∫
dpdkc f (p,k, t)〈h′|i ∂

∂ t
− Ĥ| f 〉= 0. (3.14)

Analogously, the way that should lead to an analytical expression for c f (p,k, t) is

to consider

〈 f ′|i ∂
∂ t
− Ĥ|Ψ(r1,r2,r3; t)〉= 0, (3.15)

with 〈 f ′|= 〈k, t|[〈0, t|〈p′, t|− 〈p′, t|〈0, t|]. This yields

〈 f ′|i ∂
∂ t
− Ĥ|g〉+ i

∫
dpdk

∂c f

∂ t
〈 f ′| f 〉+

∫
dpch(p, t)〈 f ′|i ∂

∂ t
− Ĥ|h〉+

+
∫

dp
∂ch

∂ t
〈 f ′|h〉+

∫
dpdkc f (p,k, t)〈 f ′|i ∂

∂ t
− Ĥ| f 〉= 0. (3.16)

When we expand equations (3.14) and (3.16) using the Hamiltonian (3.3) and the

equations for time derivatives (3.5), we will get quite a few matrix elements. This

is when additional approximations and assumptions become necessary. We shall

assume that

1. all the one-electron states |0, t〉, |a, t〉, |b, t〉, |p, t〉, and |k, t〉 are orthogonal

to each other: 〈α, t|β , t〉 = 0 if α 6= β ; this does not hold strictly, as the

states belong to different Hamiltonians;

2. the state |h〉 is not disturbed by the XUV field: the matrix elements 〈h|Ex(t)z1|h〉
and 〈h|Ex(t)z2|h〉 can be neglected;

3. the XUV electrons do not feel the binding potential, which means that the

matrix elements 〈0, t|Ua|p, t〉, 〈a, t|Ua|p, t〉, and 〈p′, t|Ua|p, t〉 can be ne-

glected;

4. the first-order correction to the energy of the hole-state is small: the matrix

elements 〈h|Uab(r1− r3)|h〉 and 〈h|Uab(r2− r3)|h〉 can be neglected;

5. there is no continuum-continuum scattering: the matrix elements like

〈0, t|〈p′, t|Uab|p, t〉|a, t〉 and 〈b, t|〈p′, t|Uab|0, t〉|k, t〉 can be neglected;
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With these approximations and using the fact that 〈p, t|p′, t〉= δ (p−p′) we obtain

from (3.14) and (3.16) the following system of equations:

2i
d
dt

ch(p, t) = 〈h|
[

∑
i=1,2

Uab(ri− r3)| f 〉c f (p,k, t)−Ex(t)zi|g〉
]
, (3.17)

2i
d
dt

c f (p,k, t) = 〈 f | ∑
i=1,2

Uab(ri− r3)|h〉ch(p, t). (3.18)

Introducing the notation

WA = Ea + Eb−E0, (3.19)

M(p,k, t) =
1
2
〈h| ∑

i=1,2
Uab(ri− r3)| f 〉e−itWA, (3.20)

F(p, t) =
1
2
〈h| ∑

i=1,2
Ex(t)zi|g〉, (3.21)

where WA is the classical kinetic energy of the Auger electron, we can rewrite the

system (3.17-3.18) as

i
d
dt

ch(p, t) = eitWA

∫
dkM(p,k, t)c f (p,k, t)−F(p, t), (3.22)

i
d
dt

c f (p,k, t) = e−itWAM∗(p,k, t)ch(p, t). (3.23)

Integrating (3.23) and substituting the result into Eq. (3.22) yields the follow-

ing integro-differential equation:

d
dt

ch(p, t) =−
∫

dk
∫ t

t0
dt ′ ei(t−t ′)WAM(p,k, t)M∗(p,k, t ′)ch(p, t ′) + iF(p, t),

(3.24)

where the initial condition c f (p,k, t0)≡ 0 is implied.

Using the orthogonality of the one-electron wavefunctions (assumption 1), the

functions M(p,k, t) and F(p, t) can be simplified to

M(p,k, t) = 〈b, t|〈a, t|Uab|0, t〉|k, t〉e−itWA. (3.25)

F(p, t) = e−itE0+iΦx(p,t)Ex0(t)(eiΩt + e−iΩt)d[p−Ax(t)], (3.26)

where

d(p) = 〈e−ipr|z|0〉. (3.27)
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As we see, M in Eq. (3.25) does not depend on p.

There are a few important simplifications that can be made to these equations.

Let us start with Eq. (3.26). First, the Ax potential can be neglected in the dipole

matrix element d[p−Ax(t)] and in the Volkov phase of the XUV pulse Φx(p, t),

because 1) XUV pulses used in the experiments (obtained as a product of high-

harmonic generation) have a very small intensity and 2) the electric field of the

XUV pulse oscillates very quickly, so that the potential Ax defined by Eq. (3.7)

is many orders of magnitude smaller than the classical momentum of the XUV

electron p0 =
√

2(Ω + E0), which is approximately 20 eV in the experiment of

Ref. [A2]. The approximate expression for the Volkov phase of the XUV pulse is

then

Φx(p, t)≈ p2

2
t. (3.28)

This approximation can also be regarded as neglecting continuum-continuum tran-

sitions caused by the XUV pulse, so it is consistent with approximation 5 (page

68).

Second, the rotating-wave approximation can be used, which means than one

of the terms exp(±iΩt) in Eq. (3.26) can be neglected. Let us set the lowest energy

of the continuum to zero, so that the energies E0, Ea, and Eb have negative values.

Then the term that has to be neglected is exp(iΩt) and the simplified expression

for F(p, t) can be written as

F(p, t) = eit(p2/2−E0−Ω)Ex0(t)d(p). (3.29)

The expression (3.25) for M(k, t) can be simplified as well. To do this we use

the multipole expansion for Uab:

Uab(r1− r3) =
1

|r1− r3|
≈

∞

∑
l=0

l

∑
m=−l

rl
1

rl+1
3

4π
2l + 1

Y ∗lm(Θ,Φ)Ylm(θ ,φ), (3.30)

where the coordinates (r1,θ ,φ) are the spherical coordinates of the r1 vector, the

coordinates of the vector r3 being (r3,Θ,Φ). In the expansion (3.30) Ylm(θ ,φ) are

the spherical functions, the expansion implies that r1 < r3. The matrix element in
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Eq. (3.25) can now be expanded as

〈b, t|〈a, t|Uab(r1− r3)|0, t〉|k, t〉=
∞

∑
l=0

l

∑
m=−l

4π
2l + 1

〈b, t|r−(l+1)
3 Y ∗lm(Θ,Φ)|k, t〉〈a, t|rlYlm(θ ,φ)|0, t〉. (3.31)

Let us assume for simplicity that either the |0〉 or the |a〉 state has angular momen-

tum equal zero. In this case only a single term of the expansion is different from

zero, and that term can be written as

〈b, t|〈a, t|Uab(r1− r3)|0, t〉|k, t〉= 〈a, t|Q(r)|0, t〉〈b, t|R(r)|k,t〉, (3.32)

For example, the experiment in Ref. [A2] is based on the Auger transition for

which the states |0〉, |a〉, and |b〉 are 3d, 4s, and 4p states, respectively. In this case

only the term with l = 2, m = 0 in Eq. (3.31) is non-zero, so

Q = r2 4π
5

Y20(θ ,φ) = r2
√

π
5

(1−3cos2 θ), (3.33)

R =
1
r3Y ∗20(Θ,Φ) =

√
5

16π
1−3cos2 Θ

r3 . (3.34)

By extracting the time-dependency of M(k, t) with the aid of equations (3.6) we

write

M(k, t) = exp[−iΦl(k, t)]G[k−Al(t)] (3.35)

with the definition

G(k) = 〈a|Q|0〉〈b|R|eikr〉. (3.36)

Substituting (3.35) into (3.24) yields

d
dt

ch(p, t) =

∫ t

t0
dt ′K(t, t ′)ch(p, t ′) + iF(p, t), (3.37)

where

K(t, t ′) =−ei(t−t ′)WA

∫
dkM(k, t)M∗(k, t ′) =

− ei(t−t ′)WA

∫
dk exp[iΦl(k, t ′)− iΦl(k, t)]G[k−Al(t)]G∗[k−Al(t ′)]. (3.38)

If the laser field is weak, the t-dependence of the G matrix element can be ne-

glected: G[k−Al(t)]≈ G[k]. Numerical simulations showed, that it is legitimate
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even if the matrix element changes by 20% as the electric field oscillates between

its maximal and minimal values. With this approximation (3.38) simplifies to

K(t, t ′) =−ei(t−t ′)WA

∫
dk |G(k)|2 exp[iΦl(k, t ′)− iΦl(k, t)]. (3.39)

3.2.3 An analytical expression for ch

The integro-differential equation (3.37) can be approximated by a differential

equation if the function ch(p, t) is a slowly varying function of t:
∫ t

t0
dt ′K(t, t ′)ch(p, t ′) =

∫ t

t0
dt ′K(t, t ′)

∞

∑
n=0

(t ′− t)n

n!
∂ n

∂ tn ch(p, t)≈
∫ t

t0
dt ′K(t, t ′)ch(p, t) = ch(p, t)

∫ t

t0
dt ′K(t, t ′),

so that
d
dt

ch(p, t) = ch(p, t)
∫ t

t0
dt ′K(t, t ′) + iF(p, t). (3.40)

In section 3.3 the validity of this approximation will be discussed using results of

numerical calculations. Let us also neglect the influence of the laser field on ch by

taking Φl(k, t) = k2t/2. With the initial conditions

lim
t→−∞

ch(p, t) = 0,

lim
t→−∞

c f (p,k, t) = 0

the solution of Eq. (3.40) has the following form:

ch(p, t) = i
∫ t

−∞
dt ′ exp

[
−
∫ t

t ′
P(t ′′)dt ′′

]
F(p, t ′), where (3.41)

P(t) =
∫ t

−∞
dt ′
∫

dk |G(k)|2 exp[−i(k2/2−WA)(t− t ′)]. (3.42)

(3.43)

Let us calculate the integrals in P. Exchanging the integration order we write

P(t) = lim
δ→+0

∫
dk
∫ t

−∞
dt ′ |G(k)|2 exp[−i(k2/2−WA)(t− t ′) + δ t ′] =

=−i lim
δ→+0

∫ ∞

0
dk
∫ 2π

0
dφ
∫ π

0
dθ
|G(k,θ ,φ)|2 exp[δ t]

k2/2−WA− iδ
k2 sinθ = [k2/2 = E] =

=−i lim
δ→+0

∫ ∞

0
dE
∫ 2π

0
dφ
∫ π

0
dθ
|G(E,θ ,φ)|2ρ(E)exp[δ t]sinθ

E−WA− iδ
.
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Here ρ(E)≡ k is the density of states in the continuum. Introducing a new variable

ε = E−WA we can write

P(t) =−i lim
δ→+0

∫ ∞

−WA

dε
∫ 2π

0
dφ
∫ π

0
dθ
|G(ε +WA,θ ,φ)|2ρ(ε +WA)eδ t sinθ

ε− iδ
.

(3.44)

This integral can be split into contribution from the pole and a principal value

integral:

P(t) =−i
∫ 2π

0
dφ
∫ π

0
dθ iπ|G(WA,θ ,φ)|2ρ(WA)sinθ−

− i V.p.
∫ ∞

−WA

dε
∫ 2π

0
dφ
∫ π

0
dθ
|G(ε +WA,θ ,φ)|2ρ(ε +WA)sinθ

ε
.

(3.45)

This is a standard approach in the theory of photoionisation and autoionisation

[62]. The first term describes the decay of the autoionisation state, and the second

term is responsible for the spectral shift due to the Coulomb interaction. So we

can introduce the Auger decay rate

Γ
2

= πρ(WA)

∫ 2π

0

∫ π

0
|G(WA,θ ,φ)|2 sinθ dθ dφ (3.46)

and the energy shift

Es =−V.p.
∫ ∞

−WA

dε
∫ 2π

0
dφ
∫ π

0
dθ
|G(ε +WA,θ ,φ)|2ρ(ε +WA)

ε
sinθ . (3.47)

In this notation P(t) = Γ/2+ iEs. Substituting this expression for P(t) in equation

(3.41) we obtain the following closed-form expression for ch:

ch(p, t) = i
∫ t

−∞
exp
[
−
(

Γ
2

+ iEs

)
(t− t ′)

]
F(p, t ′)dt ′. (3.48)

3.2.4 Analytical expressions for c f

As soon as the ch(p, t) probability amplitude is found, one can calculate the

c f (p,k, t) amplitude by solving the differential equation (3.23). With the expres-

sion (3.35) for M(p,k, t) and the initial condition c f (p,k,−∞)≡ 0 the analytical

solution of Eq. (3.23) is

c f (p,k, t) =−i
∫ t

−∞
dt ′ eiΦl(k,t ′)−it ′WAG∗[k−Al(t ′)]ch(p, t ′). (3.49)
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Neglecting the potential Al(t) in G[k−Al(t)] just as we did it in section 3.2.3, we

can simplify the equation for c f slightly more:

c f (p,k, t) =−iG∗(k)

∫ t

−∞
dt ′ eiΦl(k,t ′)−it ′WAch(p, t ′). (3.50)

The integration can be easily performed numerically, section 3.3 is devoted to

this issue. However, it is instructive to consider the cases when the integral can

be evaluated analytically. In the most simple case the laser pulse is either absent

or delayed from the XUV pulse so much that they practically don’t overlap and,

consequently, the laser pulse does not have any influence on the Auger spectrum.

No laser field

Without the laser field El(t)≡ 0 the amplitude c f (p,k, t = +∞) can be evaluated

using the following trick. Let us substitute Ex0(t) in Eq. (3.29) by the inverse

Fourier transform of its spectrum

Ex0(t) =
1

2π

∫ ∞

−∞
Ẽx0(ω)e−iωtdω. (3.51)

Substituting further the obtained expression into (3.48) yields

ch(p, t) =
id(p)

2π

∫ t

−∞
dt ′
(

exp
[
−
(

Γ
2

+ iEs

)
(t− t ′)

]
×

× eit ′(p2/2−E0−Ω)
∫ ∞

−∞
dω Ẽx0(ω)e−iωt ′

)
.

Exchanging the integration order and evaluating the internal integral analytically

we obtain

ch(p, t) =
id(p)

2π
e−it(E0+Ω−p2/2)

∫ ∞

−∞
dω

Ẽx0(ω)e−iωt

Γ/2− i(E0−Es + Ω− p2/2 + ω)
.

(3.52)

In the absence of the laser field Φl = k2t/2, so (3.50) can be written as

c f (p,k, t) =
d(p)

2π
G∗(k)

∫ t

−∞
dt ′ eit ′(k2/2−WA−E0−Ω+p2/2)

∫ ∞

−∞
dω

Ẽx0(ω)e−iωt ′

Γ/2− i(E0−Es + Ω− p2/2 + ω)
. (3.53)
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Exchanging the integration order and taking the limit t→+∞ yields

c f (p,k,+∞) =
d(p)

2π
G∗(k)

∫ ∞

−∞
dω

Ẽx0(ω)

Γ/2− i(E0−Es + Ω− p2/2 + ω)∫ ∞

−∞
dt ′eit ′(k2/2+p2/2−WA−E0−Ω−ω). (3.54)

The internal integral evaluates to the delta function 2πδ (k2/2+ p2/2−WA−E0−
Ω−ω), and the final expression for the c f amplitude in the absence of the laser

field is

c f (p,k,+∞) = d(p)G∗(k)
Ẽx0( k2+p2

2 −Ea−Eb−Ω)

Γ/2− i( k2

2 −WA−Es)
. (3.55)

This equation predicts the Lorentzian shape for the Auger spectrum with the

FWHM equal to the Auger decay rate Γ. One sees that the sum of the electron

kinetic energies (k2 + p2)/2 is distributed according to the spectral width of the

XUV pulse, although in our model the Auger electron is never directly exposed to

the XUV pulse. This is a purely quantum mechanical effect due to coherent quan-

tum phases of the two particles. The argument of Ẽx0 shows that the probability

|c f (p,k,+∞)|2 is maximal if the sum of the electron kinetic energies is close to

the part of the XUV photon energy that was not used for ionisation.

Auger decay dressed by a monochromatic laser field

If the Auger decay time is very short or the laser pulse is very long, then the

envelope of the laser pulse can be considered constant during the Auger decay.

Let us write the potential Al , defined by Eq. (3.7), as

Al(t) = A0 sin(ωlt + ϕ).

Then the Volkov phase Φl , defined by Eq. (3.9), can be written as

1
2

∫ t

t0
[k−A0 sin(ωlt ′+ ϕ)]2dt ′ =

k2

2
(t− t0) + (k ·A0)

cos(ωlt + ϕ)

ωl

∣∣∣∣
t

t0
+

A2
0

4

(
t− sin[2(ωt + ϕ)]

2ω

)∣∣∣∣
t

t0
,

Since t0 in the Volkov phase is arbitrary, we can choose its value so that all the

terms which include t0 vanish. Also, we can neglect the term involving A2
0 assum-

ing a weak laser field (in the experimental conditions of Ref. [A2] there are about

75



two orders of magnitude difference between the kinetic energy of Auger electrons

k2/2 and A2
0). So we consider the following Volkov phase corresponding to the

laser field:

Φl(k, t) =
k2

2
t +

(k ·A0)

ωl
cos(ωlt + ϕ). (3.56)

Introducing this phase into (3.50) we obtain

c f (p,k, t) =−iG∗(k)

∫ t

−∞
dt ′ eit ′(k2/2−WA) exp

(
i
(k ·A0)

ωl
cos(ωlt ′+ ϕ)

)
ch(p, t ′).

Using the expansion

eizcosϕ =
∞

∑
n=−∞

inJn(z)einϕ , (3.57)

where Jn are the Bessel functions, we can write

c f (p,k, t) =−iG∗(k)
∞

∑
n=−∞

inJn

(
(k ·A0)

ωl

)
×

×
∫ t

−∞
dt ′ eit ′(k2/2−WA)ein(ωlt ′+ϕ)ch(p, t ′). (3.58)

Using Eq. (3.52) for ch(p, t) and taking the limit t→+∞ we finally obtain

c f (p,k,+∞) = d(p)G∗(k)
∞

∑
n=−∞

{
ein(ϕ+ π

2 )Jn

(
(k ·A0)

ωl

)
×

× Ẽx0(nωl + k2+p2

2 −Ea−Eb−Ω)

Γ/2− i(nωl + k2

2 −WA−Es)

}
. (3.59)

If the Auger decay rate Γ is a few times larger than the laser frequency ωl , then

the terms of the sum correspond to sidebands in the Auger spectrum, which are

separated by ωl and have the FWHM equal to Γ.

3.3 Numerical simulations

Equation (3.59) gives a very clear picture of the Auger decay, however, quite a

few approximations were made to derive it. On the one hand, some of these ap-

proximations require verification, on the other hand, Eq. (3.59) is only applicable

when neither the envelope of the probe pulse nor its frequency change during the

Auger decay. Pulses with an arbitrary shape and chirp can be easily dealt with
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in numerical simulations, and the simulations are of big help to clarify effects of

different approximations.

The quantity which is actually measurable in experiments is the energy distri-

bution of Auger electrons (Auger spectrum), which can be expressed through the

complex amplitude of the Auger state as

σ(k) =

∫
dp |c f (p,k,+∞)|2. (3.60)

There are three levels of approximation for the amplitude c f , which we introduced

in section 3.2. The most general expression is given by the integro-differential

equation (3.37). Assuming ch(p, t) to be a slowly varying function of t and ne-

glecting the influence of the laser field on ch we obtained Eq. (3.48). Further,

assuming that the laser field oscillates with a constant amplitude and a constant

frequency during the Auger decay and neglecting the terms, which depend on A0

quadratically, we obtained Eq. (3.59). Later in this section we will compare the

Auger spectra found in different approximations, but first we have to determine,

which expression we are going to use for the matrix elements G(k) and d(p).

3.3.1 The matrix elements

The matrix elements d(p) and G(k) were defined by equations (3.27) and (3.36).

Let us write the definitions here once again.

d(p) = 〈e−ipr|z|0〉,

G(k) = 〈a|Q|0〉〈b|R|eikr〉.

In order to calculate these elements one has to find the one-electron wavefunctions

|0〉, |a〉, and |b〉 by solving the corresponding Schrödinger equations (3.5a-3.5c)

with some effective binding potentials Ua(r) and Ub(r). In the simplest case,

one can use the Coulomb potential U(r) ∼ 1/r, for which the solutions of the

Schrödinger equations are given by the hydrogen-like wavefunctions:

Ψnlm(r,θ ,ϕ) = Rnl(r)Ylm(θ ,ϕ), (3.61)

77



where Ylm(θ ,ϕ) are the spherical functions and

Rnl(r) =
2a−3/2

n2(2l + 1)!

√
(n + l)!

(n− l−1)!

(
2r
na

)l

×

× exp
[
− r

na

]
F
(
−n + l + 1,2l + 2,

2r
na

)
. (3.62)

The scaling parameter a should be chosen differently for each state so that it

matches the energy of the state. Let us regard the states |0〉, |a〉, and |b〉 as the

3d, 4s, and 4p hydrogen-like states. This choice is consistent with the experiment

of Drescher et. al. [A2].

Let us start with the dipole matrix element d(p), which determines the proba-

bility of a transition from the |0〉 state to a continuum state described by the plane

wave eipr. Taking |0〉= |3d〉 and using the expansion

eikr = 4π
√

π
2kr

∞

∑
l=0

l

∑
m=−l

ilJl+1/2(kr)Y ∗lm

(
k
k

)
Ylm

(r
r

)
(3.63)

we can write

dm(p,Θ,Φ) = 4π
∞

∑
l=0

l

∑
m=−l

∫ ∞

0
dr r2

∫ π

0
dθ sinθ

∫ 2π

0
dϕ

r cosθ
√

π
2pr

(−i)lJl+1/2(pr)Ylm(Θ,Φ)Y ∗lm(θ ,ϕ). (3.64)

The summation becomes trivial when we notice that there are at most two terms

that are different from zero (which correspond to the dipole allowed transitions),

and the corresponding integrals can be evaluated analytically.

Examining Eq. (3.48) we see that the matrix element d(p) is the only term in

these equations which depends on the direction of the vector p. So, calculating

the Auger spectrum (3.60) the integration over the angles Θ and Φ applies only to

|d(p)|2. If the dipole matrix element depends on the magnetic quantum number m

of the |0〉–state, we have to average over all the possible values of m. So, for the

element dm(p,Θ,Φ) introduced in Eq. (3.64) the analytical result is

D(p) =
∫ π

0
dΘ sinθ

∫ 2π

0
dΦ

∣∣∣∣∣
1

2l + 1

l

∑
m=−l

dm(p,Θ,Φ)

∣∣∣∣∣

2

=

47775744π2a7
3d p2 (5−54a2

3d p2 + 1701a4
3d p4)

(
1 + 9a2

3d p2
)10 , (3.65)
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where a3d = (−2E0)−1/2.

The analytical expression for the G matrix element can also be obtained with

the aid of the expansion (3.63). Using equations (3.33) and (3.34) for Q and R one

can find the following expression

G(k,θ) = 5184

√
30
πk

cos(θ)a7/2
3d

[
arctan(4ka4p)

(
1 + 16k2a4p

2)2

(
39 (−1 + 5cos(2θ))+80k2 (−5 + 9cos(2θ))a4p

2)+4ka4p

(
39−195 cos(2θ)+

32k2a2
4p
(
45−185 cos(2θ) + 8k2a2

4p
(
63−179 cos(2θ) + 320k2 sin2(θ)a2

4p
)))]

a11/2
4s

(
−513a3

3d + 657a2
3da4s−216a3da2

4s + 16a3
4s
)
/

(
k7/2a11/2

4p

(
1 + 16k2a4p

2)2
(3a3d + 4a4s)

10
)
, (3.66)

where θ is the angle between the k vector and the z axis. The a4s and a4p pa-

rameters in this equation should match the energies of the |a〉 and |b〉 states:

a4s = (−2Ea)−1/2, a4p = (−2Eb)−1/2.

The functions D(p) and G(k,θ = 0) are plotted in Fig. 3.2. The corresponding

a parameters were calculated for the energy levels E0 =−70eV and Eb =−15eV.

Numerical calculations showed that energy distributions of Auger electrons mea-

sured in a certain direction (for a fixed angle Θ) are rather insensitive to the exact

choice of the matrix elements. This can be understood from Eqs. (3.55) and (3.59),

in which the probability amplitude c f is represented as a product of d(p)G∗(k) and

some function of the electron’s momenta p and k. Only a limited range of values

of p and k may contribute to the Auger spectrum, and that range is determined by

the spectrum of the XUV pulse and the Auger decay rate. If the matrix elements

d(p) and G(k) vary little within this range, they may only have a minor effect on

Auger spectra. This justifies the simple choice of the one-electron wavefunctions

that we made in the beginning of the section and neglecting the time dependence

of d[p−Ax(t)] and G[k−Al(t)] introduced in section 3.2.2. Nevertheless, even

in this case the matrix elements are important, since they give the angular distri-

bution of the electrons.
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Figure 3.2: The integrated dipole matrix element D(p) and the G matrix element

defined by Eq. (3.65) and (3.66), respectively. The calculation is made for the

parameters, when the classical energy of the XUV electron is p2/2 = 20eV, and

the classical energy of the Auger electron is equal to k2/2 = 40eV.

3.3.2 Solution of the integro-differential equation for ch

The easiest way to solve the integro-differential equation (3.37) is to transform it

into a Volterra integral equation of the second kind and use the iteration method to

solve the integral equation. Let us integrate Eq. (3.37) with respect to time from

t0 to t taking ch(p, t0)≡ 0 as the initial condition:

ch(p, t) =
∫ t

t0
dt ′′
(∫ t

t ′′
K(t ′, t ′′)dt ′

)
ch(p, t ′′) + i

∫ t

t0
F(p, t ′)dt ′. (3.67)

Introducing the notation

K̃(t ′′, t) =

∫ t

t ′′
K(t ′, t ′′)dt ′ (3.68)

and using Eq. (3.29) for F(p, t) we can write

ch(p, t) =
∫ t

t0
K̃(t ′, t)ch(p, t ′)dt ′+ id(p)

∫ t

t0
eit ′(p2/2−E0−Ω)Ex0(t ′)dt ′. (3.69)

This is a Volterra integral equation of the second kind. A robust and straightfor-

ward way to numerically solve this equation is to use the iteration method: choose

some initial approximation c(0)
h (p, t) and repeat the iterations

c(n+1)
h (p, t) =

∫ t

t0
K̃(t ′, t)c(n)

h (p, t ′)dt ′+ id(p)

∫ t

t0
eit ′(p2/2−E0−Ω)Ex0(t ′)dt ′
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until the iterations converge.

We can significantly simplify the calculations if we neglect the influence of

the laser field on the hole state amplitude, that is, if we set in the kernel (3.39) the

Volkov phase equal to

Φl(k, t) =
k2

2
(t− t0).

In this case the kernel K̃(t ′, t) can be written as

K̃(t ′, t) =−2πi
∫ ∞

0
dk

[(∫ π

0
|G(k,θ)|2 sinθdθ

)
k2 ei(t ′−t)(k2/2−WA)−1

k2

2 −WA

]
.

(3.70)

As we see, this kernel depends only on the difference between t ′ and t:

K̃ = K̃(t ′− t).

One can easily determine the following properties of this kernel:

K̃(0) = 0, (3.71)

K̃(−τ) =−K̃∗(τ), (3.72)

lim
τ→±∞

Re[K̃(τ)] =∓Γ
2
. (3.73)

The last property involves Eq. (3.46), which connects the Auger decay rate Γ with

the matrix element G. Since we calculate the matrix element using the hydrogen-

like wavefunctions, which is a crude model, the decay rate calculated by Eq. (3.46)

may differ to a large extent from the experimentally measured rate. Besides, we

would like to have Γ as a controllable parameter in order to investigate different

regimes of the Auger decay. This can be achieved by simply normalising G(k,θ)

so that Re[K̃(∞)] is equal to the given Γ/2. Unfortunately, there is no easy way to

independently control the energy shift Es defined by Eq. (3.47).

A typical kernel is shown in Fig. 3.3. The matrix element G was calculated

with the aid of Eq. (3.66) and then normalised so that the Auger decay time be-

came equal to 1 fs. As τ grows, K̃(τ) quickly approaches the limit K̃(∞).
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Figure 3.3: The integration kernel K̃(τ) defined by (3.70) with the matrix element

G normalised to make the Auger decay rate Γ equal to 0.0242 atomic units (1/Γ =

1fs).

3.3.3 Solution of the differential equation for ch

The next important approximation of the theory was the transition from the integro-

differential equation (3.37) to the differential equation (3.40) followed by a trivial

integration leading to Eq. (3.48). Substituting Eq. (3.29) for F(p, t) we can write

Eq. (3.48) in the following form:

ch(p, t) = id(p)

∫ t

−∞
exp
[
−
(

Γ
2

+ iEs

)
(t− t ′)

]
eit ′(p2/2−E0−Ω)Ex0(t ′)dt ′. (3.74)

Numerical calculation of this integral does not pose any difficulties if one em-

ploys an algorithm adapted for integration of rapidly oscillating functions. The

algorithm we used is described in the appendix A.4. Once ch(p, t) is calculated,

numerical integration of Eq. (3.50) yields the complex amplitude of the c f state.

Again, the same integration algorithm saves a lot of computational power.

As we mentioned in section 3.3.1, the only term in the expression for ch that

depends on the direction of the vector p is the dipole matrix element d(p). There-

fore, it is more convenient to extract it from (3.74) and take it into account in

the last step, when calculating the Auger spectrum according to Eq. (3.60). This
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allows us to perform the integration over the angles analytically. So, to simplify

the calculations we modify slightly the definitions of ch and c f , leaving the Auger

spectrum σ(k) intact:

Ch(p, t) =
∫ t

tmin

exp
[
−
(

Γ
2

+ iEs

)
(t− t ′)

]
eit ′(p2/2−E0−Ω)Ex0(t ′)dt ′, (3.75)

C f (p,k) = G∗(k)

∫ ∞

tmin

eiΦl(k,t−τ)−itWACh(p, t)dt, (3.76)

σ(k) =
∫ pmax

0
D(p)|C f (p,k)|2dp, (3.77)

where D(p) is defined by Eq. (3.65) and τ stays for the delay between the laser

pulse and the XUV pulse (if τ > 0, then the laser pulse follows the XUV one).

The new amplitudes Ch and C f are related to the old amplitudes ch and c f through

ch(p, t) = id(p)Ch(p, t), (3.78)

c f (p,k,+∞) = d(p)C f (p,k). (3.79)

The time tmin, at which the integration in (3.75-3.76) starts, must precede the

moment when either the XUV pulse of the laser pulse appear. The numerical

integration of Eq. (3.75) should be performed only until the moment t1, when the

XUV pulse has gone Ex0(t > t1) ≡ 0, because the following evolution of Ch is

governed by

Ch(p, t) = exp
[
−
(

Γ
2

+ iEs

)
(t− t1)

]
Ch(p, t1), t > t1. (3.80)

Similarly, the numerical integration of Eq. (3.76) may be divided into three re-

gions:

1. the region where the XUV pulse is active: tmin ≤ t ≤ t1;

2. the region, where the intensity of the XUV pulse may be considered negli-

gible, but the laser pulse is present: t1 ≤ t ≤ t2;

3. the region when both pulses have gone, and there is only the decaying hole

state that can make some contribution to the Auger spectrum: t2 ≤ t < ∞.
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The contribution from the last region can be calculated analytically and Eq. (3.76)

can be rewritten in the form suitable for numerical calculations:

C f (p,k) = G∗(k)

[∫ t1

tmin

Ch(p, t)exp[iΦl(k, t− τ)− itWA]dt+

+Ch(p, t1)

∫ t2

t1
exp
[

iΦl(k, t− τ)− itWA−
(

Γ
2

+ iEs

)
(t− t1)

]
dt+

+Ch(p, t1)
exp
[
−
(Γ

2 + iEs
)

(t2− t1) + i(Φl(k, t− τ)− tWA)
]

(Γ
2 + iEs

)
− i
(

k2

2 −WA

)
]
. (3.81)

3.3.4 Auger spectra

Fig. 3.4 shows several Auger spectra calculated by solving either the integro-

differential equation or the differential equation for ch. The parameters for these

calculations were the following:

• the binding energy of the inner-shell electron: E0 =−70eV;

• the initial energy of the electron, which later occupies the inner-shell state

emptied by an XUV photon: Ea =−15eV;

• the binding energy of the Auger electron: Eb =−15eV;

• the energy of the XUV photon: h̄Ω = 90eV;

• the central wavelength of the laser pulse: λl = 750nm (h̄ωl = 1.65eV);

• the shape of the XUV pulse: bandwidth-limited Gaussian with the FWHM

of 0.5fs;

• the laser pulse: A(t) = A0 exp[−t2/(2T 2)]sin(ωlt) with the FWHM of 6.5fs

and the peak intensity of 5×1011 W/cm2.

As the figure demonstrates, the approximation we made in section 3.2.3, when

we transformed the integro-differential equation into a differential one, works very

well: both sets of plots are very similar to each other. Here we have to note

that the energy shift Es defined by Eq. (3.47) is treated differently in the integro-

differential and in the differential equations for ch. In the differential equation it
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is an independent parameter, while in the integro-differential equation it does not

appear explicitly, but manifests itself by shifting Auger spectra nonetheless. In

order to compare the results of the two calculations, we used for the plots (d), (e),

and (f) Es equal to −2.55, −1.02, and −0.1 eV, respectively.

We can distinguish three main regimes of the Auger decay (the parameters for

Fig. 3.4 were chosen to illustrates the regimes):

• The regime when both, the Auger decay time and the duration of the XUV

pulse are significantly shorter than the period of laser oscillations. In this

regime the probe pulse only shifts and broadens the Auger spectrum de-

pending on the delay between the pump and probe pulses. We propose to

call it the “streaking” regime.

• The intermediate regime when the Auger decay occurs on the same time

scale as the electromagnetic oscillations of the probe pulse.

• The side-band regime, which is observed when the Auger decay time is

much longer than the oscillation period of the laser field. In this case the

quantum interference leads to the appearance of sidebands separated by the

photon energy ωl .

In section 3.2.4 we derived Eq. (3.59), which allows to calculate c f (p,k,+∞)

analytically in the case when the envelope and the frequency of the laser pulse

remain constant during the Auger decay. In Fig. 3.5 three Auger spectra are com-

pared, which were calculated 1) with the aid of the integro-differential equation

(3.37) for ch, 2) employing the differential equation (3.48) for ch, and 3) using

Eq. (3.59). The first two approximations are the same as the ones used for Fig. 3.4.

As we see, there is good qualitative agreement among the spectra, and the analyt-

ical solution gives the same result as the numerical solution of the differential

equation. However, the central part of the spectrum calculated with the differ-

ential equation is more strongly modulated compared to the spectrum obtained

with the aid of the integro-differential equation, which represents the most precise
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Figure 3.4: Energy distribution of Auger electrons observed in the z direction

(both, the XUV pulse and the laser pulse are polarised along z). The spectral

intensity is represented by the colour scheme: the intensity grows from violet to

red. The probability amplitude of the hole state ch was calculated either by solving

the integral equation (3.69) [spectra (a), (b), and (c)] or by solving the differential

equation (3.40) [spectra (d), (e), and (f)]. The Auger decay time for each of the

spectra is written on the corresponding panels.
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model that allows numerical investigation. This shows that the variation of ch in

the integral in Eq. (3.37) is not completely negligible.
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Figure 3.5: Auger spectra calculated in three different approximations: the

integro-differential equation (3.37) for ch, the differential equation (3.48) for ch,

and the analytical expression (3.59) for c f . The Auger decay time is equal to

0.5 fs, the laser pulse is a rectangular pulse with FWHM of 20 fs, the peak of the

XUV pulse coincides with the centre of the laser pulse.
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Conclusions

Several aspects of generation, characterisation, and application of extremely short

light pulses were discussed in this thesis. The first chapter is related to the design

of chirped mirrors, which are one of the key elements in modern femtosecond

laser systems and pulse compression schemes. A new efficient global optimisa-

tion algorithm was developed, which allows to significantly improve the quality

of multilayer interference coatings. An emphasis was placed on the design of

extremely broadband chirped mirrors. The sensitivity of multilayer coatings to

random perturbations of layer thicknesses was discussed, methods to reduce the

sensitivity were proposed. Based on the developed techniques, a few useful inter-

ference coatings were designed, many of which were manufactured and employed

in scientific experiments: broadband (625–975 nm) chirped mirrors (Fig. 1.5 on

page 22), ultrabroadband (550–1130 nm) TFI chirped mirrors (Fig. 1.8 on page

29), broadband (650–950 nm) input couplers (Fig. 1.3 on page 19), and mirrors

with high positive third-order dispersion (Fig. 1.9 on page 32).

The rest of the thesis is devoted to problems of light-matter interaction. In

chapter 2 an important finding is reported: it is possible to reconstruct the central

part of a few-cycle laser pulse by analysing a spectrum of high-harmonic radi-

ation generated by the pulse. In other words, it was found that there is more

information about the laser pulse saved in high-harmonic spectra than it was as-

sumed to be. The proposed method can be also regarded as a method to measure

the carrier-envelope phase of laser pulses, which is more robust and has a larger

range of applicability compared to the simple analysis of the cut-off region of

high-harmonic spectra. Part of the results of chapter 2 was used in Ref. [A4] to
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retrieve the carrier-envelope phase from high-harmonic spectra.

In the last chapter of the thesis a quantum theory of time-resolved Auger

spectroscopy is presented. Based on the essential states method, closed-form

expressions for probability amplitudes are derived. The model replaces the ad

hoc model, which we introduced in Ref. [A2]. Our quantum theory can be used

for more accurate interpretation of experimental data, for characterisation of sub-

femtosecond extreme-ultraviolet pulses, and serve as a prototype for other theories

in the field of attosecond spectroscopy.
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A.1 The transfer matrix formalism

The Fresnel coefficient of reflectivity r of a thin-film multilayer structure consist-

ing of n layers is given by

r =
η0−Y
η0 +Y

, where (A.1)

Y = C/B,


B

C


=

{
n

∏
k=1

Mk

}
 1

ηn+1


 , (A.2)

Mk =


 cosδk (isinδk)/ηk

iηk sinδk cosδk


 , (A.3)

δk =
2πNkdk cosθk

λ
, (A.4)

ηk =





Nk cosθk for TE waves (s-waves),

Nk/cosθk for TM waves (p-waves),
(A.5)

N0 sinθ0 = Nk sinθk (θ0 is the angle of incidence). (A.6)

Here dk is the physical thickness of the kth layer, and Nk is its complex refractive

index (N0 is the index of the incidence medium and Nn+1 is the index of the exit

medium). The phase shift on reflection and the reflectance are given by arg(r)

and |r|2 respectively. Refractive indices Nk depend on the wavelength λ , and this

determines the dispersion properties of the structure.
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A.2 Numerical solution of the pulse propagation equa-

tions

Propagation of a few-cycle laser pulse and harmonic radiation generated by the

pulse in a gas medium was simulated in the slowly-evolving wave approximation

[67] in three dimensions of space assuming cylindrical symmetry for the trans-

verse beam profile. Diffraction of both laser and harmonic pulses was taken into

account. The equations were solved for the electric field, because the conception

of pulse envelope is not useful in the case of few-cycle pulses. The equation for

the laser pulse is the one derived in Ref. [68]. Written in the CGS units it has the

following form:

∂El(ρ,ξ ,τ)

∂ξ
=

c
2

∇2
⊥

∫ τ

−∞
El(ρ,ξ ,τ ′)dτ ′− 1

2c

∫ τ

−∞
ω2

p(ρ,ξ ,τ ′)El(ρ,ξ ,τ ′)dτ ′−

2πWb

cEl(ρ,ξ ,τ)

∂ne(ρ,ξ ,τ)

∂τ
− 1

c
∂

∂τ

{
∆n(a)(ρ,ξ ,τ)El(ρ,ξ ,τ)

}
. (A.7)

The equation for the harmonic pulse in the slowly-evolving wave approximation

is

∂Eh(ρ,ξ ,τ)

∂ξ
=−αEh(ρ,ξ ,τ) +

c
2

∇2
⊥

∫ τ

−∞
Eh(ρ,ξ ,τ ′)dτ ′−

2π
c

∂
∂τ
{na(ρ,ξ ,τ)dh[El(ρ,ξ ,τ)] + c.c.} . (A.8)

In equations (A.7-A.8) El and Eh are the electric fields of laser and harmonic

pulse, respectively, ρ is the distance to the beam axis, ξ and τ are the co-moving

coordinates:

ξ = z, (A.9a)

τ = t− z/c, (A.9b)

c is the vacuum speed of light, ωp is the plasma frequency:

ωp(ρ,ξ ,τ) =

√
4πe2ne(ρ,ξ ,τ)

me
, (A.10)
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Wb is the ionisation potential (equal to 21.6eV for neon), α is the XUV absorption

coefficient, dh is the single-atom dipole response given by Eq. (2.2) ne is the con-

centration of free electrons, and ∆n(a)(ρ,ξ ,τ) is the contribution of neutral atoms

to the refractive index of the plasma. Static-field ionisation rates w[El] were ob-

tained separately from quantum-mechanical calculations [54]. Using these rates

the concentration of neutral atoms can be calculated as

na(ρ,ξ ,τ) = n0 exp
(
−
∫ τ

−∞
w[El(ρ,ξ ,τ ′)]dτ ′

)
, (A.11)

where n0 is the initial concentration of atoms (before the laser pulse appeared).

The concentration of free electrons is correspondingly equal to

ne(ρ,ξ ,τ) = n0−na(ρ,ξ ,τ) = n0 ·
(

1− exp
(
−
∫ τ

−∞
w[El(ρ,ξ ,τ ′)]dτ ′

))
.

(A.12)

The contribution of neutral atoms to the refractive index is taken to be proportional

to na:

∆n(a)(ρ,ξ ,τ) = sna(ρ,ξ ,τ) = sn0 exp
(
−
∫ τ

−∞
w[El(ρ,ξ ,τ ′)]dτ ′

)
(A.13)

with the factor s equal to 2.51×10−24 cm3 for neon.

It is convenient to solve equations (A.7-A.8) in the frequency domain. Apply-

ing the Fourier transform we obtain

∂ Ẽl(ρ,ξ ,ω)

∂ξ
=

ic
2ω

1
ρ

∂
∂ρ

(
ρ

∂ Ẽl(ρ,ξ ,ω)

∂ρ

)
− i

2ωc
F
[
ω2

p(ρ,ξ ,τ)El(ρ,ξ ,τ)
]
−

F

[
2πWb

cEl(ρ,ξ ,τ)

∂ne(ρ,ξ ,τ)

∂τ

]
+

iω
c

F
[
∆n(a)(ρ,ξ ,τ)El(ρ,ξ ,τ)

]
, (A.14)

∂ Ẽh(ρ,ξ ,ω)

∂ξ
=−α(ω)Ẽh(ρ,ξ ,ω) +

ic
2ω

1
ρ

∂
∂ρ

(
ρ

∂ Ẽh(ρ,ξ ,ω)

∂ρ

)
+

2πiω
c

F [na(ρ,ξ ,τ)dh[El(ρ,ξ ,τ)] + c.c.] , (A.15)

where

F [ f (τ)] =
∫ ∞

−∞
f (t)eiωtdt, (A.16)

Ẽl,h(ρ,ξ ,ω) = F [El,h(ρ,ξ ,τ)]. (A.17)

92



In Eq. (A.15) the absorption coefficient α is taken to be frequency-dependent, data

for specific materials are available on the web-page [69].

The choice of a discretisation scheme to solve equations (A.14-A.15) is an

important issue, because the diffraction terms can easily cause numerical instabil-

ity. A stable scheme suitable for these equations is the Crank-Nicholson scheme

[51]. Let us write the equation in a generic form. Within a single integration step

different frequency components can be treated independently, so we can write the

equation for a particular frequency ω:

∂E(ρ,ξ )

∂ξ
=−αE(ρ,ξ ) +

ic
2ω

(
∂ 2E(ρ,ξ )

∂ρ2 +
1
ρ

∂E(ρ,ξ )

∂ρ

)
+ f (ρ,ξ ), (A.18)

where f (ρ,ξ ) incorporates all the terms other then linear absorption and diffrac-

tion. We adopt the following discretisation for Eq. (A.18):

ρk = h
(

k− 1
2

)
, k = 1,2, . . . ,N, (A.19)

Ek = E(ρk,ξ ), (A.20)

Ẽk = E(ρk,ξ + ∆ξ ), (A.21)

fk = f (ρk,ξ ), (A.22)

f̃k = f (ρk,ξ + ∆ξ ). (A.23)

The Crank-Nicholson scheme for (A.18) can be written in the following way:

Ẽk−Ek

∆ξ
=

1
2

[
−αEk +

ic
2ω

(
Ek+1−2Ek + Ek−1

h2 +
1
ρk

Ek+1−Ek−1

2h

)
+ fk

]
+

1
2

[
−αẼk +

ic
2ω

(
Ẽk+1−2Ẽk + Ẽk−1

h2 +
1
ρk

Ẽk+1− Ẽk−1

2h

)
+ f̃k

]
. (A.24)

This is an implicit scheme. In order to find Ẽk a tridiagonal system of linear

equations has to be solved, which can be written as

akẼk−1−bẼk + ckẼk+1 = dk (A.25)
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with

ak =

(
1− h

2ρk

)
∆ξ , (A.26a)

b = 2
(

∆ξ − i
2ωh2

c
(1 +

α
2

∆ξ )

)
, (A.26b)

ck =

(
1 +

h
2ρk

)
∆ξ for k < N, (A.26c)

cN = 0, (A.26d)

dk =−
(

Ek+1−2Ek + Ek−1 +
h

2ρk
(Ek+1−Ek−1)

)
∆ξ+

i
2ωh2

c

(
(2−α∆ξ )Ek + ( fk + f̃k)∆ξ

)
for 1< k < N, (A.26e)

d1 =−2(E2−E1)∆ξ + i
2ωh2

c

(
(2−α∆ξ )E1 + ( f1 + f̃1)∆ξ

)
, (A.26f)

dN =

(
2EN− (1− h

2ρN
)EN−1

)
∆ξ+

i
2ωh2

c

(
(2−α∆ξ )EN + ( fN + f̃N)∆ξ

)
. (A.26g)

The system (A.25) is diagonally dominant (|b| > |ak|+ |ck|) and it can be easily

solved with the sweep method.

An important issue is the f̃k term. In cannot be found exactly when solving

Eq. (A.14) for the laser field Ẽl(ρ,ξ ,ω), because it depends on Ẽl(ρ,ξ + ∆ξ ,ω)

in a non-linear manner. So we have to make an additional approximation. The

first attempt was to neglect the variation of Ẽl during one integration step when

calculating f̃k, but such a scheme was found to be unstable. The source of the

instability was identified to be the term in Eq. (A.14) responsible for the refractive

index of neutral atoms:

iω
c

F
[
∆n(a)(ρ,ξ ,τ)El(ρ,ξ ,τ)

]
=

iω
c

F

[
El(ρ,ξ ,τ)sn0 exp

(
−
∫ τ

−∞
w[El(ρ,ξ ,τ ′)]dτ ′

)]
. (A.27)

A rigorous solution to this problem would be to use a kind of the split-step method,

because this term can be properly handled in the time domain. However, there is a

much simpler solution suitable for a small degree of ionisation: the contribution of
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the neutral atoms to the refractive index of plasma may be considered independent

of time:

∆n(a)(ρ,ξ ,τ)≈ ∆n(a)(ρ,ξ ,−∞) = sn0. (A.28)

With this approximation

F
[
∆n(a)(ρ,ξ ,τ)El(ρ,ξ ,τ)

]
= sn0Ẽl(ρ,ξ ,ω)

so that term (A.27) can be excluded from f (ρ,ξ ) and accounted by α in Eq. (A.18):

α =
iωsn0

c
, (A.29)

fk(ω) =− i
2ωc

F
[
ω2

p(ρk,ξ ,τ)El(ρk,ξ ,τ)
]
−F

[
2πWb

cEl(ρk,ξ ,τ)

∂ne(ρk,ξ ,τ)

∂τ

]
,

(A.30)

f̃k(ω) = fk(ω). (A.31)

For the harmonic pulse the f̃k term does not pose any problems, because it

does not depend on Eh. The α term of Eq. (A.18) is simply equal to the XUV

absorption coefficient α(ω) introduced in Eq. (A.15), while fk and f̃k are defined

as

fk(ω) =
2πiω

c
F [na(ρk,ξ ,τ)dh[El(ρk,ξ ,τ)] + c.c.] , (A.32)

f̃k(ω) =
2πiω

c
F [na(ρk,ξ + ∆ξ ,τ)dh[El(ρk,ξ + ∆ξ ,τ)] + c.c.] . (A.33)

All the HHG simulations presented in the thesis were performed for neon.

Typical parameters for the simulations were the following: n0 = 2× 1018÷ 5×
1018 cm−3 (corresponds to the pressure 100÷ 200 mbar at T = 300 K), a 5-fs

200-µJ laser pulse with the central wavelength λ0 = 800nm and the beam waist

of 50÷ 100 µm. Such a pulse ionises less than 10% of atoms, which justifies

the approximation (A.28). Simulations with different discretisation parameters

showed that the discretisation errors are negligible if ∆ρ = h . 1 µm and ∆ξ .
50 µm.
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A.3 Optimal focusing of the laser beam for high-

harmonic imaging

The information about the laser pulse contained in high-harmonic spectra can be

destroyed by the phase mismatch between the laser and harmonic pulses. So, the

gas pressure, the laser beam waist, the focus position, and the thickness of the

gas target must be chosen such that the coherence length is maximised, keeping

at the same time the effectiveness of HHG at an acceptable level. For the typical

parameters listed at the end of section A.2 (short pulse, low ionisation rate) there

are two major effects contributing to phase matching: the refractive index of neu-

tral atoms and the geometrical (Gouy) phase shift of the laser pulse. Fortunately,

these two effects can be made to compensate each other to a certain degree.

In the model described in section A.2 harmonics propagate with the vacuum

velocity of light c, while the laser pulse is delayed by the refractive index of the

plasma, which is close to the refractive index of the neutral gas as long as the

degree of ionisation is small (. 10%). If the propagation distance is equal to L,

the delay is equal to ∆t = ∆n(a)L/c. If the electric field of a laser pulse prior to

propagation is El(t) = A(t)cos(ω0t + ϕ0), then the delayed pulse is described by

El(t−∆t) = A(t−∆t)cos(ω0(t−∆t) + ϕ0). Thus, the delay shifts the phase of

the pulse by ∆ϕ1 =−ω0∆n(a)L/c.

The geometrical phase shift can be approximated assuming the Gaussian beam

profile. The phase of a Gaussian beam is equal to

ω0

(
t− ρ2

2cz(1 + (z/z0)2)

)
+ arctan

z
z0

+ ϕ0,

where z0 = πw2
0/λ0 is the confocal parameter. Near the axis (ρ = 0) the phase is

approximately equal to

ω0t +
z
z0

+ ϕ0,

where the assumption z� z0 was used to replace the arc tangent with z/z0. Thus,

the Gouy shift over the propagation distance L is ∆ϕ2 = L/z0.
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The maximal coherence length is reached when ∆ϕ1 + ∆ϕ2 = 0, what means

L/z0−ω0∆n(a)L/c = 0.

This yields the optimal confocal parameter

z0 =
c

ω0∆n(a)
. (A.34)

The beam waist in the focus w0 corresponding to the optimal z0 is equal to

w0 =

√
λ0z0

π
=

λ0

π
√

2∆n(a)
. (A.35)

For example, for λ0 = 800 nm, neon pressure p = 100 mbar, and temperature

T = 295 K Eq. (A.35) gives the optimal beam waist w0 = 72 µm.
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A.4 Integration of rapidly oscillating functions

There is a very simple and elegant method to calculate integrals of rapidly oscillat-

ing functions, which is surprisingly rarely mentioned in literature. Let us consider

the integral

I =

∫ b

a
f (x)eiϕ(x)dx, (A.36)

where both f (x) and ϕ(x) are smooth functions of x. If the function ϕ(x) varies

by many times 2π within the interval [a,b], then the integrand makes many oscil-

lations in the interval, even if the function ϕ(x) is as simple as a linear function.

Integration methods like the Simpson rule or Gaussian quadratures demand that

the integration interval be divided in so many parts, that the length of each subin-

terval is a fraction of the integrand’s period of oscillations. Dealing with rapidly

oscillating functions these methods require a large number of integration steps,

which means a long computational time and loss of precision due to round-off

errors.

Let us divide the integration interval [a,b] to such subintervals that the func-

tions f (x) and ϕ(x) are almost linear within each of the subintervals. Let [x1,x2]

be one of such subintervals, then for x1 ≤ x≤ x2

f (x)≈ f1 +
f2− f1

x2− x1
(x− x1), (A.37)

ϕ(x)≈ ϕ1 +
ϕ2−ϕ1

x2− x1
(x− x1), (A.38)

where f1 = f (x1), f2 = f (x2), ϕ1 = ϕ(x1), ϕ2 = ϕ(x2). The function f (x)exp[iϕ(x)]

may still make many oscillations between x1 and x2, but the contribution from the

interval [x1,x2] to the integral (A.36) is with a good precision equal to

∫ x2

x1

[
f1 +

f2− f1

x2− x1
(x− x1)

]
exp
{

i
(

ϕ1 +
ϕ2−ϕ1

x2− x1
(x− x1)

)}
dx =

e
ϕ1+ϕ2

2 ∆x
(

ei ∆ϕ
2 (∆ f − i f2∆ϕ)− e−i ∆ϕ

2 (∆ f − i f1∆ϕ)
)
/(∆ϕ)2, (A.39)

where ∆x = x2− x1, ∆ f = f2− f1, and ∆ϕ = ϕ2−ϕ1. The right-hand side of this

expression cannot be evaluated directly when ∆ϕ = 0. Using the Taylor expansion
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we can obtain an approximate expression for Eq. (A.39), which can be used for

small values of |∆ϕ|:
f1 + f2

2
+ i∆ϕ

f2− f1

8
. (A.40)

To calculate the integral (A.36) we just have to sum the contributions from all the

subintervals:

∫ b

a
f (x)exp [iϕ(x)]dx≈∑

k
e

ϕk+ϕk+1
2 ∆xk·





(
ei ∆ϕk

2 (∆ fk− i fk+1∆ϕk)− e−i ∆ϕk
2 (∆ fk− i fk∆ϕk)

)
/(∆ϕk)

2, |∆ϕk|> ε;
(

fk+ fk+1
2 + i∆ϕk

∆ fk
8

)
, |∆ϕk| ≤ ε,

(A.41)

where

∆xk = xk+1− xk, (A.42)

∆ fk = fk+1− fk, (A.43)

∆ϕk = ϕk+1−ϕk. (A.44)

The choice for the parameter ε depends on the machine precision: it should be

small enough, so that the approximate expression (A.40) can be applied, but large

enough for round-off errors in Eq. (A.39) to be negligible. Usually ε = 10−3 is a

reasonable choice.
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