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Mode locking in solitary lasers
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We present an analysis of passively mode-locked lasers in which pulse formation is dominated by the interplay
between self-phase modulation and negative dispersion in separate cavity elements. Steady-state pulse pa-
rameters and stability issues are discussed. Stability in these solitary systems relies on some passive ampli-
tude modulation, and the ultimate system performance is found to depend sensitively on the magnitude of
amplitude modulation relative to that of phase modulation.

Self-phase modulation (SPM) that arises from a fast
Kerr nonlinearity, in conjunction with appropriate
dispersive compensation, may result in shortening
of intensive optical pulses. This solitonlike pulse
shaping, which is purely a phase effect, can effi-
ciently support ultrashort-pulse formation in lasers
passively mode locked by slow or fast saturable ab-
sorbers. The comprehensive theory of Martinez
et al.! provides an adequate description of a wide
range of cw passively mode-locked (PML) lasers in-
corporating either of the two types of passive ampli-
tude modulation (PAM) and solitonlike shaping.
The analytical solution found by Martinez et al. has
been used recently for the study of fast absorber
systems.>® These anslytical approaches' are all
based on the assumption that the fractional change
in pulse shape during the passage through the cavity
elements is small compared with unity. This as-
sumption is almost always fullfilled by PAM but may
not be met by phase-affecting cavity elements under
certain conditions. In this Letter we analyze cw
passively mode-locked lasers in which femtosecond
pulse formation is dominated by strong solitonlike
shaping rather than by PAM. ,

This research was stimulated by the recent ap-
pearance of a new class of PML femtosecond laser
based on solid-state gain media. The high intracav-
ity power and the long optical path within the ampli-
fier medium (compared with those of dye lasers)
lead to strong SPM in these systems. A break-
through in solid-state ultrafast technology was
achieved by exploiting solitonlike shaping mecha-
nisms with the addition of negative group-velocity
dispersion® (GVD). A common feature of these
systems is that the phase of the mode-locked pulse is
substantially changed during one transit of the reso-
nator, therefore the approximation used in the estab-
lishment of the theories in Refs. 1-3 is not justified.
A correct theoretical treatment of PML lasers in
which mode locking is dominated by solitonlike
shaping requires the pulse-shaping elements to be
described by operators that do not commute. As a
consequence, the equation of motion for the mode-
locked pulse is an operator equation that cannot be
transformed to a common differential equation as in
Refs. 1-3. A schematic diagram of this novel genera-
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tion of femtosecond lasers, which we call solitary
lasers, is shown in Fig. 1. In addition to SPM and
negative dispersion, PAM has been included in our
model. - PAM is always needed in PML lasers to
build up the mode-locked pulses and keep the steady
state stable against noise perturbations. With the
assumption of a broadband laser medium (e.g.,
Ti:sapphire), gain dispersion has been left out in the
present analysis. This approximation allows for an
instructive comparison between the steady state of a
discrete solitary system and the fundamental soliton
in an optical fiber, where SPM and negative GVD
are continuously distributed along the optical path.

A transfer operator T can be assigned to_each po-
sition (21, 22, 23, 24) of the solitary system. T governs
the pulse evolution,

Van(®) = Tua(d), @

where v,(¢) is the ¢omplex electric-field amplitude
after the nth round trip and ¢ is the local time re-
tarded by nrp with respect to the real time, with
7p the group delay on one round trip. For the posi-
tion z;, T can be written as

T = ePeAZeNeA, (2)

where D = iD/2d%/d¢%, N = i¢|v|?, and A stands for
PAM. D denotes the group delay dispersion of the
dispersive element, ¢|v|® is the round-trip nonlinear
phase shift in the Kerr medium, and |v|* is normal-
ized to give the power. A solitary system can
now be defined by D/¢ < 0 and |Av| << |Nv|. Both
conditions are satisfied by femtosecond solid-state
lasers.*® The amplitude modulation is assumed to
be introduced by an ideal fast saturable absorber,
ie,A= g — 1+ «lv|?, where g — [ is the resultant
time-independent round-trip gain, and «|v|® ac-
counts for the amplitude nonlinearity. It is impor-
tant to notice that the steady-state pulse parameters
in the solitary system are not sensitive to the
specific choice of A. The gain g is adjusted to con-
serve pulse energy, which is an input parameter in
our model. The steady-state solution of Eq. (1) can
be found iteratively by computing T"v,(¢), where
the iteration has to be repeated until v,.:(¢) =
exp(ip)v,(t) and ¢ is a constant phase shift. The
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Fig. 1. Schematic of the solitary laser.

steady-state pulse at positions other than z, can
be inferred from that at 2z, by applying the corre-
sponding exponential operators.

Before evaluating our computer simulations it is
expedient to quantify the difference between a
soliton and solitary system. For this purpose we
introduce the distributed parameters B8, = D/L,
and y = ¢/L,, where L, is the round-trip length of
the resonator. These parameters define a soliton-
supporting system that the solitary system goes
into as the pulse energy approaches zero. A good
measure for the discreteness of the solitary sys-
tem is the ratio of L, to the soliton period® L, =
(m/2) (T?/|B2]), where T = 2|B;|/yW and W is the
pulse energy. Making use of these expressions and
the definitions of B; and vy, we arrive at

L _ 1 (¢W)?

"L, 2n |D| @
This parameter plays a fundamental role in the be-
havior of a solitary laser. Our investigations have
revealed that unlike a soliton-supporting system
(r = 0), a solitary system (r > 0) cannot support
stable pulses without PAM even in the absence of
noise perturbations. This is because the pulse is
subjected to SPM without simultaneous GVD com-
pensation, which results in a nonlinearly chirped
pulse. A negative dispersion external to the non-
linearity compresses only the central portion of the
pulse while giving rise to splitting at the pulse tails,
where the chirp is nonlinear. PAM is able to pre-
vent instabilities by pushing the portions that tend
to split off toward the middle of the pulse. An in-
creased r parameter requires stronger PAM for the
pulse to remain stable. Conversely, ideal soliton for-
mation is achieved in the limits » — 0 and A — 0.

The most important characteristic of a mode-
locked system, the pulse width, is determined by D,
¢, and W in a solitary laser. As long as |Au| <<
|Nv|, PAM has a negligible influence on the pulse
duration. The discrete pulse-shaping elements
result in different pulse widths at different positions
in the cavity. From a practical point of view, the
pulse widths at 2; and z, are the most interesting,
because output coupling is usually achieved at these
positions. 7(z;) and 7(z;) are plotted as a function
- of D for different pulse energies in Fig. 2. For ref-
erence, the durations 7, = 3.53|D|/¢W of the corre-
sponding N = 1 solitons are also depicted. The
numbers chosen for the calculations are typical for
state-of-the-art solid-state femtosecond lasers, ex-
cept for the large value of k, which has been taken to

achieve stable mode locking for 7 < 50 fs. Because
the discreteness of solitonlike shaping is measured
by the r parameter, the deviation of solitary pulse
parameters from solitons can be interpreted in
terms of ». To be more precise, we assume the ratio
of the solitary pulse width rto 7, to be a function of
r,i.e., 7 = 7,f(r). For the reasons discussed above,
we expect f(r) to approach unity as r — 0. Thus a
Taylor expansion to first order in r yields for the
duration of the solitary pulse 7 = 7,(1 + a'r), where
o' is an expansion coefficient. By using the expres-
sions for 7; and r, T can be cast in the form

_ 353D
=

where a = 0.56¢a, i.e., the soliton pulse width is just
increased by an amount proportional to ¢W inde-
pendently of D. In fact, 7 — 7, is linearly propor-
tional to the pulse energy as revealed by Fig. 2.
Equation (4) is accurate to within 10% for r < 10
and k/¢ < 0.2. «depends only on the position, and
we obtained a(z;) = 0.1 and a(z;) = 0.25. The con-
nection between 7(z;) and 7(z,) can be written as
7(24) — 7(21) = B(¢W), where B = 0.15. This dif-
ference may become significant in powerful solitary
lasers and should be taken into account in the de-
sign of such systems.

In addition to the pulse duration,-the pulse shape
and chirp are important characteristics of mode-
locked lasers. To obtain some quantitative infor-
mation of these parameters, we have computed the
time-bandwidth products rAv of the steady-state
pulses for different values of « at 2, and those (tAv)y
of the corresponding bandwidth-limited pulses, i.e.,

adW, (4)
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Fig. 2. Soliton and solitary pulse widths versus group-
delay dispersion D for ¢ = 12.5 X 1077 W1, x = 2 x
10" W™, and different pulse energies W. Curves 1, 2,
and 3 illustrate 7, 7(21), and 7(24), respectively, for
W = 138 nd. Curves 4, 5, and 6 illustrate =, 7(2;), and
7(24), respectively, for W = 34.5 nd.
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Fig. 3. Pulse width-bandwidth products 7Av of solitary
pulses and with the chirp removed (7Av), for ¢ = 12.5 X
10~7 W-!, W = 34.5 nd, and different amplitude non-
linearities k. Curves 1 and 2 denote 7; curves 3 and 4
denote (7Av)y,; curves 5 and 6 denote 7Av for k = 2 X
107" W' and « = 4 x 10" W, respectively.
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Fig. 4. Boundaries of regimes of stable mode locking on
the 7(D,¢W = const.) curves for different amplitude and
phase nonlinearities x and ¢. Curve 1, ¢W = 172.5 fs;
curve 2, ¢W = 345 fs. The values of « in units of
107 W~ and the corresponding ratios /¢ are as fol-
lows: a, k = 2, k/¢ = 0.16; b, 1, 0.08; ¢, 0.5, 0.04; d, 0.25,
0.02; e, 0.125, 0.01; £, 2, 0.16; g, 1, 0.08; h, 2, 0.08; i, 0.5,
0.04; j, 1, 0.04; k, 2, 0.04; 1, 0.5, 0.02; m, 1, 0.02.

of pulses having the same shape and being free from
phase modulation. (rAv)y provides information
about the pulse shape, whereas 7Av — (TAv)y is a
good measure of the chirp carried by the pulse.
(rAv), appears to decrease and 7Av — (7Av), appears
to increase with decreasing |D| (see curves 3 and 5
in Fig. 3), which indicates that the pulse tails become
longer and the chirp becomes greater for reduced
negative dispersion. These results along with fur-
ther investigations have shown that the pulse qual-
ity gets impaired in a solitary system as r increases.
For /¢ < 0.1, solitary pulses significantly deviate
both in shape and in phase from a bandwidth-
limited hyperbolic-secant pulse once r becomes
greater than 2. In this regime, increased PAM con-
siderably improves the pulse quality by reducing
both the wings and the chirp of the solitary pulses
(curves 4 and 6 in Fig. 3). These results indicate
that femtosecond solitary pulses must be subjected
to a careful temporal and spectral analysis before
making any statement about their shape and phase.
Recently, femtosecond pulses with (rAv)y < 0.2 have
been generated in a high-power solitary laser."

As expected, the gradual degradation of pulse
quality with increasing r ends up in unstable opera-
tion when r reaches a critical value rey. This sets a

limit to pulse shortening by reducing |D|. Figure 4
shows the minimum values of |D| that allow stable
mode-locked operation and the corresponding short-
est pulse durations 7mi, for different values of «, ¢,
and W. Our simulations have revealed that re is a
sensitive function of /¢ and only slightly dependent
on ¢W. This implies that increased /¢ not only
improves pulse quality but also allows the generation
of shorter pulses. Alternatively, shorter pulses can
be produced by decreasing ¢W. As a consequence
one may anticipate better femtosecond performance
of a solitary system (free from bandwidth limitation
and higher-order dispersion) at reduced pulse ener-
gies, but, clearly, W cannot be decreased without re-
striction because of the requirement of self-starting
mode locking.’> According to our results, stable
sub-100-fs pulse generation in practical solitary
systems with ¢W = 100 fs calls for x/¢ = 0.02.
This corresponds to a PAM of a few percent, in good
agreement with experimental observations.®

In summary, we analyzed PML lasers in which
pulse shortening is dominated by an interplay be-
tween a nonlinear phase shift in a Kerr medium and
negative dispersion in a dispersive delay line. We
introduced a parameter measuring the difference
between a solitary and soliton system, which pri-
marily determines the deviation of solitary pulses
from solitons. Although pulse duration is not di-
rectly affected by amplitude modulation, the ratio of
amplitude nonlinearity to phase nonlinearity has a
strong influence on pulse quality and stability and
sets an ultimate limit to pulse durations achievable
in solitary systems.
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