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Abstract: We theoretically investigate the generation of high harmonics
and attosecond pulses by mid-infrared (IR) driving fields. Conditions for
coherent build-up of high harmonics are revisited. We show that the coher-
ence length dictated by ionization-induced dephasing does not constitute
an ultimate limitation to the coherent growth of soft X-ray (> 100 eV) har-
monics driven by few-cycle mid-IR driving pulses: perfect phase-matching,
similar to non-adiabatic self-phase-matching, can be achieved even without
non-linear deformation of the driving pulse. Our trajectory-based analysis
of phase-matching reveals several important advantages of using longer
laser wavelengths: conversion efficiency can be improved by orders of
magnitude, phase-matched build-up of harmonics can be achieved in a jet
with a high gas pressure, and isolated attosecond pulses can be extracted
from plateau harmonics.
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Taı̈eb, B. Carré, H. G. Muller, P. Agostini, P. Salières, “Attosecond synchronization of high-harmonic soft X-
rays,” Science (302), 1540–1543 (2003).

31. P. Balcou, P. Salieres, A. LHuillier, M. Lewenstein, “Generalized phase-matching conditions for high harmonics:
The role of field-gradient forces,” Phys. Rev. A 55, 3204–3210 (1997).

32. M. Geissler, G. Tempea, and T. Brabec, “Phase-matched high-order harmonic generation in the nonadiabatic
limit,” Phys. Rev. A 62, 033817 (2000).

33. P. Salieres, A. L’Huillier, M. Lewenstein, “Coherence control of high-order harmonics,” Phys. Rev. Lett. 74,
3776–3779 (1995).

34. N. B. Delone, V. P. Krainov, Multiphoton Processes in Atoms (Springer, Berlin, 2000).

1. Introduction

Attosecond physics has recently been formed as a branch of science that studies attosecond-
scale (1 as = 10−18 seconds) phenomena by the generation, measurement, and application of
attosecond light pulses and electron wavepackets. Even though this discipline is very new, nu-
merous examples of attosecond electron dynamics in atoms, molecules, clusters, and solids
have been observed in experiments or addressed theoretically [1]. Even though in some excep-
tional cases attosecond measurements can be performed without attosecond pulses, for future
progress of the field it is of paramount importance to further develop sources of attosecond
pulses. Making the pulses shorter, more intense, as well as extending their spectral region would
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greatly extend the number of phenomena accessible for experimental observation directly in the
time domain or in a time-resolved fashion. This creates demand for a better understanding of
the limits of attosecond pulse generation and opportunities, from which novel technologies may
benefit. Our paper presents a step in this direction.

Up to the present day, isolated attosecond pulses have only been produced at photon energies
� 100 eV [2, 3, 4]. Although generation of harmonic photons with energies as high as 1 keV is
feasible [5], generation of sufficiently intense isolated attosecond pulses in the soft X-ray region
is hampered by several obstacles: a low efficiency of high-frequencyemission at the single-atom
level [6, 7], as well as challenges in manufacturing multi-layer coatings capable of reflecting
just the cut-off region. As an alternative to gas-phase harmonics, it was proposed to exploit the
generation of surface harmonics in the relativistic regime to produce attosecond light pulses
[8, 9]. Even though this is a very promising approach that holds potential for increasing the
intensity and decreasing the duration of attosecond pulses by orders of magnitude, gas-phase
harmonics are likely to remain the workhorse of attosecond experiments in the foreseeable
future, since they can be generated at large repetition rates with excellent repeatability, and
they do not demand relativistic laser intensities.

In this article we identify several opportunities that appear to offer possible solutions to prob-
lems specific to gas-phase harmonics. We show how phase-matching can facilitate the gener-
ation of isolated attosecond pulses without the use of measures such as narrow-band spectral
filtering or polarization gating. Our theoretical analysis and numerical simulations predict that
the efficiency of generation of soft X-ray harmonics is not necessarily limited by the coherence
length derived from the different phase velocities of the driving and harmonic waves. Instead,
the biggest contribution to the generated harmonic signal usually comes from those parts of the
interaction region where conditions of perfect phase-matching are locally satisfied.

The highest (cut-off) energy in the spectrum of high-harmonic radiation is given by [10, 11]
Ωcutoff[eV] ≈Wb[eV]+2.96 ·10−13 IL[W/cm2](λL[μm])2, where Wb is the binding (ionization)
potential, IL is the peak intensity of the driving laser field, and λL is its central wavelength.
Given that the range of Wb for neutral atoms is very limited, there are two practical options to
increase Ωcutoff: increasing the laser intensity IL or or using a longer laser wavelength λL. The
first option is limited by strong-field ionization. As soon as the laser field ionizes a significant
fraction of the atoms, the conversion efficiency of HHG decreases dramatically due to both
plasma dispersion and the depletion of the neutral atom response [6]. It is possible to postpone
the problem by shortening the laser pulses, but current technology already uses nearly single-
cycle pulses and has already reached its limit [5].

The second option to increase Ωcutoff is to increase λL [12] (see also pioneering experi-
ments on ’scaled interactions’ in Ref. [13]). With advances in optical parametric chirped-pulse
amplification, it has recently become feasible to generate powerful phase-stabilized few-cycle
pulses in the mid-IR regime [14, 15, 16]. Application of laser wavelengths longer than that of
the Ti:Sapphire laser λL = 0.8 μm was studied theoretically [6, 7], but only at the single-atom
level. We combine the analysis of the single-atom response with pulse propagation and uncover
the crucial role of propagation effects in this new regime.

2. Modeling HHG in atomic gases

Modeling HHG in a gas jet involves calculation of the single-atom dipole response (SADR) in-
duced by a laser pulse and simulation of co-propagation of the laser and harmonic beams. While
the most precise way to calculate the SADR is by numerically solving the time-dependent
Schrödinger equation [17], this method is time-consuming. Instead, the Lewenstein model [18]
is frequently invoked, which gives qualitatively correct predictions in the regime where the
strong-field approximation is valid. We calculated the SADR based on the saddle-point analy-
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sis [19, 20] of the Lewenstein model, which has two advantages: it allows the inclusion of
arbitrary quasi-static ionization rates and atom-specific recombination matrix elements, and it
also provides a convenient tool to study contributions from different electron trajectories inde-
pendently. In this model, the instantaneous dipole moment of an atom is described as a sum of
contributions from different trajectories that lead to a recollision of an electron with the parent
ion:

d(t) = Re

[
e−iπ/4 ∑

trajectories

aion(t)apr(t)arec(t)

]
. (1)

The trajectory-specific probability amplitudes a ion, apr, and arec, that represent the ionization,
propagation and recombination steps, are defined below. Each trajectory begins at a “birth”
moment tb when an electron is set free by the strong laser field. Depending on this moment,
the laser field may remove the electron from the ion once for all, or it may return it back to the
ion with a certain kinetic energy Wkin. In the latter case, a high-frequency “burst” of harmonics
with a photon energy Ω = Wb +Wkin is generated at the recollision moment [21].

A few trajectories with different values of tb may lead to a recollision at a given moment t.
Regarding a free electron as a classical particle with zero initial velocity, the following relation
between the birth and recollision moments can be derived:∫ t

tb
AL(t ′)dt ′ = (t − tb)AL(tb), (2)

where

AL(t) = −
∫ t

−∞
EL(t ′)dt ′ (3)

is proportional to the vector potential of the driving electric field E L(t). Henceforth atomic units
will be used (h̄ = e = me = 1) unless stated otherwise.

The first of the probability amplitudes in Eq. (1) is given by

aion =
(

dn(tb)
dt

)1/2

, (4)

where n(tb) = 1− exp[− ∫ tb−∞ Γ(t ′)dt ′] is the probability that an initially neutral atom is ion-
ized by the moment tb. The ionization rate Γ(t) was calculated numerically in the quasi-static
approximation [22]. The propagation and recombination steps are given by

apr(t) =
(

2π
t − tb

)3/2 (2Wb)1/4

|EL(tb)| exp[−i(t − tb)Wb − iS(t)] and (5)

arec(t) =
√

n(tr)
AL(tb)−AL(t)

[2Wb +{AL(tb)−AL(t)}2]3
, (6)

where S(t) is the action accumulated along a classical trajectory:

S(t) =
1
2

∫ t

tb
[AL(t ′)−AL(tb)]2 dt ′. (7)

The pre-exponential terms in Eq. (5) describe the transverse and longitudinal spreading of the
electron wave packet. Eq. (6) contains the correction introduced in [6], which takes into account
the depletion of the ground state between the moments of ionization and recollision.

We found it very convenient to calculate the dipole response given by Eq. (1) directly in the
frequency domain. Since harmonics at a given frequency Ω are radiated in the form of separated

#84689 - $15.00 USD Received 29 Jun 2007; revised 21 Sep 2007; accepted 25 Sep 2007; published 5 Nov 2007

(C) 2007 OSA 12 November 2007 / Vol. 15,  No. 23 / OPTICS EXPRESS  15354



harmonic bursts, this integration can be performed separately for each of them

d̃(Ω) = e−iπ/4 ∑
bursts

∫
aion(t)apr(t)arec(t)exp(iΩt)dt = ∑

k

d̃k(Ω) (8)

with the advantage that each contribution d̃k(Ω), being the Fourier transform of a single har-
monic burst k, is a much smoother function of Ω than the full spectrum d̃(Ω). Thus, if con-
tributions from different ionization bursts are propagated separately, a relatively low spectral
resolution is sufficient to accurately represent the generated harmonic field. For soft X-ray har-
monics, this method is much faster than the evaluation of Eq. (1) with the subsequent applica-
tion of the fast Fourier transform. Additionally, it provides a simple way to track the generation
and propagation of different harmonic bursts, which would otherwise require a more complex
analysis such as that of time-frequency diagrams [27, 28].

We simulated the propagation of a laser pulse using the slowly-evolving wave approximation
(SEWA) [23, 24, 25] adopted for strong-field response [26]. As opposed to the slowly-varying
envelope approximation, SEWA is applicable to few-cycle light pulses provided there is neg-
ligible reflection of the fields in the medium [24]. Cylindrical symmetry of the light beams
reduced the propagation to two spatial coordinates: the propagation coordinate z and the radial
coordinate ρ . Further details of the model can be found in [20].

Propagation of harmonics was simulated in the frequency domain, neglecting the small in-
fluence of the emerging free electrons on this propagation. In a coordinate system moving with
the vacuum speed of light c along the laser axis, the build-up of the harmonic field is described
by the following propagation equation (CGS units):

∂EH(z,ρ ,Ω)
∂ z

=
(
−α(Ω)+

ic
2Ω

∇2
⊥

)
EH(z,ρ ,Ω)+∑

k

sk(z,ρ ,Ω). (9)

Here α(Ω) is the absorption coefficient of the medium and s k(z,ρ ,Ω) represents a source term
associated with the k-th harmonic burst:

sk(z,ρ ,Ω) = 2π iΩnaea0c−1d̃k(Ω), (10)

where na is the concentration of radiating dipoles, e is the electron charge, a 0 is the Bohr radius.
The most striking feature observed when extremely high-order harmonics are generated by

a few-cycle pulse is that efficient generation of a harmonic burst is usually confined to a small
part of the interaction region. Fig. 1 illustrates this for two different wavelengths of the driving
field: λL = 0.75 μm and λL = 2.1 μm. In both cases we simulated the propagation of a 1-mJ
Gaussian laser pulse, EL(t) = E0 exp[−2log(2)t2T−2

FWHM]cos(ωLt −ϕCEO), with the full width
at half-maximum (FWHM) equal to two periods of the laser field (TFWHM = 4π/ωL) and the
carrier-envelope-offset (CEO) phase ϕCEO = 0. The laser beam was focused in a 100-mbar
helium jet. The size of the Gaussian beam was chosen to set the initial cut-off energy to 700 eV.
During propagation, a laser pulse is de-focused, and possibly, blue-shifted, which eventually
lowers the cut-off energy, as it is shown by dashed curves in panels (b) and (d). Although laser
propagation was simulated in all spatial dimensions, for this Fig. harmonics were evaluated
only on the beam axis. After each propagation step, we saved contributions from trajectories
launched within three different half-cycles of the laser pulse. Fig. 1 shows the harmonic output
and the single-atom dipole response at 400 eV, contributions from long and short trajectories
[29] returning to the parent ion within the same half-cycle of the driving field were added
together. In both simulations the intensity of each of the harmonic bursts shows a rapid growth
once, or at most, twice, before the cut-off energy drops below the selected harmonic energy.
The single-atom dipole responses, which are plotted in panels (b) and (d), reveal that some of
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Fig. 1. Contributions from different half-cycles of a 2-cycle laser pulse (inset in panel a)
to high harmonics at 400 eV. For λL = 0.75 μm, a rapid increase of the harmonic signal
(panel a) often coincides with a peak of the single-atom dipole response (panel b, solid
lines). For λL = 2.1 μm (panels c and d), the observed highly efficient harmonic generation
is due to phase-matching. In both simulations, the cut-off energy was equal to 700 eV at
the beginning of propagation; cut-off energies of individual half-cycles are represented by
dashed curves in panels b and d. Harmonic intensity in panels a and c is measured in the
same units, propagation was simulated for a 100-mbar He jet starting from the focus of
the laser beam. The dashed green line in panel c represents contribution from half-cycle
2 calculated with a non-divergent laser beam. In this case the harmonic generation is not
phase-matched and a regular coherent ringing is observed.

the regions of this highly effective harmonic generation coincide with a local increase of the
SADR. This increase is observed when the cut-off energy of a particular half-cycle becomes
close to the selected harmonic energy, and it is caused by two factors: a reduced energy chirp of
the returning electron wavepacket (see Section 4) and a weaker depletion of the ground-state.
The latter factor played a more important role for λ L = 0.75 μm, since the initial laser pulse
ionized more than 50% of the atoms.

Qualitative behavior for λL = 2.1 μm (panels (c) and (d) in Fig. 1) is remarkably different
from the one observed with the smaller driving wavelength. In this case, the local increase of the
SADR cannot explain the sudden build-up of harmonic bursts. For λ L = 2.1 μm, the ground-
state depletion is negligibly small, since a much lower laser intensity is required to generate
harmonics with the same cut-off energy: the probability of ionization by the two-cycle pulse
was less than 0.2%. As we will show in the next section, in this regime the fast build-up of
harmonic bursts is explained by self-phase-matching, which can become very efficient for one
of the bursts.

The observed formation of harmonic bursts provides a key to the generation of isolated at-
tosecond pulses at photon energies approaching or even exceeding 1 keV. Since different har-
monic bursts require different conditions for their efficient generation, it is possible to find such
conditions that one burst completely dominates all other bursts, even if harmonics are generated
in the plateau region. While this does not completely obviate the necessity to apply spectral fil-
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Fig. 2. Single-atom dipole response at the beginning of a 100-mbar He jet (a), and the
far-field spectral intensity of high harmonics (b) generated by a 1-mJ 2-cycle pulse for
different values of the laser wavelength λL. In each simulation, the initial semi-classical
cut-off energy was equal to 700 eV and the jet thickness L was chosen to reduce it by 10%
(legend in panel b).

tering in order to generate a single attosecond pulse, it may significantly relax requirements on
such a filter, since no careful selection of the cut-off region is required.

To illustrate how a single attosecond pulse can be generated far from the cut-off region, and
also to illustrate the role of propagation effects in the scaling of HHG with the wavelength
of the driving field, we made a series of 3D simulations, the main inferences from which are
presented in Fig. 2. This Fig. shows single-atom dipole responses (a) and far-field harmonic
spectra originating from the atomic ensemble (b) for different values of the central laser wave-
length λL. Similarly to the simulations shown in Fig. 1, the input laser pulse was a 1-mJ two-
cycle Gaussian one. Unlike the previously demonstrated simulations, we calculated the radial
distribution of harmonics and propagated them in all spatial dimensions. The gas medium was
terminated as soon as Ωcutoff was reduced by 10% of its initial value, which was equal to 700 eV
in all the simulations.

Comparing the two panels of Fig. 2, we see that in spite of the fact that the SADR decreases
as λL is increased, it still may be beneficial to increase the wavelength of the driving field to
maximize the output from the ensemble of atoms. This will be further discussed in the follow-
ing sections. We also observe that the far-field on-axis harmonic intensity does not always show
modulations in the plateau region. If one such region can be isolated by means of spectral filter-
ing, a single attosecond pulse can be generated. An example is shown in Fig. 3. Transmission
of harmonics generated with λL = 1.5 μm through 0.1 μm of Cu and 0.1 μm of Pd suppresses
harmonics below 100 eV, thereby isolating the hump around 230 eV. As a result, an isolated
60-attosecond pulse is extracted from harmonics in the far field (Fig. 3b), which confirms that
one of the trajectories contributed under exceptionally favorable phase-matching conditions.

3. Phase-matched generation of soft X-ray harmonics

Analysis of the role of phase-matching in HHG is often based on the concept that every har-
monic order can be assigned a certain phase [30]. As the duration of the driving pulse ap-
proaches the single-cycle limit, this concept loses its validity, since the few harmonic bursts
generated by the laser pulse may have very different amplitudes, durations, and phases. Instead
of narrow harmonics at odd multiples of the laser frequency the spectrum of the generated high-
frequency radiation may show rather irregular spikes that result from the interference of differ-
ent trajectories. Not only generation, but also propagation conditions for different harmonic
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Fig. 3. Generation of a single attosecond pulse in the plateau region. Panel a shows the far-
field on-axis harmonic signal generated with λL = 1.5 μm (green dashed line in Fig. 2b)
after it was transmitted through a filter made of 0.1 μm of Cu and 0.1 μm of Pd. The filter
suppresses harmonics below 100 eV, its transmittance is shown by the inset in panel a.
Panel b shows the time-domain intensity of the harmonic field after the filter.

bursts may differ significantly. Therefore, phase-matching should be separately investigated for
each contributing electron trajectory.

Phase-matching conditions for a selected harmonic burst k are determined by the phase of
the corresponding source term sk in Eq. (9). This phase can be approximately calculated using
the stationary phase method to perform the Fourier transform of the SADR [29, 31]:

arg[sk] ≈ ϕ
(

t(k)r

)
= Ωt(k)r −S

(
t(k)r

)
−

(
t(k)r − t(k)b

)
Wb +

π
2

, (11)

where the birth moment tb and the recollision moment tr of the k-th trajectory are supposed to
be chosen such that

Ω = Wb +Wkin (12)

is satisfied in addition to Eq. (2) for the selected emission frequency Ω. To simplify the notation
we will omit the index k, but our consideration is still limited to one selected harmonic burst. As
the laser pulse changes during propagation, the values of t b and tr have to be adjusted in order to
keep conditions (2) and (12) fulfilled. Consequently, t b and tr are functions of the propagation
coordinate z. A change of the phase ϕ with z leads to a phase mismatch. Differentiating Eq. (11)
we obtain

dϕ
dz

= Ω
dtr
dz

− dS
dz

−
(

dtr
dz

− dtb
dz

)
Wb. (13)

The generation of harmonics is most efficient when dϕ/dz becomes equal to zero—in this case,
contributions from all atoms interfere constructively, and the intensity of the generated radiation
grows quadratically with the number of contributing dipole emitters. Eq. (13) can be simplified
with the aid of Eqs. (2) and (7):

dϕ
dz

= Wb
dtb(z)

dz
− ∂S

∂ z
= Wb

dtb(z)
dz

−
∫ tr(z)

tb(z)
dt

[
AL(z,t)−AL(z,tb(z))

]∂AL(z,t)
∂ z

, (14)

where the derivative ∂S/∂ z is calculated for fixed tb and tr.
There are two sources of phase-mismatch, both of which are described by Eq. (14). First, if

the laser pulse and harmonic radiation have different phase velocities, the driving field expe-
riences a shift in the co-moving coordinate frame as the pulses propagate. Second, any distor-
tion of the laser pulse during its propagation—a change of its intensity, frequency or the CEO
phase—makes an additional contribution to the phase of the emitted harmonics by affecting
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the phase of the recolliding wave packet. These two sources of phase mismatch often have op-
posite signs, so that they can compensate each other. This was first demonstrated in a regime
where a few-cycle pulse ionizes a significant fraction of atoms [32], which results in an increase
of its instantaneous frequency (blue-shift). This mechanism is referred to as the non-adiabatic
self-phase-matching (NSPM) and it leads to a rapid growth of the harmonic signal. However, it
has not been widely recognized that this kind of perfect phase-matching can also be achieved
with moderate ionization rates, where the blue-shift of the laser pulse can be neglected. Here
we show that it is not only possible with realistic parameters, but also the importance of this
mechanism grows with the harmonic order, so that for sufficiently high-order harmonics the
conversion efficiency is no longer determined or limited by the coherence length, but by the
length over which the condition dϕ/dz = 0 is approximately satisfied.

In order to investigate how a single harmonic burst is built up, it is sufficient to consider
one single cycle of the driving field. As long as the instantaneous frequency of the laser pulse
remains constant, propagation of a selected field oscillation can be approximately described by
specifying how its amplitude and position in the co-moving system of coordinates depend on
the propagation distance. This is incorporated into the following ansatz:

AL(z,t) = f (z)g
(
t − τ(z)

)
, (15)

EL(z,t) = − f (z)g′
(
t − τ(z)

)
, (16)

where the electric field EL(z,t) is obtained from Eq. (15) by making use of Eq. (3). Let us now
insert this ansatz into Eq. (14). Trajectories that significantly contribute to HHG start in the
vicinity of a peak of the electric field, where the ionization rate is highest. Therefore a change
of the amplitude of the laser field has little influence on tb, so that dtb/dz is approximately equal
to dτ/dz. With this approximation we obtain the following simple formula that determines
phase-matching conditions for a selected harmonic burst:

dϕ
dz

= Ωτ ′(z)− 2 f ′(z)
f (z)

S
(
tr(z)

)
. (17)

Perfect phase-matching is achieved when

2 f ′(z)
f (z)

1
τ ′(z)

=
Ω

S
(
tr(z)

) . (18)

In analogy with NSPM, we refer to this regime as self-phase-matching (SPM).
Condition (18) is consistent with the well-known fact that high harmonics are generated most

efficiently when a gas jet is placed behind the laser focus [33]. Indeed, the plasma dispersion
and the Gouy phase shift increase the phase velocity of the laser pulse, so that τ ′(z) becomes
negative. In this case, Eq. (18) can only be satisfied if f ′(z) < 0, that is, the amplitude of the
laser field must decrease during propagation. We have to recognize, however, that not only a
decrease of the laser intensity leads to f ′(z) < 0, but also a change of the CEO phase of a
few-cycle pulse can significantly decrease the amplitude of a selected laser cycle in a few-cycle
pulse.

Let us now investigate the right-hand side of Eq. (18). The ratio Ω cutoff/S scales as the laser
frequency ωL = 2πc/λL. For a monochromatic laser field, it is possible to show that only
trajectories for which 0.28 < Ω/(SωL) ≤ 2.2 can contribute to harmonics with a frequency
Ω ≥ 1

2 Ωcutoff. A requirement that the phase-matched trajectory be a short one narrows this in-
terval yet further: 0.96 ≤ Ω/(SωL) ≤ 2.2. Thus, as a rough estimate, condition (18) can be
satisfied in the upper part of the plateau region if

2 f ′(z)
f (z)

∼ τ ′(z)ωL. (19)
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For example, if a 0.75-μm laser pulse ionizes 1% of atoms in a 100-mbar gas jet, then the
plasma dispersion alone leads to τ ′(z) = 0.04 fs/mm. According to Eq. (19), the intensity of
the selected laser cycle must decrease by approximately 10% per mm of propagation. Such a
drop in intensity is often observed in HHG experiments and simulations.

Whenever Eq. (18) is satisfied, the harmonic output rapidly grows with z over a distance L eff,
which we call the effective length of coherent harmonic build-up. This distance may be limited
by a drop of the SADR caused by a decrease of the laser intensity, but in most cases the main
limiting factor is dephasing caused by a non-zero second derivative of ϕ(z) at a position z 0,
where perfect phase-matching ϕ ′(z0) = 0 is achieved:

ϕ(z) ≈ ϕ(z0)+
1
2

ϕ ′′(z0)(z− z0)2. (20)

In this case it is reasonable to define Leff by
∣∣∫ ∞

−∞ s(z0)exp
(
iϕ(z)

)
dz

∣∣ = Leff|s(z0)|, which yields

Leff =
(

2π
|ϕ ′′(z0)|

)1/2

. (21)

The second derivative ϕ ′′(z0) can be evaluated using Eqs. (14), (17), and (18):

ϕ ′′(z0) = Ωτ ′′(z0)−Ωτ ′(z0)
(

f ′′(z0)
f ′(z0)

− f ′(z0)
f (z0)

)
−Wb

2 f ′(z0)
f (z0)

τ ′(z0). (22)

In order to estimate Leff, we neglect the second derivatives f ′′(z0) and τ ′′(z0) in the above
expression and assume that Ω 	Wb. Together with Eq. (19) this yields

Leff ∼ 2
|τ ′(z0)|

(
π

ωLΩ

)1/2

. (23)

It is instructive to compare Leff with a typical coherence length Lc that is observed when the
decrease of the laser intensity does not compensate for the difference in the phase velocities. If
the amplitude of a selected oscillation of the laser field remains constant during propagation,
that is, f ′(z) = 0, then the coherence length Lc = π/(Ω|τ ′(z)|). The ratio of the two lengths is
estimated as

Leff

Lc
∼

(
4Ω

πωL

)1/2

∼√
q, (24)

where q = Ω/ωL is a harmonic order. For relatively low-order harmonics, L eff and Lc are com-
parable, and the effort required to create conditions that satisfy Eq. (18) may not be justified.
For very high harmonic orders q 	 1, the SPM-induced increase of the harmonic intensity can
exceed a non-SPM one by orders of magnitude.

4. Scaling of conversion efficiency with gas pressure

When coherent build-up of harmonic radiation is limited by the coherence length, the harmonic
output oscillates as the gas pressure is increased. In this case, the optimal gas pressure is the
one for which the length of the interaction region is equal to the coherence length. The situation
changes dramatically if the conditions for perfect phase-matching (SPM) are realized. Indeed,
combining Eq. (23) with Eq. (10), we obtain the total harmonic output as

|s(z0)Leff|2 ∝
n2

a

|τ ′(z0)|2 ∝
p2∣∣∣ 1

c − 1
vph(z0)

∣∣∣2 , (25)
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Fig. 4. Scaling of harmonic output with gas pressure p for λL = 2.1 μm. Propagation of
the laser pulse was simulated in all spatial dimensions, HHG was simulated on axis only.
At small values of p the harmonic output grows quadratically with pressure. Due to SPM,
the overall output becomes pressure-independent at large values of p in agreement with
Eq. (26). The inset shows the dependence of the cut-off energy on the propagation distance.

where p is a gas pressure and vph is the phase velocity of the laser light. In jet experiments, the
gas pressure is usually high enough for plasma effects to play a significant role in the phase-
matching. Otherwise, if p is so small that free electrons hardly affect the propagation of the laser
pulse, an increase of the gas pressure would increase the number or radiating dipoles without
compromising phase-matching, so that the harmonic output would increase proportionally to
p2. If the gas pressure is sufficiently large, so that plasma effects start to dominate, |τ ′(z)|
becomes proportional to the concentration of free electrons: |τ ′(z)| ∝ ne [26]. In this case, the
harmonic output becomes independent of the gas pressure:

|s(z0)Leff|2 ∝ n2
a/n2

e = const. (26)

This is valid as long as Eq. (18) is satisfied at some point within the jet before the cut-off
energy drops below Ω. This is illustrated in Fig. 4. Using the same laser pulse as in Fig. 1,
we simulated HHG for different values of p. Propagation started at the focus of the laser beam
and stopped after the vacuum Rayleigh length zR = 1.24 cm. The overall harmonic output
(solid line) was calculated by integrating the harmonic intensity above 300 eV, while harmonic
output at selected energies was calculated within a 10-eV-broad Gaussian spectral window.
After an initial quadratic growth, the overall harmonic output becomes pressure-independent
for p � 1 bar. At the same time, a high gas pressure is detrimental to the harmonic intensity
at 600 eV. These harmonics cannot profit from the SPM due to the fast decrease of the cut-off
energy at the beginning of propagation.

5. Scaling of conversion efficiency with the laser wavelength

In this section we investigate the regime of moderate ionization rates when the efficiency of
HHG is not limited by the ground-state depletion. First of all, we have to decide how to compare
HHG at a selected frequency Ω for different laser wavelengths. One obvious possibility is to fix
all the laser parameters except λL. However, in this case the ratio Ωcutoff/Ω will vary with λL.
Proceeding this way, we may end up comparing harmonics generated in the cut-off region with
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harmonics lying deeply in the plateau region. In our opinion, a fairer comparison is made by
fixing the cutoff frequency Ωcutoff, which is equivalent to the requirement that the laser intensity
be decreased with decreasing ωL as ω2

L. We also keep the number of cycles and the energy in
the laser pulse constant, increasing pulse duration as ω −1

L . In this case, the required decrease of

the laser intensity is achieved by increasing the waist of the laser beam as ω −1/2
L .

The scaling of the HHG efficiency is determined by the interplay between the single-atom di-
pole response and the effective propagation distance L eff, over which radiation from individual
atoms is added constructively. As ωL decreases, lower laser intensities are needed to generate
the same Ωcutoff. In the tunneling regime [34], the quasi-static ionization rate is proportional to
exp

[− 2
3(2Wb)3/2/|E(t)|]. Therefore, the density of free electrons n e rapidly decreases as longer

laser wavelengths are used to generate harmonics, for a fixed Ω cutoff. Ionization is a prerequi-
site of HHG, but free electrons are a major factor limiting coherent harmonic build-up. There
are also other factors important for the scaling of conversion efficiency with laser wavelength:
depletion of the ground state, spatial spreading of the free electron wave packet, spatiotemporal
reshaping of the laser pulse etc. Also, it has recently been demonstrated that scaling predicted
by models based on the strong-field approximation may differ from that obtained by a numer-
ical solution of the time-dependent Schrödinger equation [7]. Due to the complexity of these
effects, an accurate determination of scaling laws calls for numerical simulations. However, the
primary role is played by the dependence of L 2

eff|d̃(Ω)|2 on the ionization probability, and in
this section we derive a rule-of-thumb scaling law, which roughly describes to which extent
an increase of Leff can compensate for the corresponding decrease of the single-atom dipole
response.

The magnitude of the contribution from a certain trajectory can be estimated in the same
way that we used to estimate its phase: by applying the stationary phase method to calculate the
Fourier transform of the single-atom dipole response d(t). In the plateau region, the dependence
of the source term (10) on trajectory parameters is given by

|s|2 ∝
na(tb)na(tr)Γ(tb)

(tr − tb)3EL(tb)2|S′′(tr)| . (27)

If the depletion of the ground state is weak, n a(tb) and na(tr) are approximately equal to the
initial concentration of neutral atoms na. The term (tr − tb)3EL(tb)2 describes the spreading of
the electron wave packet during its propagation in the continuum, and Γ(t b) is the ionization
rate at the appropriate moment of birth. Finally, S ′′(tr) = W ′

kin(tr) is the energy chirp of the
returning electron wave packet, which scales as the amplitude of the laser field E 0 and limits
the time of emission at Ω during a single recollision. Near the cutoff, where W ′

kin(tr) = 0, one
can show that W ′

kin(tr) has to be replaced with the second-order derivative [W ′′
kin(tr)]

2/3, which
scales as (E0ωL)2/3. Taking into account that the travel time t r − tb scales as ω−1

L , we see that

|s|2 ∝ n2
aΓ(tb)ω3

LE−3
0 (28)

in the plateau region of the spectrum, or

|s|2 ∝ n2
aΓ(tb)ω3

LE−2
0 [E0ωL]−2/3 (29)

at the cutoff. When the cut-off energy is fixed, E0 ∝ ωL and the polynomial frequency-
dependent scaling essentially drops out:

|s|2 ∝ n2
aΓ(tb)ω−δ

L , (30)

where δ = 0 at the plateau and δ = 1/3 at the cutoff. We ignore this slow dependence below. All
frequency dependence has now been shifted into the ionization rate Γ(t b), which very strongly
depends on E0, the latter decreasing proportionally to ωL.
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Fig. 5. Scaling law given by Eq. (32). The ionization rate of helium was calculated for a
2-cycle Gaussian laser pulse with a peak intensity adjusted to have a required value of the
cut-off energy Ωcutoff. Only simulations with an ionization probability between 0.1% and
10% are shown in this plot.

The scaling of the length of coherent harmonic build-up can be deduced from Eq. (23). When
the phase-velocity of the laser light is mainly determined by its interaction with a plasma, τ ′(z)
is proportional to ne/ω2

L, so that

Leff ∝
ω3/2

L

ne
∝

ω5/2
L

naΓ(tb)
. (31)

Here we used naΓ(tb) ∝ ωLne, assuming a moderate ionization probability (the number of ion-
ized atoms is proportional to the rate of tunneling ionization multiplied with the time during
which tunneling remains an efficient ionization channel).

Eqs. (30) and (31) finally provide a scaling law for the harmonic intensity:

IH ∝ |s|2Leff ∝
ω5

L

Γ(tb)
. (32)

Both the numerator and the denominator of the last expression decrease as the laser wavelength
λL is increased, but if the laser intensity is simultaneously decreased in order to keep the cut-
off energy fixed, then Γ(tb) in the denominator decreases exponentially, while the numerator
decreases polynomially. Longer wavelength radiation is indeed more sensitive to plasma dis-
persion, but the decrease in plasma density compensates for it, increasing the length L eff and
the overall conversion efficiency.

The scaling law given by Eq. (32) is illustrated in Fig. 5. As an estimation of the ionization
rate at the moment of birth Γ(tb), we used the peak ionization rate of the half-cycle, within
which the cut-off trajectory of a two-cycle Gaussian pulse is launched. Quasi-static ionization
rates [22] were used to calculate Γ(t).

6. Summary

We investigated the role of propagation effects in the generation of soft X-ray harmonics by
few-cycle laser pulses. Our analytical theory, based on the Lewenstein model of HHG and
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supported by numerical simulations, reveals that increasing the wavelength of the driving field
brings several important opportunities for the generation of isolated attosecond pulses in this
spectral region: Conditions for ideal phase-matching (SPM) can be fulfilled even with moderate
ionization rates when the blue-shift is negligible. It is possible to tune parameters such that
only one attosecond burst benefits from this regime, in which case the intensity of the burst
may exceed the intensities of other bursts by orders of magnitude. Consequently, generation
of a single attosecond pulse in the soft X-ray region does not necessarily require a careful
extraction of the cut-off region. Also, the efficiency of generation of soft X-ray harmonics can
be improved by using a driving field with a longer wavelength. We hope that our theory will
serve as a guideline for future HHG experiments with phase-stabilized few-cycle mid-infrared
pulses.
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