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a b s t r a c t

We consider the temporal aberrations of femtosecond electron pulses in magnetic lens systems. We

identify two mechanisms for distortions: Within the lens, rotational motion around the propagation

axis results in outer parts of the pulse being delayed. After the lens, conversion from radial to

longitudinal velocity causes a dynamical reshaping of the electron pulse during propagation towards

the image plane. In combination, the pulses refocus back closely to the original pulse duration, but at a

position far away from the image plane. Only for a magnification of two there is an approximate

coincidence. Calculations of simplified trajectories provide a conceptual picture of signs and magni-

tudes; details are studied by numerical simulations of realistic lenses. For typical geometries in

ultrafast diffraction and microscopy, distortions can amount to tens of femtoseconds and thus limit the

temporal resolution even when using single-electron sources without space charge. Compensation of

temporal aberrations can be achieved by combining lenses in sequence, resulting in what we call an

‘isochronic’ lens system for charged particles. We discuss the implications for ultrafast atomic-scale

imaging by 4D electron microscopy and diffraction.

& 2011 Elsevier B.V. All rights reserved.
1. Introduction

Extremely short pulses of free electrons at energies of 30–
300 keV, approaching femtosecond and attosecond durations, have
central importance for many applications, especially for visualizing
the pathways of atomic and electronic motion during matter
transformations in all four dimensions of space and time [1]. The
temporal resolution is determined by the excitation laser’s pulse
width, by group velocity mismatch, and by the electron pulse
duration [2]. Ultrafast diffraction, a technique possible without an
electron microscope, yields atomic distances and their changes with
a resolution of well below the bond length [3–5]; ultrafast 4D
microscopy is ideal for more complex materials including nanos-
tructures [6], molecular systems [7], or biological specimen [8]. Both
the techniques share the need for electron pulses with duration
shorter than the fastest dynamics of interest; this is fs–ps for atomic
rearrangements and down to attoseconds for electron densities.

A method to generate extremely short electron pulses is laser-
excited photoelectric emission followed by acceleration in an
electric field to energies of about 30–300 keV (0.3–0.8 c). Two
regimes, single electrons or dense packets, can be distinguished
here. The space charge forces in multi-electron packets lead to
temporal broadening; nevertheless this regime is important for
studying irreversible processes with single exposures [9–12]. In
contrast, electron pulses consisting of only a few or single
ll rights reserved.
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electrons can reach durations of 80 fs, limited only by the jitter
of photoelectric emission [13]. Pump-probe experiments with
single electrons are feasible at MHz repetition rates, in our case
with 10-fs-pulses from a long-cavity oscillator and fiber compres-
sor [14]. Shorter electron pulse durations, approaching one fem-
tosecond and below, seem possible in the absence of space charge
by compression in laser fields or microwave cavities [15,16].

In order to transport such ultrashort pulses from the source to
the sample, most experimental apparatuses make use of magnetic
lens systems. Magnetostatic fields preserve the particle’s absolute
velocity, but not the effective path length; this can result in
temporal aberrations. The purpose of this work is to identify the
relevant mechanisms and their influence to the effective temporal
resolution in ultrafast diffraction and 4D microscopy.

Considering the complexity of modern electron optics, this
question is not easily treated comprehensively. We therefore
restrict our discussion to the model case of a simple solenoid
lens, such as experimentally used in the pioneering ultrafast
diffraction and crystallography apparatuses that have first pro-
vided a combined picosecond/Angstrom picture of structural
dynamics [17–20]. The principles derived below for a solenoid
are intended to be a starting point for more specific studies of
realistic lenses in modern electron microscopes.
2. Femtosecond electron pulses—generation and shape

Fig. 1 shows a source of femtosecond single-electron pulses,
with emphasis on explaining the initial spatiotemporal shape of
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Fig. 1. Source and shape of femtosecond single-electron pulses. A laser (pink) is

used to create photoelectrons with an initial velocity distribution in all radial and

longitudinal directions (black arrows). Acceleration to 30–300 keV conserves the

initial energy spread. This reduces the longitudinal velocity spread by �103, but

the transversal components vr are not affected. The pulse shape after the anode

(black, dotted) is therefore flat, but diverging (blue ellipses). For details see text,

and reference [9]. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)

Fig. 2. Temporal distortions in a magnetic lens. A coil (dashed) of length L is used

for imaging from a source plane at g to an image plane at b. The femtosecond

electron pulse obtains a curved shape within the lens (region 2), which later

reverts during propagation (region 3). Depending on the geometry, a temporal

focus with flat pulse appears in between.
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the electron packet after the source. Ultraviolet laser pulses (pink)
hit a photocathode (black) and generate photoelectrons with an
energy spread in the order of 0.2 eV and with a distribution of
initial velocities (black arrows) in all possible directions [13].
Typically, the initial transversal and longitudinal velocity spreads
(distributions of initial vz, and vr) amount to �350 km/s each.
During acceleration, the longitudinal spread leads to some long-
itudinal broadening in the order of 80 fs at optimized conditions
[13]. An important other consequence of acceleration is a strong
reduction of the forward velocity spread, caused by the conserva-
tion of energy in the electrostatic field. For example at a final
energy of 30 keV, the initial energy spread of 0.2 eV corresponds
to only �0.3 km/s of longitudinal velocity spread, instead of
350 km/s at the cathode. The radial velocity component, however,
is not affected by the accelerating field. In the end, in free space,
electrons on the central axis have vzE100,000 km/s plus–minus
an insignificant 0.3 km/s, but electrons at diverging trajectories
have vzE100,000 km/s and an additional vrE350 km/s.

After leaving an acceleration region of optimized geometry
[21], the packet is approximately flat-shaped, as depicted in Fig. 1
in blue. During propagation in free space, it mostly keeps this
shape and the so far acquired pulse duration. Further longitudinal
expansion is only by a few femtoseconds for cm-ranged distances
[13,22]. The beam has, however, a considerable divergence in the
mrad range.

We note that a more circular/spherical pulse shape would
emerge from an ultrafast point-like emitter [23]. In that case,
electrostatic near-fields at the tip determine the initial direction
of acceleration. The spatiotemporal pulse shape would therefore
be curved, not flat as for our case of purely longitudinal accelera-
tion. In the following, we restrict our discussion to incoming
pulses of flat shape.
3. Distortions in magnetic lenses—general mechanisms and
physical picture

As explained in the introduction, we consider here the tem-
poral distortions induced by a solenoid lens. Effectively, there are
four contributions to the duration of femtosecond single-electron
pulses: first, the pulse width of the photoemission laser, second, a
broadening in the acceleration region, third, dispersion in free
space, and fourth, the temporal aberrations of imaging. The total
pulse duration is the sum of all these effects. Here, it is our
intention to investigate the temporal distortions of the lens. This
is why we first, in this conceptual section, set aside all other
mechanisms and assume infinitely short pulses entering the
magnetic lens. Realistic beams and full simulations will be
discussed below.

Fig. 2 depicts a solenoid of circular symmetry with a coil area
(dashed) and a circular current I. The electron source at a distance
g is a small spot with a divergence as discussed above. We define
the amount of temporal distortion at a position z along the main
propagation direction by the difference in arrival times of an off-
axis electron with respect to the central one, which is unaffected
by the magnetic fields.

In the region before the lens (region 1), the femtosecond
packet (black) travels with a parallel but spatially expanding
shape, as explained in section 2 (see Fig. 1). The pulse shape stays
flat in this region.

Within the lens (region 2), fringe fields induce a spiraling
motion around the lens axis; this leads to an image rotation. In
addition, the trajectories are bent towards the central axis; this
leads to focusing. Because the absolute value of velocity is always
conserved, longitudinal components are—for the time it takes to
pass the lens—partially converted to azimuthal and radial com-
ponents. Thus, longitudinal velocity components are reduced
within the lens, the more outward the trajectory the more.
Electrons away from the main axis therefore a delay with respect
to the central trajectory and the electron packet becomes curved,
as depicted.

In the area between lens and image plane (region 3), no
magnetic fields are present and all trajectories are linear. The
lens’ magnification, however, has transferred the outward part of
the initial velocity to an inward one. For the case of magnification,
as depicted here, electrons having traveled in outer regions have
acquired a larger change in angle. A larger part of their initial
radial velocity is therefore converted to a longitudinal one; outer
electrons are accelerated with respect to central ones. This is
possible because outer electrons initially have additional radial
velocity components as compared to central electrons, as
explained in section 2 (see Fig. 1). The conversion of outward to
more forward velocity leads to a process in region 3 that con-
tinuously reverses the packet’s curved shape during propagation
towards the image plane. Somewhere in between, a temporal
focus might develop, where the pulse front is flat and the initial
pulse duration is restored.

The appearance of a temporal focus is essentially made possible
by the initial distribution of velocities in a femtosecond electron
packet, as explained in section 2. On arrival at the magnetic lens,
the off-axis electrons have a slightly higher absolute velocity than
the axial electrons. This is the reason why they can, on a
femtosecond scale, catch up the axial electrons, even though they
have traveled along a slightly longer path.
4. Estimation of timing contributions by comparing
simplified trajectories

With some approximations, the signs and magnitudes of this
behavior can be treated analytically. The spatial characteristics of
magnetic lenses are well described in the literature [24–26]. In
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order to clarify the temporal mechanisms, we choose here a
simple approach based on calculating and comparing the time it
takes the electrons to travel along different trajectories through
the solenoid lens. We simplify the trajectories by linear approx-
imation in the three regions; this turn out to be sufficient for
identifying the relevant contributions. More precise results,
obtained by numerical simulations, will be discussed below.

We use an initial electron packet as described in section 2, at
�30 keV, with a longitudinal velocity v0¼0.348 c, with an initi-
ally infinitely short duration, and with a divergence syE3 mrad.
These parameters, with exception of the artificially short pulse
duration, are typical experimental values measured for femtose-
cond single-electron sources [13]. For the discussion here, the
longitudinal velocity spread is neglected, because it is 103 times
smaller than the width of the radial velocity distribution; see the
discussion in section 2. In the single-electron regime, the evolu-
tion of the beam diameter of realistic femtosecond sources is
dominated by the divergence. In our experiments, we have virtual
source sizes of about 10 mm. This will here, at first, be neglected.
The imaging geometry is given by the lens’ length L, an object
distance g and an image distance b (see Fig. 2). The current I and
the magnetic field at center, B0, are determined by L, g, and b. We
define the velocities of an electron in cylindrical coordinates:
vz,r,j in region 1, ~vz,r,j in region 2, and ~~vz,r,j in region 3. The
electron mass is m and its charge is q. For simplicity, relativistic
effects are neglected (gE1.05 at 30 keV).

The lens is considered to consist of the three distinct regions
denoted in Fig. 2. We define values for the temporal distortion at a
point z along the main axis by the difference Dtlens in arrival
times of an off-axis electron (vz¼v0, vr¼syv0, and vj¼0) with
respect to an electron on a central trajectory (vz¼v0 and
vr¼vj¼0). As outlined above, Dtlens has two contributions, one
from within the lens (region 2, Dtrot) and one from thereafter
(region 3, Dtgeometric).

In the lens, the electron trajectory is dominated by a rotational
motion around the central axis, mainly induced for our conditions
by radial magnetic components of the fringe fields interacting
with the electron’s longitudinal velocity. In turn, longitudinal
magnetic fields then induce a bending motion towards the axis. In
order to account for the relevant changes in timing, we estimate
the reduction of longitudinal velocity by conversion to radial and
azimuthal components. We first find an estimation for the
rotational velocity ~vj. The off-axis electron enters without
significant angular momentum (vjE0), as a result of the small
source size. In the lens’ vector potential Aj, the electron gains an
azimuthal velocity components ~vj as a result of the conservation
of angular momentum (mr ~vjþqrAj ¼ const¼ 0). For estimating
Aj, we use the paraxial approximation for cylindrically symmetric
potentials [25]: Aj �

r
2B0. Inserting, we obtain

~vj ��
qr

2m
B0 ��

qvr

2mvz
gB0 ð1Þ

Here we assume that the electron’s radius r� ðvrgÞ=vz is
constant within the magnetic lens and determined by the value
at the beginning of region 2; these are approximations that seem
realistic for Log and Lob. With the focal length of our lens,
f � ð4m2v2

z Þ=ðq
2LB2

0Þ [24], with the imaging equation 1=f ¼ 1=gþ

1=b, and inserting into Eq. (1), we obtain

~vj ��vrg

ffiffiffiffiffiffiffiffiffiffi
gþb

gbL

s
ð2Þ

For short lenses, this azimuthal velocity is several times larger
than vr and therefore dominant for changes to the absolute
velocity. We have therefore the freedom to approximate ~vr � vr;
this choice simplifies the equations. By comparing to the numer-
ical simulations (see below), we find that alternative approaches
with ~vr ¼ 0 or ~vr ¼
1
2ðvrþ

~~vrÞ do not yield significantly different
results for our conditions.

Static magnetic fields preserve the absolute value of the

velocity: vj j ¼ ~v
�� �� or

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

z þv2
r

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~v2

z þ ~v
2
r þ ~v

2
j

q
. This can be solved

for ~vz �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vz

2� ~v2
j

q
. For passing the lens’ length L with this velocity,

an off-axis electron takes longer than the central one. The timing

difference in the rotational region 2 is Dtrot � L= ~vz�L=vz, or, by
combining it all,

Dtrot � L=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

z�v2
r

gðgþbÞ
bL

q
�L=vz ð3Þ

The term including vr is much smaller than vz; this allows a
simplification by Taylor expansion. We obtain:

Dtrot �
gðgþbÞ

2b

v2
r

v3
z

ð4Þ

This is the first contribution to temporal distortion, originating
from rotational motion in the lens region, and leads to a positive
bending of the electron packet as depicted in Fig. 2, independent
of the values of g and b.

Next, we consider the second contribution to temporal distor-
tion, in the region between the lens and image. Electrons have no
azimuthal components in this field-free region, but the lens’
effective magnification causes a change of radial velocity given

by the imaging distances g and b: vr= ~~vr ��b=g. This change is
independent of the focusing mechanism’s details and a conse-

quence of imaging. Conservation of absolute velocity, vj j ¼ ~~v
��� ���,

results in
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

z þv2
r

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~~v

2

z þ
~~v

2

r

q
, which can be solved for ~~vz. The

time it takes for the off-axis electron to reach the spatial focus at b

is compared to the time needed for the central electron with
moves all the time with a speed of vz. The difference is the
temporal distortion of region 3:

Dtgeometric �
b
~~vz

�
b

vz
� b=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

z�v2
r ð

g2

b2�1Þ

r
�b=vz ð5Þ

As above, the term including vr is much smaller than vz and we
can simplify Eq. (5) by a Taylor expansion:

Dtgeometric �
b

2

g2

b2
�1

� �
v2

r

v3
z

: ð6Þ

This contribution denotes the distortion at the image plane. It
originates from a continuous reshaping of the pulse’s curvature
during propagation in the field-free region. This mechanism depends
only on the effective magnification and is thus largely independent of
the lens’ internal mechanism of focusing. Any magneto-static ele-
ment that focuses or defocuses a beam will be subject to such type of
temporal aberration. For our geometry, the total temporal distortion
at the image plane is Dtlens¼DtrotþDtgeometric.

We note an important observation evident in these results.
Both distortional contributions described by Eqs. (4) and (6) scale
quadratically with the source’s radial velocity. Both therefore
describe pulse curvatures of parabolic shape, like depicted in
Fig. 2. The two types of distortions therefore add up in a direct
way for all initial radial velocities and in proportion to the radial
beam profile.
5. Numerical simulations

In order to see whether our simplified considerations and
approximations provide an acceptable picture, we invoke numer-
ical simulations for realistic electron sources. The lens is a simple
solenoid with a low magnification and a focal length in the order
of centimeters. Such lenses are typically used experimentally in



Fig. 4. Cases for different magnifications, all with an object distance of 5 cm.

(a) Beam size in dependence of the lens current. (b) Evolution of the pulse

duration for the different cases. The big dots denote the spatial focus and the pulse

duration there. Marked is the ‘isochronic’ case, where spatial and temporal focus

coincide (green). (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)
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ultrafast studies of structural dynamics with electron diffraction
[17–20]. The time differences we are interested in are in the
femtosecond and attosecond regime, but the total propagation
time is many nanoseconds. A quite high numerical precision of
o10�7 is therefore required. Commercial software is available,
but we chose to use our own algorithm in order to be most
flexible with the cases of our interest. Electron trajectories are
integrated with an 5th-order Runge–Kutta method with adaptive
step size [27]. The magnetic lens has a length L¼10 mm, dia-
meters R1¼6 mm and R2¼22 mm. The total field is obtained by
summing up the contributions of individual coils spaced by
0.75 mm. The field of each coil is computed analytically in
Cartesian coordinates [28]. This provides an accurate model for
real solenoid lenses, including realistic wires and three-dimen-
sional fringe fields. The tracing algorithm provides trajectories as
a function of time; values for arbitrary spatial planes z are derived
by inverting the polynomials obtained from the Runge–Kutta
method. For controlling the adaptive step size, an error threshold
of 10�10 per step was found acceptable for achieving attosecond
precision in total.
Fig. 5. Temporal distortion at the spatial focus for a large range of image

distances; the object is 5 cm before then lens. Triangles are the results of

simulations; the red line is an analytical prediction (see text). (For interpretation

of the references to colour in this figure legend, the reader is referred to the web

version of this article.)
6. Results and discussion

The initial electron packet is defined as described in section 2,
at a central energy of 30 keV, with a source size of 10 mm (full
width at half maximum), and with a divergence of 3 mrad. This is
a very close representation of realistic femtosecond electron
packets generated from laser photoemission and matches the
measured emittance of experimental sources [13]. As discussed
above, in order to clearly identify the magnetic lens’ temporal
distortions, the pulse duration is first made infinitely short and
longitudinal components of the velocity spread are suppressed;
the case of long and dispersive pulses is described below.

Fig. 3 shows the simulated shape of the electron packet
together with the evolution of its spatial extent (blue diamonds,
2sr). Clearly evident are the mentioned regimes of propagation:
no distortion before the lens, negative bending within, intermedi-
ate temporal refocusing at zE11 cm, and a significant pulse
lengthening at the spatial focus. Longitudinally, the electron
pulses have quite asymmetric shapes; we therefore define an
effective value for the temporal distortion as twice the standard
deviation. The lower panel shows the evolution of the simulated
packet duration (blue rectangles) in comparison to the prediction
Fig. 3. Simulated dynamics. (a) Histograms of electron density during propagation

from the source to the spatial focus. Each histogram is magnified longitudinally

and displayed on a scale corresponding to femtosecond times. The evolution of the

beam size is plotted in blue diamonds. (b) Evolution of temporal distortion. Blue

dots are the result of numerical simulations; the red line is an analytical prediction

(see text). (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)
(red). A good resemblance is evident, showing the validity of our
approximations with the simplified trajectory calculations.

More results are shown in Fig. 4 for different focal distances
that are typical for ultrafast diffraction studies [17–20]. The cases
include one with magnification, where no temporal focus is
present (red), one of 1:1 imaging, where neither temporal
refocusing nor continued dispersion occurs (magenta), one with
demagnification (blue, see Fig. 3), and the special case where the
temporal focus and the spatial focus coincide (green). We call the
latter an ‘isochronic’ condition, because timing between source
and image is independent of the specific trajectory. Fig. 5 shows
the temporal distortion at the spatial focus for different magni-
fications. Triangles are results of the simulations, and the solid
line is the prediction by Eqs. (4) and (6). The minimum at �9 cm
is the isochronic condition where the spatial and temporal
focuses coincide.

The latter observation can be understood by considering the
two contributions to temporal distortion and their different signs.
The lens’ internal delay, Dtrot, is always positive independently of
the geometry; outer parts of the electron pulse are delayed more
than inner parts. In contrast, the field-free component, Dtgeometric,
is negative for a magnifying lens and positive for a demagnifying
one. In the case of magnification (g/bo1), the velocity ~~vz is larger
than vz, letting the pulse’s outer parts overtake the central part
during propagation in region 3. In the case of demagnification
(g/b41), the pulse’s shape bends such that the central part gets
ahead. Combined, it happens at a magnification of about 1:2 that
rotational and geometric contributions cancel out and that the
temporal and spatial focuses coincide. The fact that this holds
over all of the beam profile can be understood by Eqs. (4) and (6),



Fig. 6. Interplay of initial pulse durations with lens distortions. (a) Pulse durations

of an initially long and dispersing pulse in free space (dashed) and the same with a

magnetic lens (solid). (b) Pulse duration of an infinitely short pulse in the lens

(solid) in comparison to a deconvolution (dots) of the two traces in (a).
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which both scale quadratically with the initial radial velocity. An
essential prerequisite is, however, a small initial source size.

Next, we investigate the influences of the lens’ length L, which
was neglected in the equations. Simulations of four magnetic
lenses with the same magnification, but with lengths between
10–40 mm, show that the temporal focus shifts in z direction by
about 20%. For lengths approaching the magnitude of g and b, the
approximations made above become invalid, but the pulse cur-
vature remains almost parabolic for all investigated conditions.
Isochronic conditions can still be found at adjusted magnifica-
tions. We also studied the influence of misalignment. The lens
geometry and fields are displaced and rotated including all
individual coils. We find that tilted or shifted lenses make
temporal distortions stronger. Angles exceeding 0.21 or displace-
ment larger than 30 mm can make the temporal focus disappear
for our conditions. We were not able to compensate a tilt with a
displacement or vice versa. In practice, a careful alignment of both
settings is therefore required, for example by field reversal [29].

We emphasize that we only consider here pure solenoid lenses
of basic construction, like the ones that are used in ultrafast
diffraction [17–20]. In electron microscopes, typical magnifica-
tions are much larger and simple solenoids are not sufficient to
achieve this. More complex and realistic lens constructions will
nevertheless follow to the mechanisms described here, if they are
based on magnetostatic fields of circular symmetry. The two
distinct contributions we identified to affect temporal distortions,
rotational motion and magnification, are common characteristics
of all such devices.
7. Pulses with initial duration and spread

In the simulations so far, the electron sources did not include a
longitudinal velocity spread and initial pulse duration, in order to
solely derive the physics of the lens. Here we now consider the
full picture. The duration of a femtosecond electron pulse after
leaving the source and before the lens is determined by two
distinct mechanisms. First, electrons are created at different times
as consequence of the photoemission laser’s finite pulse width
[13]. Second, the longitudinal velocity spread lengthens the
pulses by dispersion. The latter effect is strongest in the
cathode–anode region, but some further pulse lengthening also
takes place in free space [22]. Effectively, before the lens, the
pulse’s longitudinal phase space can be described by a temporal
width, a velocity spread, and a chirp (dispersion).

We expect that the total pulse duration during propagation in
a magnetic lens system is a convolution of the duration it would
have in free space, Dtfree, convoluted with the aberrations caused
by the lens. Approximating all distributions with Gaussian shapes,
we predict

Dt2
total �Dt2

f reeþDt
2
lens: ð7Þ

In the simulations, we assume electron packets at 30 keV with
the same parameters as above (source size of 10 mm and diver-
gence of 3 mrad). In addition, the pulses now have a realistic
longitudinal velocity spread of Dvz¼0.3 km/s (after acceleration)
[13] and an initial duration after the anode of 20 fs. The latter
value is made a little smaller than currently achievable experi-
mentally, in order to make all durations of roughly the same
order. The source is at z¼�5 cm, the lens is this time a single coil
at z¼0 cm, and the current is adjusted for a spatial focus at
zE10 cm. This geometry is somewhat away from the isochronic
condition, in order to represent a general scenario.

Fig. 6(a) depicts the results. The solid line shows the evolution
of the total pulse duration. For comparison, the dashed line shows
the results of an identical simulation with no lens. Clearly evident
are the dispersive lengthening of the free pulse and the additional
lengthening by the lens’ distortions. The dotted trace in Fig. 6(b)
shows an attempt to isolate the contribution of the lens using
deconvolution via Eq. (7). For comparison, the solid line is the
simulated pulse duration that an infinitely short incoming pulse
would obtain in the lens by distortions only. The two traces show
a good match.

We note two consequences of these results: First, longitudinal
velocity spreads and initial pulse durations do not significantly
affect the predictions made in Eqs. (4) and (6) for the temporal
distortions of magnetic lenses. Second, the duration of long and
dispersing electron pulses adds to the imaging system’s temporal
distortions in a direct and expectable way. The total pulse
duration can therefore be shortened by optimizing each contribu-
tion individually.

We also simulated a full setup of an ultrafast diffraction
apparatus including a photocathode and acceleration stage,
assuming isotropic emission by photoemission close to the work
function [13]. In such case, phase space shows some correlations
between longitudinal and transversal velocities. These are found
to be insignificant. However, an additional effect results from the
electrostatic lens formed by the anode hole. Penetration of the
electrostatic potential into the aperture causes a defocusing
effect. This in turn induces some temporal reshaping of the pulse
curvature by a mechanism very similar to the geometric con-
tribution of a magnetic lens, but caused by electrostatic princi-
ples. Using a mesh at the anode avoids such additional
contributions, but at cost of emittance. Alternatively, a specially
shaped anode can be used [21], or the source’s distortions can be
taken into account when designing the lens system.
8. Combinations of compression cavities and magnetic
focusing

In order to compensate for the statistical jitter of single
electrons and to generate pulses with sub-femtosecond duration,
long electron pulses can be compressed in time by applying
oscillating longitudinal fields, for example provided by microwave
cavities or ponderomotive optical gratings [15,16]. For a laser-
pump/electron-probe experiment, the fields must be synchronized
to the laser [12]. Electron pulse durations approaching one
femtosecond and below are predicted to be realistic in the absence
of space charge [15,16]. Here we consider the question whether
such pulses can simultaneously focused in space. Temporal
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compression induces a strong longitudinal energy spread of
DEE10–100 eV, which is – with intention – significant compared
to the central velocity vz. This can cause chromatic aberrations in
the spatial dimensions, and could also, although not predicted by
Eqs. (4) and (6), affect the temporal behavior. In order to see
whether the temporal lens aberrations can still be treated as
discussed above, we consider the scenario depicted in Fig. 7:
Electron pulses with an initial duration of �100 fs are compressed
in a microwave cavity at a distance of d¼4 cm and later focused in
space by a magnetic lens at g¼6 cm. The conditions of the
incoming electron packet are that of a realistic single-electron
source: central energy of 30 keV, divergence of 3 mrad, long-
itudinal spread of 0.3 km/s, source size of 10 mm, and initial
duration of �100 fs. Effects of the anode hole are neglected in
order to simplify the discussion. The cavity operates at a frequency
of 6.2 GHz and its time-dependent electric and magnetic fields are
simulated in 3D and in all directions with the analytical solutions,
Bessel functions [24,30]. The cavity’s phase is zero and the
gradient of longitudinal field is set to produce a temporal focus
at distances of zE9, 12, 17, and 19.5 cm. The current of the
magnetic lens (with realistic dimensions as before) is adjusted to
produce spatial focuses at the same distances; no further optimi-
zation was done.

Fig. 8(a) shows the results of spatial focusing and Fig. 8(b) the
evolution of the pulse duration. The cavity shows a very small
Fig. 7. Combination of a compression cavity with time-dependent longitudinal

fields with a magnetic lens. At a correct magnification near 1:2, a combined

spatio-temporal focus is obtained.

Fig. 8. Results of simulation a compression cavity in combination with a magnetic

lens, assuming an initial pulse of �100 fs duration. The positions of cavity and

lens are marked. The evolution of the beam size (a) and the pulse duration (b) are

shown for cases of different focal distances. (c) Pulse duration at the spatial focus

for the different magnifications. The minimum (1.4 fs) is obtained at about 1:2, as

predicted.
contribution to spatial focusing (not evident at the displayed
scale). This is caused by the radial B-fields at zero phase; we
estimate an effective fcavityE1–10 m. The associated reduction of
radial velocities induces some minor contributions to timing, but
the resulting shift of the temporal focus is negligible.

At first sight, it is evident that some combined spatio-temporal
focuses are achieved for all settings. The spatial focus is as big as
expected from the magnification of our source size of 10 mm;
chromatic aberration is not significant. In the temporal domain,
however, closer inspection reveals a systematical variation of the
best possible electron pulse duration at the spatial focus. These
values are shown in Fig. 8(c) for different lens magnification.
Pulse durations are shortest at magnifications of a little below 1:2,
similar to the cases before. The pulse duration is 1.4 fs at this
condition and the spatial focus has a width of �20 mm, as
expected from the magnification of the source’s size. Smaller
spots would be achievable with sources of better emittance, for
example from needle tips [23].

We note two consequences of these results: First, longitudinal
velocity spreads as large as 30 km/s, corresponding to DEE20 eV,
do not significantly change the described mechanisms and mag-
nitudes of temporal distortions in magnetic lenses. The approx-
imations made in deriving Eqs. (4) and (6) are therefore valid for
realistic scenarios including compression cavities. Second, a
combined spatio-temporal focus of mm size and few-femtosecond
duration can be achieved with realistic sources and a microwave
cavity, but only with an isochronic lens of specific magnification.
9. Concepts for lens combinations without distortions

In order to achieve time-keeping, isochronic imaging for mag-
nifications other than �1:2, we provide here some concepts based
on lens combinations. Because realistic simulations become depen-
dent on a large variety of practical considerations, we restrict the
discussion here to the basics of some possible concepts. Two cases
can be distinguished, magnification larger or smaller than �1:2
(see Fig. 9). In case of magnification, the reshaping during propaga-
tion, Dtgeometric, over-compensates the bending action from within
the lens, Dtrot. A solution is the addition of one or more purely
rotational lenses, i.e. such that have a magnification of one and
thus only provide a positive temporal delay Dtrot, while maintain-
ing a constant temporal packet shape after such lens (compare
magenta curve in Fig. 4). In case of demagnification, both Dtrot and
Dtgeometric are positive. We suggest using a first lens to approxi-
mately collimate the beam, and a second one for tight focusing.
Depending on the path length between the lenses, a negative
bending Dtgeometric will develop and compensate the two positive
distortions DtrotþDtgeometric of the second lens. Another possibility
is a combination of magnetic with electrostatic lenses. For example
in an Einzel lens, electrons first loose and then gain again in energy
Fig. 9. Concepts for ‘isochronic’ lens combinations, where the spatial and

temporal focuses coincide. See text for explanation of the two cases, magnification

(a), and de-magnification (b).
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and velocity; this conceptually different behavior shall allow
finding electromagnetic combinations with isochronic behavior.
10. Perspectives

We emphasize some implications of our numerical results for
experimental diffraction and microscopy studies. We first con-
sider ultrafast diffraction experiments that are done without an
electron microscope. For many of the presented cases, the pulse
shapes are highly asymmetric and some parts are delayed by
many tens of femtoseconds (see the focus in Fig. 2(a)). Depending
on the experimental definition of time resolution, the 2s-values
used in this work might not fully capture all of the relevant
distortions. This might require consideration when aiming for
resolutions of below 100 fs in ultrafast diffraction [13,20]. Gen-
erally, the temporal distortions we discuss here all scale about
quadratically with the source’s divergence. Optimizations of the
photocathode’s energy spread and emittance are therefore highly
desirable beyond the advantages for initial pulse durations
[13,23]. An �1:2 imaging between source and sample will
preserve timing and simultaneously provide a mm-sized illumina-
tion. In some ultrafast diffraction experiments it is desirable to
have the spatial focus at the screen rather than at the sample. In
such case, another magnification can be found to provide a
temporal focus at the required distance.

In 4D microscopy, many magnetic lenses are used in sequence
and at much stronger magnifications than considered here. The
solenoid lens, as a model case, should nevertheless be instructive
for realistic lenses, because the link of temporal distortions to
rotation and magnification seems, in our opinion, quite general for
any magnetostatic device. We expect that temporal distortions
become much stronger at larger magnifications in 4D microscopy.
The experimentally measured time resolution of about 200–400 fs
in single-electron mode [31] might therefore rather be limited by
the magnetic aberrations than by the original electron pulse
duration, and should therefore provide chances for improvements.

In the spatial dimensions, recent breakthrough to sub-atomic
resolution with electron microscopes was result of introducing
filters and correction elements for minimizing chromatic and
spherical aberrations [32]. Ultimately, a combination of spatial
and temporal correctors will be required for an anticipated sub-
atomic/attosecond/4D electron microscope, which may be useful
for the regime of electronic motion [33–35]. So far, we see no
fundamental reasons why combining spatial and temporal aber-
ration correctors, some basics of which were reported here,
should not be possible.
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[5] M. Eichberger, H. Schäfer, M. Krumova, M. Beyer, J. Demsar, H. Berger,

G. Moriena, G. Sciaini, R.J.D. Miller, Nature 468 (2010) 799.
[6] O.-H. Kwon, A.H. Zewail, Science 328 (2010) 1668.
[7] S.T. Park, D.J. Flannigan, A.H. Zewail, Journal of the American Chemical

Society 133 (2011) 1730–1733.
[8] D.J. Flannigan, B. Barwick, A.H. Zewail, Proceedings of the National Academy

of Sciences USA 107 (2010) 9933–9937.
[9] R.J.D. Miller, R. Ernstorfer, M. Harb, M. Gao, C.T. Hebeisen, H. Jean-Ruel, C. Lu,

G. Moriena, G. Sciaini, Acta Crystallographica A66 (2010) 137–156.
[10] O.-H. Kwon, B. Barwick, H.S. Park, J.S. Baskin, A.H. Zewail, Proceedings of the

National Academy of Sciences USA 105 (2008) 8519–8524.
[11] J.S. Kim, T. LaGrange, B.W. Reed, M.L. Taheri, M.R. Armstrong, W.E. King,

N.D. Browning, G.H. Campbell, Science 321 (2008) 1472.
[12] T. van Oudheusden, P.L.E.M. Pasmans, S.B. van der Geer, M.J. de Loos, M.J. van

der Wiel, O.J. Luiten, Physical Review Letters 105 (2010) 264801.
[13] M. Aidelsburger, F.O. Kirchner, F. Krausz, P. Baum, Proceedings of the

National Academy of Sciences USA 107 (2010) 19714–19719.
[14] T. Ganz, V. Pervak, A. Apolonski, P. Baum, Optics Letters 36 (2011)

1107–1109.
[15] L. Veisz, G. Kurkin, K. Chernov, V. Tarnetsky, A. Apolonski, F. Krausz, E. Fill,

New Journal of Physics 9 (2007) 451.
[16] P. Baum, A.H. Zewail, Proceedings of the National Academy of Sciences USA

104 (2007) 18409.
[17] R. Srinivasan, V.A. Lobastov, C.-Y. Ruan, A.H. Zewail, Helvetica Chimica Acta

86 (2003) 1761.
[18] A.H. Zewail, Annual Review of Physical Chemistry 57 (2006) 65–103.
[19] D. Shorokhov, A.H. Zewail, Journal of the American Chemical Society 131

(2009) 17998.
[20] G. Sciaini, R.J.D. Miller, Reports on Progress in Physics 74 (2011) 096101.
[21] B.-L. Qian, H.E. Elsayed-Ali, Physical Review E 65 (2002) 046502.
[22] A. Gahlmann, S.T. Park, A.H. Zewail, Physical Chemistry Chemical Physics 10

(2008) 2894–2909.
[23] P. Hommelhoff, C. Kealhofer, A. Aghajani-Talesh, Y.R.P. Sortais, S.M. Foreman,

M.A. Kasevich, Ultramicroscopy 109 (2009) 423.
[24] S. Humphries, Principles of Charged Particle Acceleration, Wiley-Interscience,

1986 March.
[25] O. Klemperer, M.E. Barnett, Electron Optics, Cambridge University Press,

2011.
[26] J. Orloff, Handbook of Charged Particle Optics, 2nd ed., CRC Press, 2008.
[27] W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, Numerical Recipes

3rd Edition: The Art of Scientific Computing, 3rd ed., Cambridge University
Press, 2007 September.

[28] T. Bergeman, G. Erez, H.J. Metcalf, Physical Review A 35 (1987) 1535.
[29] W. Bühring, H. Rebel, G. Schatz, Nuclear Instruments and Methods 26 (1964)

267–268.
[30] E. Fill, L. Veisz, A. Apolonski, F. Krausz, New Journal of Physics 8 (2006) 272.
[31] B. Barwick, D.J. Flannigan, A.H. Zewail, Nature 462 (2009) 902–906.
[32] M. Haider, S. Uhlemann, E. Schwan, H. Rose, B. Kabius, K. Urban, Nature 392

(1998) 769.
[33] P. Baum, A.H. Zewail, Chemical Physics 366 (2009) 2.
[34] P. Baum, A. Schild, J. Manz, Science China Physics, Mechanics & Astronomy 53

(2010) 987–1004.
[35] H.-C. Shao, A.F. Starace, Physical Review Letters 105 (2010) 263201.


	Temporal distortions in magnetic lenses
	Introduction
	Femtosecond electron pulses--generation and shape
	Distortions in magnetic lenses--general mechanisms and physical picture
	Estimation of timing contributions by comparing simplified trajectories
	Numerical simulations
	Results and discussion
	Pulses with initial duration and spread
	Combinations of compression cavities and magnetic focusing
	Concepts for lens combinations without distortions
	Perspectives
	Acknowledgments
	References




