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We study the role of the projectile coherence in collision processes. We analyze in particular the ioniza-
tion of He by p+ and C6+ projectiles at 1 and 100 MeV/amu, respectively. We compare the influence of this
effect in both cases by performing a First Born calculation convoluted with a gaussian distribution, which
accounts for the initial incoherence of the projectile wave packet. Even though this is the simplest
approach that one could implement to solve this problem, it gives good agreement with the experimental
results.

� 2017 Elsevier B.V. All rights reserved.
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1. Introduction

In the last few years there has been an increasing interest on the
projectile coherence effects in ion-atom and ion-molecule colli-
sions [1–10]. In the traditional way to compute the (multiply) dif-
ferential cross section [11] of a reaction, the projectile wave packet
is considered as a plane-wave, though a more realistic model has
proved to be necessary to account for the discrepancies found
between theory and experiment in some remarkable cases [12].

The degree of transverse coherence of a projectile beam is given
by the coherence length Dr which is a spatial quantity for which we
will give an expression in the next section.

2. Gaussian projectile wave packet

We will consider that, in our collision problem, we have a pro-
jectile beam of momentum Ki at the beginning of the reaction,
described by minimal gaussian wave packets of width Dx0 passing
through a collimator. The degree of coherence Dr when it reaches
the target is given by the following equation [13,14] (Atomic units
are used throughout this article):
Dr ¼ Dx0ð Þ2 þ cL=Kið Þ2
Dx0ð Þ2 þ D2; ð1Þ

where L is the distance from the target to the collimator, D is the
characteristic length of the collimator (as, for instance, the diameter
of a circular collimator), and c is an dimensionless parameter which
depends on the shape of the incoherent distribution, and on how its
width is defined [14]. The degree of coherence of a wave front is
related to the maximum distance at which two points can interfere.
For a plane wave, the coherence length is infinitely large because
every two points of the wave front interfere, i.e. it is completely
coherent. A wave front for which the coherence length is small
when compared to the size of the target is said to be incoherent.

2.1. Fraunhofer limit

For large values of L, which is the case in a typical collision
experiment, we can approximate Eq. (1) by:

Dr ¼ cL=Kiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx0ð Þ2 þ D2

q : ð2Þ

In principle, the value of Dx0 is difficult to estimate, but we can
assume that it is small compared to D which is macroscopical.
Because of this, we can further simplify the last equation by:
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Dr ¼ cL
KiD

; ð3Þ

which is similar to the expression usually found in studies that
include coherence effects in the calculation of the cross sections
[4,15]. It is important to point out that the degree of coherence
must not be confused with the quality of the collimation. While
the collimation is more a semi-classical estimation which treats
projectiles as a flux of classical point particles, the degree of coher-
ence is inherent to the wave function nature of the projectile and
therefore it cannot be suppressed. Both are given by the macro-
scopic parameters of the experiment, but are qualitatively different.
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3. Calculation of the cross section for a gaussian wave packet
projectile

In earlier theoretical calculations, the differential cross section
for single ionization: dr=dkdKdKR where k;KR;K are the
momenta of the electron, the ionized target, and the projectile,
respectively, is usually derived by describing the incident projectile
as a plane wave, which in our framework means a fully coherent
wave front.

Karlovets et al. [15] studied the scattering of wave packets off a
potential field, with their mean momentum strongly centered at a
given value. They arrived to a simple general expression for the dif-
ferential cross section, similar to that also used previously by other
authors [16–19] studying related topics. The differential cross sec-
tion for an incoming wave packet of general form strongly centered
in the initial mean momentum Ki reads,

d�r
dkdQdKR

¼
Z

dQ 0
?

dr
dkdQ 0dKR

jU? Q 0
? � Q?

� �j2: ð4Þ

Here we have written the cross section in terms of the momen-
tum transfer Q ¼ Ki � K. In our case, we will take the wave packet
in the perpendicular direction, U? Q 0

? � Q?
� �

, with a gaussian
shape:

U? Q 0
? � Q?

� � ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2prxry

p exp �ðQ 0
x � QxÞ2
4r2

x
� ðQ 0

y � QyÞ2
4r2

y

 !
; ð5Þ

where x and y are mutually perpendicular axes (x lies in the scatter-
ing plane). Both are, in turn, perpendicular to z, the initial direction
of the projectile. rx and ry are the dispersion coefficients of the
gaussian. Smaller values of rx and ry means a narrower gaussian,
and thus, a more coherent wave. In fact, by the Heisenberg uncer-
tainty principle, we expect that

rx / 1
Drx

; ð6Þ

and an equivalent expression for ry.
For the calculation of the fully differential cross section (FDCS)

and the doubly differential cross section (DDCS) we will use a First
Born approximation, which has proved to be useful for the type of
convolution that we are performing [16,19,20].
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Fig. 1. FDCS in arbitrary units, normalized by the maximum of the distribution for
the single ionization of He by 100 MeV/amu C6+ ions in the scattering plane
(/e ¼ 0), for various values of the ejected electron polar angle he , for a momentum
transfer of Qx ¼ 0:75 au, Qy ¼ 0:0 au andQz ¼ 0:02 au, and an ejected electron
energy Ee ¼ 6:5 eV. The red dashed line shows the FDCS calculated in the traditional
coherent form. The blue (solid) line corresponds to the Eq. (4), with rx ¼ 0:25 au
and ry ¼ 0:5 au. The black dots correspond to the measurements from [12].(For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
4. Results

In this section we show the results calculated both coherently
and incoherently, and compare them with experimental data
[12,21]. In both of the two experiments that we are considering,
He was used as a target. We model it as a hydrogen-like atom, so
as to deal with a three body problem.

The cross sections are shown as a function of the azimuthal and
polar angle of the final electron momentum, /e and he, respectively.
The azimuthal angle is measured from the direction of the x com-
ponent of the momentum transfer Q ¼ ðQx;Qy;QzÞ, which is writ-
ten in cartesian coordinates.

For the incoherent calculation of the cross sections, we will
determine the values for the parameters rx and ry, by fitting Eq.
(4) to the measured cross sections.
4.1. C6+ at 100 MeV/amu on He

The first set of data that we analyze comes from the work of
Schulz et al. [12]. They used C6+ projectiles at 100 MeV/amu. The
final energy of the electron is fixed at Ee ¼ 6:5 eV, and the momen-
tum transfer is evaluated at Qx ¼ 0:75 au and Qy ¼ 0:02 au. By fit-
ting Eq. (4) with the experimental data, we found the
values:rx ¼ 0:25 au and ry ¼ 0:5 au. The corresponding coherence
lengths are smaller than the Bohr radius of He, thus the wave
packet nature of the projectile is expected to have a noticeable
effect on the incoherent calculation of the FDCS. In Fig. 1 we can
see a good agreement in the scattering plane (/e ¼ 0) between
the theoretical calculations and the experimental data.

In Fig. 2 we see that for the perpendicular plane (/e ¼ p=2), the
theoretical result of the FDCS calculated in the traditional way
gives no satisfactory results neither qualitatively nor quantita-
tively, while the curve given by Eq. (4) provides a good agreement
with the experimental data.

Although in the experimental work of 2003 [12], the coherence
length was not taken into account, in a later work [3], it was esti-
mated to be about Dr ¼ 0:001 au. This is a very small coherence
length (even smaller than our estimation), which means that the
collision is highly incoherent and a simplified model like the one
we are using in this approach would lead to a great blurring of
the FDCS, as explained in [10]. Therefore, a more rigorous treat-
ment of the degree of coherence of the projectile wave packet in
the calculation of the FDCS would be necessary in this case.

We can point out that because of the inverse dependence of the
coherence length on the initial momentum Ki, which in our case is
of the order of 1:3 � 106 au, even if the experiment with C6+ was
performed in an experimental setup with a storage ring [3] which
provides a more coherent result, the coherence length would still
be smaller than the Bohr radius of the He target.
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Fig. 2. The same as Fig. 1, for the perpendicular plane: /e ¼ p=2. The calculations
are normalized by the maximum of the curves in the scattering plane.
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Fig. 4. The same as Fig. 3, for the azimuthal plane: he ¼ p=2� 0:18 (i.e.
he ¼ 90 � � 10 �).
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Fig. 5. The same as Fig. 3, for the perpendicular plane: /e ¼ p=2� 0:18 (i.e.
/e ¼ 90 � � 10 �).
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4.2. p+ at 1 MeV on He

Now we analyze the data coming from the experiment per-
formed by Gassert et al. [21]. They used protons (p+) as projectiles
at a collision energy of 1 MeV. The final energy of the electron is
fixed at Ee ¼ 6:5 eV. By fitting Eq. (4) with the experimental data,
we found the values: rx ¼ 0:054 au and ry ¼ 0:11 au. In Fig. 3 we
can see a very good agreement in the scattering plane (/e ¼ 0)
between the theoretical calculations and the experimental data,
as it was the case for the C6+ projectiles.

In Fig. 4, we analyze the azimuthal plane. Here the theoretical
results were convoluted with the experimental resolution. To illus-
trate the good agreement between experiment and both theories
the data are presented on a logarithmic scale. As is seen, the inco-
herent calculation provides a much better description of the two
minima near the central maximum than the coherent one.

In [21] the perpendicular plane was not analyzed. However in
Fig. 5 we plot the curves coming from the coherent and incoherent
calculation of the DDCS (for clarity, they are presented on a loga-
rithmic scale, as in Fig. 4). We can see that there is a disagreement
between the coherent and the incoherent calculation, but smaller
than the one observed for the case of C6+ projectiles, as shown in
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Fig. 3. DDCS in arbitrary units, normalized by the maximum of the distribution for
single ionization of He by 1 MeV p+ in the scattering plane: /e ¼ 0 � 0:18 (i.e.
/e ¼ 0 � � 10 �), for various values of the ejected electron polar angle he , at a
momentum transfer of Qx ¼ 0:75 au, Qy ¼ 0:0 au Qz ¼ 0:02 au, and an ejected
electron energy Ee ¼ 6:5 eV. The red dashed line shows the FDCS calculated in the
traditional coherent form. The blue (solid) line corresponds to the Eq. 4, with
rx ¼ 0:054 au and ry ¼ 0:11 au. The black dots correspond to the measurements
from [21].(For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
Fig. 2. The reason of the smaller difference comes from the fact that
here the values of rx and ry are smaller, which means a greater
coherence length. Finally, let us point out that the ratio between
the two coherent lengths, i.e. Drx=Dry ¼ ry=rx � 2 is in a reason-
able agreement with the one given in [21], for which they reported
Drx=Dry � 2:6.
5. Conclusions

This work confirms the importance of projectile coherence
effects and supports the interpretation that discrepancies between
experiment and theory reported in the past [12] for 100 MeV/amu
C6+ on He are due to their influence.

The experimental data [21] for 1 MeV p+ on He are not inconsis-
tent with that interpretation. It can be seen by the fact that, in the
scattering plane, the present model does not predict significant dif-
ferences between the DDCS calculated both coherent and incoher-
ently. Furthermore, in the azimuthal plane, the incoherent
calculation gives a much better agreement with the experiment
than the coherent one.
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