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ABSTRACT
We study strong-field ionization of dielectric nanospheres and focus on the enhancement of the cut-
off energies for backscattering electrons resulting from charge interaction. Though recent studies
clearly demonstrated the decisive impact of a surface trapping field on the electron backscattering
process, a clear picture of the underlying mechanism is lacking. Here, we provide this picture and
present a simple and transparent extension of the famous three-step model of strong-field science
by adding a triangular surface trapping potential. We justify this model for the case of dielectric
nanospheres based on high-level transport simulations. The analysis of the trapping field assisted
backscattering provides a universal scaling of themaximal recollision and backscattering energies as
9 Up and14.5 Up, respectively,whereUp is the local ponderomotive potential. The universal nature of
the enhancement over the conventional three-step model is of particular interest for the generation
of attosecond electron bunches via near-field induced photoemission and high harmonic generation
at nanostructures.
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1. Introduction

When an atom or molecule is exposed to a strong laser
pulse, electrons can (i) be released by tunnelling ormulti-
photon ionization, (ii) be accelerated in the laser field
and (iii) recollide with the residual ion to recombine
under the emission of an energetic photon or to scat-
ter elastically and escape. This simplified scheme, often
referred to as the simple man’s model (SMM) or the
three-step model of strong-field physics (1), not only
provides a clear picture of the physics underlying high-
harmonic generation (HHG) (2), attosecond pulse gen-
eration (3) and high-order above-threshold ionization
(HATI) (4) but also yields a useful estimate of the prevail-
ing cut-off features in the respective emission spectra. In
particular, the 3.17 Up cut-off in HHG and the 10 Up
cut-off in HATI can be linked to the maximal recollision
energy and optimal elastic backscattering, respectively.
The relevant energy scale is the ponderomotive potential
Up = e2E20/4mω2, where E0 and ω are the electric field
amplitude and angular frequency of the incident laser
field and e andm are the elementary charge and electron
mass, respectively. Classical or quantum trajectories, as
often used within the so-called strong-field approxima-
tion and its generalizations (5, 6), are the key tool for
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analyzing the effects of waveform-controlled pulses (4),
multicolour fields (7 , 8) and bicircular laser pulses (9, 10)
on atomic and molecular strong-field processes.

Sparked by several pioneering experiments (11–13),
the strong-field physics of nanostructures andnanostruc-
tured solids has received considerable attention over the
last few years. One key motivator for this development
is the fact that the illumination of nanostructures creates
near-fields that can be strongly enhanced with respect
to the incident field and localized on dimensions far
below the wavelength. Control of electronic motion with
such localized fields is of particular interest for light-
wave driven nanoelectronics. Several concepts of atomic
and molecular strong-field physics have been demon-
strated for nanostructures. For example, as for HATI in
atoms, electron backscattering of tunnel electrons at the
surface of laser driven nanostructures was found to be
the dominant acceleration process for the high-energy
photoemission from dielectric nanospheres (11), metal
nanotips (12, 13) and surface-assembled nanoantennas
(14). Multiple experiments could demonstrate waveform
control via the carrier-envelope phase (11, 12, 14, 15),
justifying the recollision picture via the observed phase-
dependent features for the most energetic electrons.
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However, besides the expected higher cut-off ener-
gies due to the field enhancement (16), the strong-field
photoemission from nanostructures also turned out to
feature substantial new effects. First, the finite range of
the near-field becomes an active parameter in the
dynamics. If the electron’s quiver amplitude exceeds the
decay length of the field enhancement, recollision can be
quenched completely (13, 17). Second, the charge int-
eraction among the released electrons and with residual
ions at the nanostructure’s surface was found to substan-
tially enhance the photoemission cut-offs for dielectric
nanospheres (11, 18). Third, field propagation (19) and
vectorial field effects (20) were found to have pronounced
impact on the directionality and nature of the electron
emission. The near-field deformation due to field prop-
agation modifies the angular distribution of photoelec-
trons, opening routes for all-optical directional control.
Particularly, strong tangential field components can fur-
ther lead to a qualitative change, as double recollisions
canbecomedominantunder appropriate conditions (21).

Here, we focus on the physics of the second effect,
i.e. the cut-off enhancement due to charge interaction.
In fact, in earlier works, the presence of enhanced emis-
sion energies due to (i) a local trapping potential in the
vicinity of the surface and (ii) Coulomb explosion in
the escaping electron bunch resulting from space charge
repulsion have been clearly identified. A clear analysis of
the important stages of the mechanism and the scaling,
however, is still lacking. This defines the scope of the
current theoretical study. Motivated by the analysis of
a simulation for a typical reference scenario, we analyze
the effect of an attractive short-range trapping field on the
backscattering cut-off for a triangular trapping potential.
Our analysis reveals a universal scaling of enhancement
and identifies the relevant step that leads to the domi-
nant energy gain. In particular, we find that the trapping
diminishes the energy of directly emitted electrons,
results in a maximal backscattering cut-off of ≈14.5Up,
and a maximum recollison energy of ≈ 9Up, enabling
prediction of possible future enhanced HHG from di-
electric nanosystems.

2. The reference scenario

As a reference scenario, we consider the photoemission
from small (d � λ) silica spheres in a near-infrared
(NIR) few-cycle laser pulse. In this case, the near-fields
exhibit hot spots at the particle poles, see Figure 1(a).
To model the strong-field ionization of the dielectric
nanospheres and the subsequent electron emission, we
employed the semi-classical Mean-field Mie Monte-
Carlo (M3C)model as described in detail in Refs. (19, 21).
In brief, electron trajectories are generated via tunnel

ionization (evaluated using the ADK tunnelling rate (22)
and an effective ionization potential of Ip = 9 eV to
describe the band-gap of SiO2) outside the sphere surface
and propagated in the near-field by integration of clas-
sical equations of motion. The near-field is constructed
from the Mie solution (23), which represents the pure
linear-response result, and an effective mean-field
resulting from free charges. The latter contribution con-
tains both, the Coulomb interaction between the free
charges and the additional polarization of the sphere
due to their presence, both in electrostatic approxima-
tion. For trajectories propagating inside the material, we
account for elastic electron-atom scattering and inelas-
tic electron–electron scattering via effective mean-free
paths, extracted fromquantum scattering calculations for
the atomic potentials and from semi-classical Lotz cross
sections (24), respectively, and evaluated via Monte-
Carlo methods. We count electrons outside of the sphere
as emitted when they have (i) a positive single-particle
energy and (ii) an outgoing momentum, both evaluated
sufficiently late in the simulation to ensure convergence.

Figure 1 shows the results for a typical reference sce-
nario, see e.g. Refs. (11, 19). We consider a SiO2
nanosphere with diameter d = 100 nm under a λ =
720 nm near-infrared 4 fs (full width at half maximum
of the intensity envelope) pulse at peak intensity I0 =
3×1013 Wcm−2 andwith carrier envelope phase ϕce = 0
(cosine pulse). Near-field driven tunnelling and the sub-
sequent separation of electrons and residual ions at the
surface yields a capacitor field that we term the trapping
field, see Figure 1(a). The latter, which has a range on
the order of the quiver amplitude, attracts electrons to
the surface and confines a substantial portion of the con-
duction electrons. Surprisingly, though the trapping field
diminishes direct electrons, it enhances the energy gain
for backscattering. Further, the bunch of backscattered
electrons emitted in a given half cycle experiences space
charge repulsion that leads to Coulomb explosion and,
therefore, causes spectral broadening of the photoelec-
tron distribution and further acceleration of a portion of
the electrons. This represents the second mechanism for
charge interaction supported energy gain.

The combined impact of the above two effects yields
a sizable cut-off enhancement, as shown by compari-
son of electron spectra calculated with and without the
mean-field in Figure 1(b). Besides the quenching of direct
emission (compare dashed red to dashed black curve),
charge interaction enhances the cut-off from backscat-
tered electrons by almost 50% (red arrow). The devia-
tion of the cut-off extracted without mean-field (black
dot) from the 10 Up SMM result is attributed to the
finite tunnel exit. In the simulation, the two different
charge interaction supported acceleration effects can be
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Figure 1. Strong-field photoemission from a dielectric nanosphere. (a) Maximum field enhancement at a d = 100 nm SiO2 nanosphere
excited by a near-infrared few-cycle pulse (parameters as indicated). Blue plus symbols indicate the positive surface charge induced
by the residual ions resulting from tunnel ionization in the enhanced surface field. The orange spheres represent a bunch of emitted
backscattered electrons (see schematic trajectory) that Coulomb explode due to space charge repulsion. Inset: Schematic potential
induced by the free charges leading to an attractive trapping potential (blue) near the surface and a repulsive component in the bunch
(orange). (b) Energy spectra of emitted electrons from simulations excluding (black curves) and including (red curves) charge interaction.
Grey areas represent full spectra, dashed and solid lines show selective spectra for directly emitted electrons and backscattered electrons,
respectively. The cut-offs (symbols) are defined as the energies where the backscattering spectra drop by three orders of magnitude.
Vertical lines indicate the classical 2Up and 10Up cut-offs for direct emission and backscattering, respectively. (c) Time evolution of
the kinetic energies for representative trajectories corresponding to the respective cut-off energies. The blue area indicates the energy
difference resulting from the trapping field (blue arrow). The orange area shows the additional energy accumulated during the escape
phase due to Coulomb explosion of the escaping electron bunch (CE).

separated as they develop on very different timescales.
This is demonstrated in Figure 1(c), where the evolution
of the kinetic energies is compared for two representative
trajectories corresponding to the respective cut-off ener-
gies (cf. black and red dots in Figure 1(b)). The first jump
of the energy during the recollision process is attributed
to the trapping field assisted backscattering (TRAB) (blue
arrow and area), while the second energy gain takes place
on a longer timescale and is attributed to the Coulomb
explosion of the escaping electron bunch (orange area).
Note that the quantitative separation of the two effects is
possible via analysis of the energy gains from the different
contributions to the local near-fields (19).

Having identified the clear separation of the effects via
their timescales, we are able to assign the relevant regions
of the mean-field potential (Figure 2(b)) to the accel-
eration effects. The mean-field potential Vmf = −e�mf

characterizes the electron potential energy resulting from
the scalar electric potential�mf. The electrondensity evo-
lution in Figure 2(a) shows the build-up of the underlying
charge separation at the surface aswell as the escaping fast
electrons. First, the negative potential (blue) represents
the attractive trapping field induced by the positively
charged surface (Figure 2(b)). Second, the region of pos-
itive potential (red) indicates the space charge repulsion
among the emitted electrons that unfolds on the longer
timescale and thus only acts like a potential offset in the
early stages. This justifies to focus on the fast dynamics
that is connected to the trapping field and the corre-
sponding energy enhancement, see red rectangle and
Figure 2(c). Altogether, the extracted mean-field leads
to a potential profile as sketched in Figure 1(a). The acc-
ordingly zoomed region of the mean-field in Figure 2(c)
and the trajectories corresponding to the cut-off energies
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Figure 2. Evolution of the charge interaction induced mean-field. (a) Time evolution of the electron density along the polarization axis
(x axis). Dashed and solid black curves show backscattering trajectories of the electrons from Figure 1(c) excluding and including the
mean-field, respectively. (b) Corresponding evolution of the mean-field potential Vmf (x , t) along with the trajectories shown in (a).
(c) Magnified view of the backscattering process during the dominant cycle of the laser field, see red rectangle indicated in (b) and red
arrow. Labelled circles indicate the birth ’b’, the outer turning point ’t’ and the recollision ’r’. Arrows on the circles indicate the direction
of the changes in the timing when including the mean-field. (d) Mean-field potential averaged during the recollision phase, i.e. in the
time interval between −1 and 1 fs. The grey area indicates the variation of the potential in this time interval and the blue and orange
curves indicate triangular and exponential model trapping potentials, respectively.

(cf. Figure 1(b)) define the relevant spatiotemporal range
that has to be analyzed. Note that the general evolu-
tion of the cut-off trajectories with and without mean-
field remains similar, though the result with mean-field
exhibits a slightly earlier birth time and a larger excur-
sion.Most importantly, during the relevant time interval,
the trapping potential varies only little and exhibits an
overall shape similar to a triangular potential barrier (see
Figure 2(d)). This motivates our ansatz to model the
trapping potential as a static triangular barrier (dashed
blue curve) for the following trajectory analysis.

3. Trapping field assisted backscattering

For the systematic analysis of the trapping field effect, we
calculate one-dimensional electron trajectories that start
at rest from the origin (surface) in the presence of the
effective field containing the laser and the trapping field
barrier via integration of the classical equation of motion
(EOM)

ẍ(t) = − e
m

E0
[
f (t) cos

(
ωt

) + ε(x)
]
. (1)

Here, f (t) is the normalized field envelope and ε(x) char-
acterizes the field resulting from the barrier. This equa-
tion of motion can be made general by introducing the
scaled displacement ξ = x/xq, where xq = eE0

mω2 is the
quiver amplitude, and the scaled time τ = ωt. The res-
ulting EOM reads

ξ̈ (τ ) = − [
f (τ ) cos (τ ) + ε(ξ)

]
. (2)

Note that the corresponding reduced kinetic energy is
ξ̇ 2/2 and the ponderomotive potential is 1/4, i.e. inde-
pendent of all laser parameters. A triangular barrier with
field strength ε0 and extension α leads to

εtri(ξ) =
{

ε0 if ξ < α

0 otherwise.
(3)

Alternatively, one may also consider an exponential bar-
rier with trapping field shape εexp(ξ) = ε0 exp ( − ξ/α).
For trajectories returning to the surface within a full
laser cycle, we assume elastic backscattering. As a result,
each trajectory is fully characterized by its reduced birth
time as this determines if the trajectory corresponds to a
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Figure 3. Trapping field induced quenching and enhancement of the electron emission from surfaces. (a), (b) Final energies of optimal
trajectories for directly emitted (a) and backscattered (b) electrons as function of the extension α and strength ε0 of the triangular
potential. Energies are given in units of the ponderomotive energy. For optimal parameters, a maximum enhanced energy of≈ 14.5 Up
is found for backscattering. (c) Recollision energy of critical backscattering trajectories in dependence of the trapping field as in (a) and
(b). The horizontal dashed line indicates the optimal field strength for which a maximum recollision energy of 9 Up is achieved.

(a) (b)

Figure 4. Pulse length dependence (a), (b) Final energies (black) and recollision energies (red) for a triangular potential (a) and an
exponential potential (b) as function of pulse duration for optimal potential parameters (cf. white arrows in Figure 3(b), (c)). Solid lines
represent the results for a carrier-envelope phase (CEP) of zero (cosine-like pulses). Shaded areas indicate the variation with the CEP.
Note that the pulse length is measured in cycles of the laser field. The value corresponding to 4 fs at 720 nm (≈ 1.7 cycles) is indicated
by the vertical dashed lines.

directly emitted or backscattered electron. In our further
analysis of the scaling of the photoemission cut-off, we
analyze the trajectories resulting in the maximal energy
for (i) direct emission and (ii) backscattering. In addition,
as this would be relevant for the cut-off in HHG, we also
extract (iii) the highest recollision energy.

The systematic analysis of these three characteristic
cut-off energies in the case of longpulses and for the trian-
gular barrier in Figure 3 shows the followingmain results.
First, starting from the well-known value of 2 Up for
vanishing trapping field (ε0 = 0 or in the limit α → 0),
the direct emission cut-off decreases for both, increasing
strength and extension of the trapping field (Figure 3(a)).
Second, for rescattered electrons (Figure 3(b)) the en-
ergies can be substantially enhanced over the classical

10 Up cut-off (ε0 = 0 or α → 0 limits) for a large range
of trapping field parameters (see triangular feature). In
particular, for an optimal set of parameters (as indicated)
the energies are enhanced up to a value of 14.5 Up (white
arrow). Third, for the recollision energies we find an
enhancement up to 9 Up, i.e. the conventional 3.17 Up
cut-off energy is almost tripled. This latter enhancement
effect is of particular interest for nanostructure-based
HHG and has been discussed previously also for the
case of atomic HHG in the presence of a static electric
field (25, 26).

In the long pulse results in Figure 3, the variation of
the pulse amplitude between the adjacent half cycles con-
tributing to the recollision process is neglected. For few-
cycle pulses (pulse lengths � 3 cycles), the enhancement
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(a)

(b)

Figure 5. Trapping field assisted backscattering. (a) Optimal recollision trajectories predicted from the conventional (solid black curve)
and the extended SMM, including the triangular trapping potential assuming long pulses. Labelled circles correspond to the definitions
in Figure 2(c). (b) Evolution of the single-particle energies Esp(t) = Ekin(t) + Epot(t) of the two trajectories shown in (a) during the
recollision process. The blue curve indicates the triangular model trapping potential. The inset shows the evolution on a longer timescale
for a long pulse. Vertical dashed black and blue lines indicate the surface and the trapping potential width, respectively.

becomes strongly dependent on both the pulse length and
the carrier-envelope phase, see lines and shaded areas in
Figure 4(a), respectively. For 4 fs pulses at 720 nm, we
find an optimal backscattering cut-off of 13.7 Up (black
arrow in Figure 4(a)), i.e. an enhancement by 37%, in
good agreement with the numerical results for our ref-
erence scenario in Figure 1(c) that show about 30% en-
hancement by the trapping field effect. This supports that
the realistic backscattering process is close to realizing
the optimal enhancement through TRAB. Note that the
trapping field effect is further dependent on the shape
of the barrier. The results for an exponential barrier in
Figure 4(b) show similar recollision energies but a sub-
stantially reduced enhancement for the backscattering

electrons. The latter effect is attributed to the long tail of
the potential. However, the qualitative similarity of the
results underlines the robustness of TRAB with respect
to the potential shape.

The detailed analysis of the optimal backscattering
trajectory for a triangular barrier in Figure 5 reveals the
key physics of the enhancement mechanism. The com-
parison of the optimal trajectories in Figure 5(a) shows
that the case with trapping field (red) leads to (i) an
earlier birth time, (ii) a slightly earlier and (iii) more
distant outer turning point when compared to the case
without trapping field (black). Note that the moment of
recollision is almost the same and, as expected, nearly
coincides with the laser field reversal-phase π/2. The
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energy analysis inFigure 5(b) shows that in both cases, the
single-particle energy vanishes at the outer turning point,
i.e. the turning point experiences the end of the trapping
potential in the optimal case. The enhancement unfolds
in the recollison process, as can be rationalized by the fact
that the single-particle energy gain scales linearly with
the electron velocity (as Ėsp = −evElas in the unscaled
case, where v is the electron velocity). As the attractive
potential leads to a higher velocity during approach and
final departure, the electron energy gain is enhanced.

4. Conclusion

In summary, we analyzed the effect of a short-range trap-
ping field on the strong-field photoemission from
dielectric nanospheres. Motivated by a realistic refer-
ence scenario, we developed a simple and transparent
model for the TRAB for a triangular potential. We ex-
tracted the universal scaling behaviour and find substan-
tially enhanced cut-offs for both, the recollison energy
and the backscattering emission cut-offs. Our results are
anticipated to be of general interest for the strong-field
physics of nanostructures andmay be useful for the char-
acterization and optimization of the near-field enhanced
generation of attosecond electron bunches and nano-
structure-based HHG.

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

This work received financial support from the DFG within
SPP1840 ‘Quantum Dynamics in Tailored Intense fields
(QUTIF)’ and the Munich Centre for Advanced Photonics
(MAP). L.S. and T.F. acknowledge funding within SFB 652/3
and computing time granted by the North-German super-
computing center HLRN (Project ID mvp00011). P.R., S.Z.,
and M.F.K. are supported by the European Union through the
ERC grant ATTOCO [grant number 307203]. P.H. received
funding within ‘ERC grant NearFieldAtto’.

References

(1) Corkum, P.B. Plasma Perspective on Strong-Field
Multiphoton Ionization. Phys. Rev. Lett. 1993, 71, 1994–
1997.

(2) L’Huillier, A.; Lewenstein, M.; Salières, P.; Balcou, P.;
Ivanov, M.Y.; Larsson, J.; Wahlström, C.G. High-order
Harmonic-generation cutoff. Phys. Rev. A 1993, 48,
R3433–R3436.

(3) Sansone, G.; Benedetti, E.; Calegari, F.; Vozzi, C.; Avaldi,
L.; Flammini, R.; Poletto, L.; Villoresi, P.; Altucci, C.;

Velotta, R.; Stagira, S.; De Silvestri, S.; Nisoli, M. Isolated
Single-Cycle Attosecond Pulses. Science 2006, 314, 443–
446.

(4) Paulus, G.G.; Nicklich, W.; Xu, H.; Lambropoulos, P.;
Walther, H. Plateau in Above Threshold Ionization
Spectra. Phys. Rev. Lett. 1994, 72, 2851–2854.

(5) Lewenstein, M.; Balcou, P.; Ivanov, M.Y.; L’Huillier, A.;
Corkum, P.B. Theory of High-Harmonic Generation by
Low-Frequency Laser Fields. Phys. Rev. A 1994, 49, 2117–
2132.
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