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Abstract
Cavity-enhanced high-order harmonic generation (HHG) affords broadband, coherent extreme-
ultraviolet (XUV) pulse trains with repetition rates of several tens of MHz. Geometrically coupling
out the intracavity generated XUV beam through a small on-axis hole in the cavity mirror following
the HHG focus has enabled scaling the photon energies attainable with this technology to 100 eV and
more, promising new applications of XUV frequency-comb spectroscopy and attosecond-temporal-
resolution, multidimensional photoelectron spectroscopy and nanoscopy. So far, in this approach the
features of the macroscopic response of the gas target are neither accessible directly nor indirectly via
the out-coupled XUV beam due to the loss of spatial information caused by the truncation at the hole.
Here, we derive a simple analytical model for the divergence of the intracavity harmonic beam as a
function of experimental design parameters such as gas target position, cavity geometry and driving
pulse intensity, thereby establishing a connection between the measured XUV spectra and the
macroscopic response of the intracavity nonlinear medium. We verify this model by comparison to
numerical simulations as well as to systematic measurements, and apply it to elucidate a trade-off
between the efficiency of geometric output coupling and that of the HHG process, and the underlying
physical mechanisms. These findings illuminate the share of the output coupling efficiency to the
overall HHG conversion efficiency and provide—together with previously studied plasma-related
enhancement limitations—a holistic means of optimizing the overall efficiency with this architecture
that uniquely combines high repetition rates with high photon energies. Furthermore, quantitatively
connecting the output coupled, observable XUV radiation to the nonlinear conversion at the cavity
focus allows for a better insight into the dynamics of intracavity HHG and might benefit other
applications of femtosecond enhancement cavities, such as high-repetition-rate HHG spectroscopy.

Keywords: high harmonic generation, enhancement cavity, conversion efficiency, geometric
output coupling

(Some figures may appear in colour only in the online journal)

1. Introduction

Since its discovery in the late 80s [1, 2], laser-driven high-
order harmonic generation (HHG) in gases has become an

indispensable source of coherent, table-top extreme-ultraviolet
(XUV) radiation for the study of femtosecond and attosecond
time-scale electron dynamics in atoms, solids and molecules
[3, 4]. In modern HHG systems, the nonlinear conversion is
driven by amplified femtosecond pulses, reaching energies of
several 100 μJ [5–9]. Typically, this results in repetition rates
significantly lower than 1MHz. However, some applications
require operation in the multi-10MHz repetition-rate regime.
Examples include experiments involving the detection of
charged particles such as photoelectron spectroscopy and
microscopy [10–12] and coincidence measurements [7],
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where space-charge effects limit the useful number of parti-
cles per pulse, and frequency-comb spectroscopy [13, 14] at
high photon energies, where the power per comb line scales
with the repetition rate and the comb spacing should be larger
than the line width of the studied transition.

To date, femtosecond enhancement cavities (EC) constitute
the most successful HHG approach combining high repetition
rates with high XUV powers and high photon energies [15–17].
In cavity-enhanced HHG, the pulses passing the gas target are
recycled with the help of a passive resonator housing the gas
target (see figure 1). In doing so, inside of the EC a circulating
pulse with an energy comparable to that of kHz HHG systems
is obtained, without the necessity of reducing the repetition
frequency of the original multi-MHz femtosecond front-end.
Typically, in cavity-enhanced HHG, the pulse energy of the
impinging laser is enhanced by around two orders of magnitude
[15–19]. Coupling out the generated XUV radiation through a
small on-axis opening in the mirror following the HHG focus
[15, 20–22] has rendered the photon energies attainable with
this technology scalable to 100 eV and more [15, 16].

While in state-of-the-art ECs circulating pulses of just a
few tens of femtoseconds with multi-kW average powers
have been demonstrated [16, 17], the overall conversion
efficiencies (impinging power to out-coupled XUV power) of
these systems have so far remained below the ones achieved
with single-pass systems (see appendix A). This indicates that
the constraints set by the resonator entail inefficiencies in the
XUV generation and output coupling processes that coun-
teract the significant enhancement of the impinging power. To
reach the full potential of EC-based XUV sources, it is crucial
to understand the individual contributions to these ineffi-
ciencies and investigate ways of mitigating them. Indeed,
during the last years, considerable progress has been made in
this direction. One such limitation is the phenomenon of
intracavity intensity clamping, where plasma formation in the
gas target on the time scale of a single pulse shifts the
spectrum to shorter wavelengths and gives rise to a spectral
phase, reducing the spectral overlap with the impinging pulse
train and severely limiting the achievable XUV power
[23, 24]. Furthermore, for high repetition rates, the generated

plasma embedded in the target gas stream can neither clear
the interaction region nor decay before the arrival of the
subsequent pulse, leading to the formation of a cumulative
plasma. Recently, this has been shown to strongly impair the
conversion efficiency [18, 19]. Decreasing the finesse of the
resonator and increasing the gas velocity [18] or choosing a
sufficiently low repetition rate [17, 19] constitute strategies of
mitigating these effects, so that overall conversion efficiencies
approaching that of single-pass systems were achieved [17].

In this work, we study the trade-off between intracavity
XUV generation efficiency and geometric output coupling
efficiency, which is governed by the position of the gas target
relative to the focal plane. To this end, we developed a
numerical model permitting to break down the overall con-
version efficiency into its individual contributions, in part-
icular the output coupling efficiency. We validate this model
by finding excellent agreement with systematic measurements
in a state-of-the-art cavity-enhanced HHG experiment, where
the relevant parameters for output coupling and phase
matching (backing pressure and gas target position) were
scanned. Finally, we provide a physical explanation for the
observed dependence of the output coupling efficiency on the
target position and derive a simple approximation formula for
the intracavity harmonic beam divergence.

These findings allow for relating the out-coupled XUV
spectrum to the spatial and spectral shape of the XUV gen-
erated in the EC and, therefore, are crucial to understanding
the intracavity HHG dynamics. In particular, alongside the
mentioned insights concerning the plasma-related effects,
they provide the missing piece for a complete picture of
conversion efficiency contributions in photon-energy-scalable
cavity-enhanced HHG.

2. Methods

2.1. Experimental data

The experimental setup for the acquisition of the parameter
scans of XUV photon counts and driving average power is

Figure 1. Setup for acquiring systematic p–z-maps of circulating power and XUV photon counts per harmonic order [19]. p: pressure, z:
longitudinal target position relative to the focal plane, HR: highly reflective mirror, CM: curved HR mirror, PCM: pierced curved HR mirror,
IC: input coupler, BS: XUV/IR beam splitter, diag.: diagnostics.
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described in detail in [19]. In short, a high-finesse 8-mirror
resonator (see figure 1) with symmetric focusing (focal length
100 mm), operated near the inner stability edge and with an
input coupler transmission of 3% was used to enhance
18.4MHz, 35 fs, 0.6 μJ pulses spectrally centered at 1030 nm.
XUV was generated in an argon gas target ejected from a
100 μm diameter-opening-nozzle placed near the 12.3 μm
focus (1/e2-intensity radius, measured by imaging the mode
on the output coupling mirror). XUV radiation was geome-
trically output-coupled through a 150 μm diameter circular
opening in the cavity mirror following the HHG focus. The
driving intracavity pulses were characterized with an optical
spectrum analyzer and an autocorrelator, yielding pulse
durations of 38 fs. A full scan of the gas target position z
relative to the focal plane (z>0 signifies that the gas target is
placed behind the laser focus) and the backing pressure p
applied to the nozzle was performed and the circulating
infrared (IR) power and, using an XUV spectrometer, the
output-coupled XUV photon counts per harmonic order were
recorded at each point, resulting in the p–z-maps shown in
figure 2(a).

2.2. Computational model

Assuming a 35 fs Gaussian pulse spectrally centered at
1030 nm and a Gaussian beam with a beam waist of 12.3μm
as the driving field, for each value of p and z we compute the
harmonic field in a transverse plane following the gas target.
For this, we numerically solve the first-order propagation
equation for the IR and XUV with the 3D HHG model
described in [25], without employing envelope approxima-
tions. We assume rotational symmetry to speed up the com-
putation, and use the ionization-induced current derived in [26]
and the strong-field approximation [27] as source terms The
computational model accounts for plasma-induced lensing,
absorption and spectral blue-shift, as well as for Kerr focusing
and self-phase modulation. The peak power was chosen pro-
portional to the measured intracavity power (figure 2(a) of
[19]), with a maximum of 0.36 GW for best agreement
between simulations and experiment. The gas velocities and
densities at the nozzle exit and at the interaction site were
computed with the analytical model described in [28, p 17ff],
presuming a reservoir temperature of 300 K and a 100 μm
nozzle placed at a distance of 120 μm from the beam axis for
best agreement with the experimental data. We assume flat-top
density profiles at both positions and choose its diameter at the
interaction site (176 μm) so that the resulting gas flux agrees
with the one at the nozzle exit. Propagation from the plane after
the gas target to the pierced mirror was done with a Fresnel
two-step propagator [29]. The out-coupled XUV power was
then computed by spatially integrating over a circular aperture,
and spectrally integrating over each harmonic order.

3. Results

The simulated out-coupled XUV power per harmonic order,
in dependence of p and z, is depicted in figure 2(b). The

simulations reproduce well the main features observed in the
experimental data (figure 2(a)).

To separate the XUV generation efficiency from the
output coupling efficiency, we computed the XUV power
before the output coupling mirror (figure 2(c)). Thus, the
output coupling efficiency can be obtained by dividing the
out-coupled power by the generated power (figure 2(d)).

To examine the impact of XUV reabsorption in the gas
target, we repeated the simulation with a purely real XUV
refractive index, effectively disabling reabsorption (figure 2(e)).
Figure 2(f) shows the ratio of the generated XUV power with
and without reabsorption. By comparing figures 2(c) and (e),
one can see that reabsorption does not affect the qualitative
shape of the p–z-maps for harmonic orders > 21. We repeated
the same simulation, but this time discarding the spectral phase
of the XUV dipole response and neglecting refractive index in
the XUV (figure 2(g)). This leads to perfectly constructive
macroscopic interference, i.e. phase matching is enforced, so
that the macroscopic response essentially only depends on the
number of emitters and the microscopic efficiency. This allows
us to isolate the effect of phase matching by dividing the
generated XUV power (without reabsorption) by the one with
enforced phase matching (figure 2(h)).

The p–z-maps depicted in figures 2(a)–(c), (e) and (g)
were normalized to the maximum XUV power per harmonic
order for better visibility. For a comparison of the maximum
power per harmonic order in simulation and experiment, see
figure 3(a).

4. Discussion

4.1. Agreement with the experiment

The experimental maps of the XUV photon counts
(figure 2(a)) exhibit some distinctive features:

(i) harmonic orders around the 33rd reach optimum power
for target positions well before the focus, while the
optimum position for higher and lower harmonic orders
is close to the focus;

(ii) the optimum pressure increases with increasing harmo-
nic order;

(iii) for higher harmonic orders, the maps exhibit a
V-shaped structure, consisting of two regions with high
power, one before the focus and one around the focus;

(iv) figure 3(a) reveals that the highest power is achieved
around the 31st harmonic, and the power drops to zero
towards the harmonic orders 21st and 43rd.

All these features are clearly reproduced in the simulated
maps (figure 2(b)), thus verifying the model and allowing us
to use it to investigate the origins of these features and dis-
entangle the contributing factors.

4.2. Explanation of the observed features

Feature (i) can be attributed partly to the output coupling
efficiency (figure 2(d)) and partly to the microscopic
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efficiency: for lower to intermediate harmonic orders, the
optimum target position is dominated by the optimum output
coupling efficiency, which is located close to the focal plane
for lower orders, but significantly before the focal plane for

intermediate and higher harmonic orders (see section 4.4). For
higher harmonic orders, however, the microscopic efficiency
declines rapidly with increasing distance from the focus due
to the high-harmonic cutoff (compare figure 2(g)).

Figure 2. (a) Measured out-coupled XUV power for selected harmonic orders, taken from [19]. (b)–(h) Simulations. (b) Out-coupled XUV
power. (c) Generated XUV power. (d) Output coupling efficiency, computed as the ratio between out-coupled and generated XUV power
(color scale) and using the analytical formula (red line). (e) Generated XUV power without reabsorption. (f) Transmission efficiency,
computed as the ratio between generated XUV power with and without reabsorption. (g) Generated XUV power with enforced phase
matching and without reabsorption. (h) Phase matching efficiency, computed as the ratio of generated XUV power without and with enforced
phase matching, both without reabsorption. (a), (b), (c), (e) and (g) are normalized for each harmonic order.
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The connection between harmonic order and optimum
pressure (ii) can be explained by phase-matching
(figure 2(h)): The contribution to the phase mismatch from the
intensity-dependent dipole phase increases with harmonic
order [30] and must be compensated for by increasing the
contribution from the linear refractive index of neutral argon
atoms, i.e. by increasing the density.

The V-shaped structure at high harmonic orders (iii) can
be attributed to a combination of phase matching and output
coupling efficiency: while the phase-matching maps exhibit
the same structure (figure 2(h)), the lower wing is barely
present in the maps of the generated XUV power and emerges

due to the high output coupling efficiency before the focus
(figures 2(c), (d)).

The trend in figure 3(b) (feature (iv)) can be explained by
considering the intertwining of output-coupling efficiency, the
phase-matching efficiency and the number of emitters: For
lower harmonic orders, the regions of high generation effi-
ciency and high output coupling efficiency coincide
(figures 2(c), (d)). The phase-matching pressure increases
with harmonic order (ii), leading to a higher number of
emitters and therefore higher XUV power (figure 2(g)).
Additionally, the output coupling efficiency increases slightly
with harmonic order. This explains the increase of the out-

Figure 3. (a) XUV photon counts for each harmonic order at optimum target position and backing pressure, for experiment [19] and
simulation, both normalized. (b) Optimum output coupling efficiencies for each harmonic as predicted by the numerical model (black) and
the analytical model (gray edge), in comparison with the global output coupling ratio (optimum generated power to optimum out-coupled
power from the numerical model, gray). (c) Simulated XUV beam profiles on the output coupling mirror for the 33rd harmonic generated at
different gas target positions with a backing pressure of 8 bar. The vertical lines mark the hole diameter for 150 μm hole placed 100 mm after
the gas target, and the dotted line shows the beam profile far behind the truncating hole mirror for a gas target positioned z0.56 R before the
focus, where zR is the Rayleigh range of the driving beam. (d) Composition of the harmonic beam wave-front curvature R R R1 1 1H = + f

(solid line) according to the analytical model for the 33rd harmonic, where 1/R (dotted) is the curvature of the driving beam and 1/Rf
(dashed) is the additional curvature caused by the transverse dependence of the intensity-dependent harmonic dipole phase. (e) The resulting
relative harmonic beam area H H

2 2 q q= , where θH is the divergence of the harmonic beam and θ the divergence of the driving beam.
(f) The computed output coupling efficiency for a 150 μm hole placed 100 mm after the gas target.
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coupled signal from lower orders towards the 31st harmonic.
The decline for higher harmonic orders can be attributed to
the fact that the regions of good generation efficiency and
good output coupling do not coincide (see section 4.3), and
that the phase-matching pressure was outside of the scanned
pressure interval for harmonic orders >41.

4.3. Trade-off between output coupling efficiency and
generation efficiency

To determine how strongly the output coupling affects the
achievable power, we compute the ratio between maximum
out-coupled power and maximum produced power within the
scanned p/z range for each harmonic, i.e. the ratio of the per-
harmonic maxima of figures 2(b) and (c). It can be seen that
for harmonic orders >35 only 2%–5% of the achievable XUV
power in the cavity are accessible after output-coupling
(figure 3(b), gray). In contrast, the optimum OCE, i.e. the
highest OCE reached within the scanned p/z range, reaches
up to 7 times higher values (figure 3(b), black). Consequently,
optimum OCE is not reached at the same p/z values as
optimum generated power.

As noted above, optimum output coupling efficiency is
reached far before the focus (figure 2(d)). On the other hand,
for higher harmonic orders, the optimum generation effi-
ciency is reached for target positions around the focus
(figure 2(c)). Hence, the optimum out-coupled XUV power is
a result of a trade-off between generation efficiency and
output-coupling efficiency, determined by the position of the
gas target. For the parameters used here, geometric output
coupling reduces the XUV power attainable outside the cavity
by one to two orders of magnitude compared to the optimum
power generated inside the cavity and therefore constitutes an
important contribution to the overall conversion efficiency.

4.4. Physical background

4.4.1. Output coupling efficiency. As observed above, the
output coupling efficiency depends on the gas target position,
and target positions before the focus are beneficial for
harmonic orders �29. This can be attributed to a decrease of
the harmonic beam divergence at these positions, as can be
seen in figure 3(c), where the beam profiles on the output
coupling mirror for different target positions are compared for
the 33rd harmonic at a backing pressure of 8 bar.

To understand the physical reason for this behavior, we
derive a simple analytical formula for the divergence of the
harmonic beam. To this end, we assume a simple power law
for the intensity dependence of the single-atom dipole
response and a linear intensity-dependent phase, and
approximate the harmonic beam as a Gaussian beam (see
appendix C):

N

z z z

z

1 2 1

1
. 1H

H

3 2 2 2

2 3


g d
=

+ + + +
+

( ˆ ˆ ) ( ˆ )
( ˆ )

( )

Here, H is the harmonic beam area relative to the
driving beam area on the output coupling mirror, z z zR=ˆ is

the scaled gas target position with the Rayleigh range zR, and
NH, δ and γ are parameters describing the driving-intensity
dependence of the single-atom dipole amplitude (NH,

N HH
2 2d = ) and phase (γ) for a harmonic order H (see

appendix B). The parameter I HH fg a= is referred to as
intensity-dependent phase parameter in the following and
depends on the intensity-dependent dipole phase gradient αH

and the intensity If in the focus.
Then, the output coupling efficiency can be written as

1 exp 2 , 2H  = - -( ) ( )◦

where ◦ is the hole area relative to the driving beam area on
the output coupling mirror. Figure 3(b) shows the agreement
between the output coupling efficiency computed with this
analytical formula and the values obtained from the
simulations.

In good approximation, the relative harmonic beam area
H reaches its minimum (and thus, the output coupling

efficiency ò its optimum) for gas target positions zOCˆ where
wave-front curvature 1/RH of the harmonic beam in the plane
of the gas target vanishes. This curvature comprises a
contribution from the driving beam curvature 1/R and a
contribution 1/Rf from the transverse harmonic phase that
arises from the radially dependent driving field intensity (for
details, see appendix C). In an intuitive picture, optimum
output coupling efficiency is thus reached when the intensity-
dependent harmonic phase balances out the wave-front
curvature of the driving beam.

In figure 4, we show both contributions for the 33rd
harmonic. As can be seen, the curvature 1/Rf due to the
intensity-dependent harmonic phase is always positive for this
harmonic order. Therefore, a vanishing total curvature 1/RH

is only possible at target positions before the focus, where the
curvature 1/R of the driving beam is negative. Figures 3(e)
and (f) show the resulting relative harmonic beam area and
output coupling efficiency, respectively. This explains the
decrease of the harmonic divergence for target positions
before the focus, as observed in the simulated data
(figure 3(c)).

Figure 4. Optimum target position for generated XUV power (solid
line) and output coupling (dashed line) versus the intensity-
dependent phase parameter γ. The corridors mark the regions over
which the power and the harmonic beam area deviate by less than a
factor of 2 from the optimum values.
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4.4.2. Generated XUV power. With the same assumptions on
the intensity-dependence of the single-atom dipole response
and neglecting reabsorption as well as the Kerr and plasma
contributions, we can also derive an analytical formula for the
dependence of the generated XUV power on the gas target
position. To this end, the phase matching pressure is calculated
from the linear phase mismatch, the Gouy phase and the
intensity-dependent dipole phase. Then, the harmonic power is
estimated by considering the number of emitters and the
dependence on the driving field intensity (see appendix D). For
the parameters of the experiment, this formula predicts that
optimum XUV power is generated for target positions very
close to the focus ( z z 0.2R <∣ ∣ ). For comparison, the
numerical simulations predict optimum XUV power around
z/zR=−0.25 for all harmonics (see figure 2(c)).

4.4.3. Trade-off. The target position zOCˆ for optimum output
coupling as well as the position zgenˆ for the optimum generated
XUV power are functions of the parameters NH, δ and γ.
However, their dependence on NH and δ is weak and can be
neglected (see appendices C and D). Both optimum positions
versus the intensity-dependent phase parameter γ are depicted
in figure 4, alongside with corridors showing the ẑ ranges where
the relative harmonic beam area doubles and the generated
XUV power drops two half of the maximum, respectively. It
becomes apparent that a trade-off detrimental for the accessible
XUV power must be expected when the value of the intensity-
dependent phase parameter deviates too much from zero.

Vertical lines in figure 4 mark the γ parameters for
generation of harmonics in argon at a peak intensity of
1.5×1014W cm−2 in the focus and in neon at 3×
1014W cm−2, for a driving wavelength of 1030 nm. As
observed in the simulations for argon, the trade-off manifests
itself mainly for higher harmonic orders. Figure 4 confirms
that this finding can be generalized to HHG in neon.

4.4.4. Optimum output coupling efficiency. To compute the
minimum harmonic beam area from the parameters NH, δ and
γ, one can use the fact that z z 2 0OC

3
OC g+ + =ˆ ˆ (see

appendix C). Then, equation (1) reads

z
N

z1 , 3H
H

OC OC
2 1

d
= + -( ˆ ) ( ˆ ) ( )

where zOCˆ only depends on γ (see figure 4). We can use this
formula to predict the optimum output coupling efficiency for
HHG in neon at a peak intensity of 3×1014W cm−2: While γ
and thus zOCˆ are similar for neon and argon (figure 4), the
prefactor

NH

d tends to be much smaller in neon, e.g. by a factor

of 4 for near-cutoff harmonics (see table B1). Formula (2)
predicts output coupling efficiencies around 20% for near-
cutoff harmonics in argon. Using the same geometry, optimum
output coupling efficiencies up to 50% are expected in neon.

5. Conclusions

In conclusion, we employed a numerical model to reproduce
and explain the main features observed in a cavity-enhanced

HHG experiment where the parameters relevant for output
coupling and phase matching (backing pressure and gas target
position) were systematically scanned. We disentangled the
output coupling efficiency from reabsorption, phase matching
and the microscopic efficiency with this model, unveiling a
trade-off between XUV generation efficiency and output
coupling, where the former reaches its optimum values when
the gas target is positioned near the focus of the driving beam
and the latter favors positions before the focus for the near-
cutoff harmonic orders. Reducing the accessible XUV power
by up to two orders of magnitude compared to the XUV
power produced inside the cavity for the parameters of the
studied experiment, we identified this trade-off as an impor-
tant contribution to the overall conversion efficiency of cav-
ity-based XUV sources with geometric output coupling. We
derived an approximate formula for the divergence of the
intracavity harmonic beam as a function of gas target position,
driving intensity, harmonic order and focusing geometry and
explained the physical mechanism behind the observed trade-
off. This allowed us to generalize our findings towards HHG
with higher photon energies, where a higher optimum output
coupling efficiency, but a similar trade-off is expected.

The insights gained in this study provide a quantitative
connection between the observable, out-coupled XUV spec-
trum and the spatial and spectral features of the intracavity
macroscopic nonlinear response. On the one hand, together
with a thorough understanding of plasma-related limitations,
this provides a holistic picture of the different contributions
to the overall conversion efficiency and can offer a route
towards tapping the full potential of cavity-based XUV
sources.

The presented numerical model can be used to investi-
gate alternative geometric output coupling methods, e.g.
using quasi-imaging [21, 22] or tailored TEM01 modes
[20, 31] which promise significantly higher output coupling
efficiencies because they permit larger diameters for the
output coupling openings thanks to on-axis minima on the
mirrors. This may lead to highly efficient cavity-enhanced
HHG sources, which will benefit the fields of coincidence
spectroscopy, photo-electron spectroscopy/nanoscopy and
frequency-comb spectroscopy. On the other hand, the link
between the intracavity and the out-coupled XUV can also
open up new fields of application, such as HHG spectroscopy
at multi-10 MHz repetition rates [32].
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Appendix A. Comparison of conversion efficiencies

To compare the record overall conversion efficiencies (driv-
ing power Pin before enhancement to accessible XUV power
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PXUV) achieved with cavity-based versus single-pass HHG
systems, we considered the state-of-the-art sources summar-
ized in [33, figure 3], considering only systems using a freely
propagating Gaussian driving beam, and incorporated the
results of [16, 17, 34, 35]. To allow for a comparison between
systems with different driving wavelengths, we factored out
the wavelength scaling of the HHG efficiency with roughly a
power of six [36], resulting in a wavelength-corrected con-
version efficiency P P 1030 nmXUV in

6l( ) .
Figure A1 shows the obtained conversion efficiencies

versus the generated photon energies. So far, the overall
conversion efficiencies of EC-based sources (dark-gray area)
have remained below that of single-pass systems (light-gray
area). Keeping in mind that the XUV power generated by
HHG in gas targets can scale linearly with the driving power
[37], this indicates that inefficiencies in the intracavity XUV
generation or the output coupling counteract the typical
enhancements of the driving power by several orders of
magnitude achieved in ECs.

Appendix B. Analytical model for the single-atom
dipole response

For the derivation of the harmonic divergence formula (1)
and the generation efficiency formula (D.5), we approximate

the intensity-dependence of the single-atom dipole response
dH(I) for a harmonic order H by a power-law for the absolute
value and a linear dependence for the phase (compare
e.g. [30]):

d I I i I iH Eexp arg , B.1H
N

H
2H aµ +( ) ∣ ∣ ( ) ( )

where I c E20
2= ∣ ∣ is the intensity of the driving field E

and NH and αH are fitting parameters depending on atomic
species, harmonic order, driving field wavelength and on
the driving field intensity. We determine αH for the short
trajectory with a Gabor-type analysis as described in [38],
providing the intensity-dependent single-atom dipole
response computed numerically using a saddle-point
approximation [39], which has the advantage of clear
separation between trajectories. The exponents NH were
determined by a power-law fit to the intensity-dependent
single-atom dipole response in the cutoff region, computed
numerically with the Lewenstein formula [27]. The
excursion time was limited to 0.66 periods of the driving
field to consider only the short trajectory. The resulting
parameters for argon and neon are tabulated in table B1,
together with the derived quantities N HH

2 2d = and
I HHg a= , and agree reasonably with the measured

values of [30].

Figure A1. Wavelength-corrected overall conversion efficiencies (driving power before enhancement to accessible XUV power) of cavity-
enhanced HHG systems (triangles) and single-pass HHG systems driven by freely propagating Gaussian beams (squares). The shaded areas
mark the record conversion efficiencies reached with cavity-based (dark-gray) and single-pass (light-gray) sources.
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Appendix C. Formula for the XUV divergence

In a similar approach to [30], we approximate the harmonic
field as a Gaussian beam by using a Taylor expansion of the
radial intensity-dependent phase. In contrast to [30], we do
not assume that the gas target is located in the focal plane.

The driving field E(r) at the longitudinal position z of the
gas target is given by

E r
r

w
ik

r

R
exp

2
, C.1

2

2

2
µ - -

⎛
⎝⎜

⎞
⎠⎟( ) ( )

where r is the radial coordinate, k=2π/λ the wave number,

w w z z1 R0
2 2= + the beam radius, R the wave-front radius

of curvature, w0 is the beam waist and z wR 0
2p l= is the

Rayleigh range.
In the limit of a small gas target diameter, the harmonic

field EH in the exit plane of the gas target is proportional to
the dipole response dH, which, using (B.1) and (C.1), can be
written as

C.2

E r d r I i I r iH E r

E r ikH
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Table B1. Parameters used for the analytical model of the single-atom dipole response.

Atom I (W cm−2) H αH (cm2 W−1) NH γ δ δ/NH

Ar 1.5×1014 21 −0.3×1014 8.06 −0.02 0.15 0.018
Ar 1.5×1014 23 0.3×1014 8.91 0.02 0.15 0.017
Ar 1.5×1014 25 1.2×1014 9.85 0.07 0.16 0.016
Ar 1.5×1014 27 1.8×1014 10.85 0.10 0.16 0.015
Ar 1.5×1014 29 2.7×1014 11.67 0.14 0.16 0.014
Ar 1.5×1014 31 3.6×1014 12.66 0.17 0.17 0.013
Ar 1.5×1014 33 4.5×1014 13.53 0.20 0.17 0.012
Ar 1.5×1014 35 5.4×1014 14.41 0.23 0.17 0.012
Ar 1.5×1014 37 6.3×1014 15.24 0.25 0.17 0.011
Ar 1.5×1014 39 7.8×1014 16.01 0.30 0.17 0.011
Ar 1.5×1014 41 9.0×1014 16.68 0.33 0.17 0.010
Ar 1.5×1014 43 10.5×1014 16.71 0.36 0.15 0.009

Ne 3.0×1014 35 0.6×1014 13.47 0.05 0.15 0.011
Ne 3.0×1014 37 0.9×1014 14.26 0.07 0.15 0.010
Ne 3.0×1014 39 1.2×1014 15.29 0.09 0.15 0.010
Ne 3.0×1014 41 1.5×1014 16.23 0.11 0.16 0.010
Ne 3.0×1014 43 1.8×1014 17.11 0.13 0.16 0.009
Ne 3.0×1014 45 2.1×1014 18.16 0.14 0.16 0.009
Ne 3.0×1014 47 2.4×1014 19.02 0.15 0.16 0.009
Ne 3.0×1014 49 3.0×1014 19.68 0.18 0.16 0.008
Ne 3.0×1014 51 3.3×1014 20.76 0.19 0.17 0.008
Ne 3.0×1014 53 3.6×1014 20.54 0.20 0.15 0.007
Ne 3.0×1014 55 4.2×1014 20.79 0.23 0.14 0.007
Ne 3.0×1014 57 4.5×1014 20.25 0.24 0.13 0.006
Ne 3.0×1014 59 5.1×1014 19.93 0.26 0.11 0.006
Ne 3.0×1014 61 5.7×1014 20.18 0.28 0.11 0.005
Ne 3.0×1014 63 6.0×1014 19.25 0.28 0.09 0.005
Ne 3.0×1014 65 6.6×1014 19.77 0.30 0.09 0.005
Ne 3.0×1014 67 7.2×1014 19.13 0.32 0.08 0.004
Ne 3.0×1014 69 7.8×1014 18.63 0.34 0.07 0.004
Ne 3.0×1014 71 8.4×1014 18.41 0.35 0.07 0.004
Ne 3.0×1014 73 9.0×1014 18.22 0.37 0.06 0.003
Ne 3.0×1014 75 9.6×1014 16.75 0.38 0.05 0.003
Ne 3.0×1014 77 10.2×1014 17.38 0.40 0.05 0.003
Ne 3.0×1014 79 11.1×1014 16.25 0.42 0.04 0.003
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where we defined the harmonic beam radius

w w N , C.3H H≔ ( )

the harmonic radius of curvature

R
R R

1

1 1
, C.4H

+ f
≔ ( )

the radius of curvature due to the intensity-dependent
harmonic phase

R
k w

I4
, C.5H

H

2

0a
f ≔ ( )

the on-axis intensity

I I I z z0 1 , C.6f R0
2 2 1= + -≔ ( ) ( ) ( )

where If is the intensity in the focus and the harmonic wave
number

k Hk. C.7H ≔ ( )

To determine the Rayleigh length zR,H of this Gaussian
beam, we use the complex beam parameter qH:
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I

The divergence of a harmonic beam can be computed
from its Rayleigh length like

k z

k w R

R k w

w

R k w

2 4 4
.

C.9

H
H R H

H H H

H H H

H

H H H,

2 4 2

2 2 2

2

2 2 2
q = =

+
= +

( )

For a given hole radius r◦ and distance Δz between
output coupling mirror and focus, one can then compute
the fraction of harmonic power transmitted through the hole,
i.e. the output coupling efficiency ò. Introducing the relative
hole area 2 2 q q≔◦ ◦ , the relative harmonic beam size

H H
2 2 q q≔ and the harmonic beam diameter w zM H H, qD≔

on the output coupling mirror, where
kz

2

R
q = is the driving

beam divergence and r zq D≔◦ ◦ is the angle occupied by
one hole radius, we can use the well-known formula for the
fraction of power of a Gaussian beam transmitted through an
aperture:

r w
z

z
1 exp 2 1 exp 2

1 exp 2 1 exp 2 .

C.10

M H
H

H
H

2
,

2
2 2

2 2

2

2

2
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q

q
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⎠⎟
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( )
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◦
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◦

Figure C1 shows the dependence of the output coupling
efficiency ò on ◦ and H . Using a computer algebra system

Figure C1. Dependence of the output coupling efficiency (color scale) on the relative hole area ◦ and relative harmonic beam area H . The
red line shows the theoretical maximum power enhancements possible for a given relative hole area. The dot marks the parameters of the
33rd harmonic in the simulated experiment.
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to substitute the expressions defined above, it can be
verified that

N

z z z

z

1 2 1

1
, C.11H

H

3 2 2 2

2 3


g d
=

+ + + +
+

( ˆ ˆ ) ( ˆ )
( ˆ )

( )

where z z zR=ˆ is the scaled gas target position and
I HH fg a≔ and N HH

2 2d ≔ . The term z z 23 g+ +ˆ ˆ has
exactly one real root zOCˆ because its derivative is positive
everywhere, and this root corresponds to the target positions
for which 1/RH vanishes (this is also easily verified by using
a computer algebra system).

We numerically determined the minima of zH ( ˆ) for
values of γ from −1 to 1 and values of δ in the range
tabulated in table B1 and found that the minima deviate by
less than 0.04 from zOCˆ . Consequently, the position of the
minimum has no strong dependence on δ and zOCˆ can be
regarded as an excellent approximation for the optimum
gas target position for output coupling.

Figure 4 shows the dependence of zOCˆ on γ. The corridor
marks the region over which H deviates by less than a factor
of 2 from the optimum value, assuming δ=0.17 (value for
33rd harmonic in argon). The diameter of the corridor
increases with δ and remains between 0.20 and 1.0 for the
tabulated values of δ.

Appendix D. Formula for the XUV power

Neglecting the plasma and Kerr phase, the on-axis phase of
the driving Gaussian beam is

z nkz z zarctan , D.1R1

Gouy phase

f = - +   ( ) ( ) ( )

where n is the refractive index at the driving wavelength.
Approximating the intensity-dependent harmonic dipole
phase f(I) by a linear dependence (see appendix B), the total
harmonic dipole phase is then

z H z I z C. D.2H H1

intensity dependent phase

f f a= + +  ( ) ( ) ( ) ( )
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This yields an effective wave number of
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where If is the peak intensity in the focus. Good phase
matching is reached for k n kHHeff » , where H is the
harmonic order and nH is the refractive index at the

corresponding wavelength. k k n kHH HeffD = - quantifies
the phase mismatch and should vanish:
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Here, we defined z z zRˆ ≔ and
I

H
H fg a≔ (compare

appendix C) and used n n nH std
std

- = Dr
r

, where ρ is the

density in the gas target, ρstd is the density at standard conditions
and Δnstd the refractive index difference at standard conditions.

To estimate the harmonic power PH generated in a har-
monic order H at a certain position of the nozzle, we assume
generation at the phase-matching density as given by (D.4)
and that the amplitude EH of the emitted harmonic field is
proportional to the number of emitters (density×mode size).
The intensity-dependence of the single-atom dipole response
is approximated by a power law (see appendix B), yielding

P E w I z z

z

1 1

1 .

D.5

H H
N N

N

2 2 2 2 2 2 2 2

2 2 2

H H

H

r r

r

µ µ µ + +

= +

-

-

( ) ( ( ˆ )( ˆ ) )

( ˆ )
( )

Using (D.5) and (D.4), we can estimate the generated
harmonic power for a given gas target position ẑ and para-
meters γ and NH. This allows us to numerically compute the
target position for optimum power and the corridor over
which PH deviates by less than a factor of 2 from the optimum
value (figure 4, for NH= 13.53).

The optimum value zgenˆ remains close to zero, deviating
by less than 0.18 for values of γ from −1 to 1 and values of
NH in the range tabulated in table B1. The diameter of the
corridor decreases slightly with NH and remains between 0.34
and 0.60.
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