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Temporal solitons in free-space femtosecond
enhancement cavities
N. Lilienfein 1,2*, C. Hofer1,2, M. Högner1,2, T. Saule1,2, M. Trubetskov1, V. Pervak2, E. Fill2, C. Riek3,
A. Leitenstorfer3, J. Limpert4, F. Krausz1,2 and I. Pupeza1,2*
Temporal dissipative solitons in nonlinear optical resonators
are self-compressed, self-stabilizing and indefinitely circulating wave packets. Owing to these properties, they have
been harnessed for the generation of ultrashort pulses and
frequency combs in active and passive laser architectures,
including mode-locked lasers1–4, passive fibre resonators5
and microresonators6–11. Here, we demonstrate the formation of temporal dissipative solitons in a free-space enhancement cavity with a Kerr nonlinearity and a spectrally tailored
finesse. By locking a 100-MHz-repetition-rate train of 350-fs,
1,035-nm pulses to this cavity-soliton state, we generate a
37-fs sech²-shaped pulse with a peak-power enhancement of
3,200, which exhibits low-frequency intensity-noise suppression. The power scalability unique to free-space cavities, the
unprecedented combination of peak-power enhancement and
temporal compression, and the cavity-soliton-specific noise
filtering attest to the vast potential of this platform of optical solitons for applications including spatiotemporal filtering
and compression of ultrashort pulses and cavity-enhanced
nonlinear frequency conversion.
Temporal optical solitons are localized electromagnetic wave
packets propagating through a dispersive, nonlinear medium while
maintaining a constant structure. In nonlinear optical resonators
they manifest as temporal dissipative solitons4, that is, asymptotically stable steady states associated with one or more pulses capable
of circulating, in principle, ad infinitum. The duration and peak
intensity of these pulses are determined by the balance between dispersion and self-phase-modulation on the one hand, and between
loss and gain mechanisms on the other. Besides being highly interesting objects from a fundamental nonlinear-optics perspective,
their properties, applied in particular for the passive mode-locking of active laser resonators1–4, have made them a cornerstone of
ultrafast-optics and frequency-comb technology. More recently, the
generation of temporal cavity solitons (CS) in externally excited,
passive optical resonators has rapidly developed into an active field
of research. First demonstrated in 2010 in continuous-wave (CW)
laser-driven passive fibre resonators5, temporal CS formation has
since been observed in various types of high-finesse microresonator6–11, playing a crucial part in the development of a new family of
frequency-comb sources12, and facilitating fundamental research on
soliton dynamics13,14.
Here we report the generation of CS in a macroscopic, freespace femtosecond enhancement cavity (EC)15–21 including a thin
Kerr medium. In contrast to previous CS platforms, here the pulse
experiences nonlinearity, dispersion correction, transverse mode

guiding and energy input coupling in discrete, sequential steps.
Furthermore, we demonstrate experimentally and numerically that
spectrally tailoring the transmission of the input coupling mirror
(ICM) to match the driving laser spectrum circumvents the limitation set by the temporal and spectral overlap between intracavity solitons and driving pulses affecting the coupling efficiency of
previous CS implementations11. The resulting peak-power enhancement exceeds that demonstrated in conventional, broadband femtosecond ECs for similar pulse durations by more than one order
of magnitude15,22. The intracavity pulse represents by far the most
energetic CS reported to date.
The 100-MHz bowtie ring EC consists of four mirrors with
dielectric coatings, and an uncoated sapphire plate (Brewster plate,
BP) of 1-mm thickness, placed at Brewster’s angle in the focused
cavity arm, which acts as a Kerr medium (Fig. 1a). The effective
nonlinear coefficient depends on the mode size in the BP and can
be tuned via its distance from the focal plane zBP. The cavity was
operated in vacuum to avoid air fluctuations and dust deposition
on the mirrors. To achieve an overall anomalous roundtrip dispersion (Supplementary Fig. 6) as required for bright soliton generation, a dispersive mirror was used (see Methods). A mode-locked
laser (MLL) provides a driving pulse train that is close to synchronous with the cavity. When performing small sweeps of the MLL
repetition frequency frep over the central cavity resonance at sufficient driving power, the bistable step in the cavity transmission
signal characteristic for soliton generation6 was observed experimentally. A numerical model of the intracavity pulse propagation,
based on iterative computations of an Ikeda-map-like equation
system for the experimental cavity parameters (Supplementary
Section I), qualitatively reproduced this feature (Fig. 1b). The
high peak-power enhancement factors in the cavity predicted by
the simulation (Fig. 1c) are facilitated by the spectral confinement
of the loss experienced by the broad CS spectrum at the tailored
ICM (Fig. 1d).
To stably maintain specific nonlinear cavity states23,24, the detuning of the MLL frequency comb from the cavity resonances at a
wavelength of 1,064 nm (Δf1,064) was actively stabilized with the
aid of a low-power CW laser, locked to a resonance of the linear
EC (Fig. 2 and Methods). The carrier-envelope offset frequency
(f0) of the MLL is independently stabilized to an adjustable radiofrequency reference. Scans were performed by sweeping Δf1,064,
effectively changing frep in a range of less than 1 Hz for constant values of f0. Similar to recent observations in microresonators driven
by pulsed lasers11, we found that the soliton step occurs only for a
limited range of f0 (Fig. 2d), corresponding to about 4% of the free
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Fig. 1 | Concept for efficient CS generation. a, A train of laser pulses with a repetition rate frep is coupled to a free-space EC comprising an ICM with
spectrally tailored reflectivity R(λ) (notch ICM), a dispersive mirror (DM) and two curved, highly reflective mirrors (HRM). The EC incorporates a sapphire
plate arranged at Brewster’s angle (BP) at a distance zBP from the focal plane. b, Experimental intracavity power (red) and simulated enhancement factor
of the average power (black), for a sweep of frep from high to low frequency, exhibiting the characteristic CS step. c, Peak-power enhancement factor from
the same simulation. d, Top: experimental (red) and simulated (dashed black) CS spectra, driving laser spectrum (solid black), and spectral reflectivity of
the notch ICM (blue). The sharp peak at 1,064 nm is the spectrum of an auxiliary CW laser employed for the locking scheme (see Methods). d, Bottom:
difference ΔIref(λ) between the laser spectrum and the spectrum Iref(λ) reflected from the ICM in the CS state, illustrating the high spectral overlap
facilitated by the tailored transmission of the ICM. A similar scheme for spectrally tailored input coupling has previously been proposed in the context of
intracavity gas plasma generation22.
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Fig. 2 | Set-up, locking scheme and f0-dependence of the soliton regime. a, Schematic view of the locking set-up and the cavity diagnostics. The frequency
fcw of an auxilliary CW laser is locked to an EC resonance using the Pound–Drever–Hall scheme (PDH). A beatnote between the offset-frequency (f0)
stabilized mode-locked driving laser (MLL) and a copy of the CW laser shifted by the frequency fshift is generated and locked to an adjustable reference
frequency (fbeat). The power reflected off the EC is measured with a power meter (PM). For analysis of the intracavity light, the transmission through the
mirrors and the reflection off the BP are used. AOFS, acousto-optic frequency shifter; Att., variable attenuator; BS, beam splitter; CCD, camera; EOM,
electro-optic modulator; fmod, modulation frequency; OSA, optical spectrum analyser; PD, photodiode. b, Frequency-domain picture of the MLL lock
resulting in an adjustable detuning Δf1,064 between linear cavity resonances and MLL frequency comb lines at the wavelength of 1,064 nm. c, Frequencydomain picture of the CW-laser lock to the linear cavity resonances. The weaker lines around fcw indicate the PDH sidebands. d, Cavity transmission for
slow blue-to-red sweeps of Δf1,064 for different values of f0, showing a strong f0-dependence of the CS step.

spectral range of the EC. It is most pronounced at the upper edge of
this range. Figure 3 shows the evolution of the intracavity spectrum
during a sweep of the detuning at f0 = 26 MHz. At a specific detuning,
the intracavity spectra change from a broad but modulated shape to
smooth spectra, which increase in width with increasing detuning,
a behaviour characteristic for CS6,24,25. The spectra are qualitatively
reproduced by the simulation (Fig. 3 and Supplementary Fig. 7).
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We characterized the temporal profile of the intracavity
pulse using frequency-resolved optical gating (FROG) measurements for a CS state close to the maximum detuning, with
Δf1,030 =  −0.336 MHz being the detuning at the centre wavelength
of 1,030 nm. The retrieval yields an intracavity pulse duration
of 37 fs (Fourier limit: 36.8 fs), with 98% of the pulse energy carried by the main pulse (Fig. 4 and Methods). The pulse shape
215

Letters
–1

PSD (dB nm )

–0.0

1

Intracavity spectra

Simulated spectrum

∆f1,030 = –0.1 MHz
= –0.13 MHz
= –0.34 MHz

∆f1,030 = –0.34 MHz

–40
–60
900

950

1,000

1,050

1,100

1,150

furthermore exhibits a temporal offset between the maxima of the
driving pulse and the soliton26,27. The pulse duration as well as the
offset are reproduced by the model. While the FROG retrieval does
not yield a time direction, the simulations reliably show temporal
offsets towards the trailing edge (Supplementary Fig. 7), for a wide
range of driving laser powers and values of f0. Our simulations indicate that the sign of the temporal offset depends on the chirp, and
thus the temporal asymmetry of the driving pulses, potentially in
combination with the spectral asymmetry of the ICM transmission
and cavity dispersion (Supplementary Section II). In this CS state,
an average-power enhancement of 366, corresponding to a peakpower enhancement of 3,220, was measured at an MLL input power
of 1.6 W (see Methods). The linear average-power enhancement of
the MLL in the same EC was 444, representing the upper limit of
the linear peak-power enhancement in this EC. Notably, the soliton
peak power of 125 MW exceeds the critical power for self-focusing
in sapphire by a factor of 40. However, the short propagation length
in the Kerr medium and the transverse mode guiding provided by
the optically stable resonator after each pass prevent filamentation28.
Calculations of the cavity caustic in the presence of a Kerr lens corresponding to the simulation results predict a beam size change in
the BP of less than 10% at this power (Supplementary Section III).
Similar CS states were achieved at down to two orders of magnitude
lower input and intracavity power levels, limited by the focal width,
by decreasing zBP. Further scaling to higher intracavity power at
larger zBP was limited by thermal drifts, probably caused by absorption in the ICM and/or the BP, preventing stable operation.
To experimentally verify the stability of the CS states, we measured the beat note between the linearly cavity-enhanced CW light
and the light circulating in the MLL-driven nonlinear cavity. For a
sweep of the detuning (Fig. 5a), the radio-frequency spectrum of
this signal changes from a broad and noisy structure with multiple
pronounced beat notes to a single, narrow peak, confirming a stable, fixed nonlinear phase shift in the soliton regime. Furthermore,
we measured the relative intensity noise (RIN) of the CS state at
the maximum detuning, the linear EC at low driving power and the
216

2wx = 2.8 mm

2wy = 2.86 mm

Gauss
fit

0
–2

0

2

–2

x (mm)
SHG intensity (a.u.)
10

1

2

10

10

3

10

4

0

2

y (mm)

c
100

Driving pulse
(×3,220)

50

t = 350 fs

CS pulse
Simulation
Retrieval

t = 37 fs

0
108
FROG
trace

Wavelength

Wavelength (nm)

Fig. 3 | Soliton evolution. Contour plot of the experimental intracavity
power spectral density (PSD) for a sweep of the detuning Δf1,030, specified
at a central wavelength of 1,030 nm (upper panel), and line cuts at
three values of Δf1,030 (lower panel). The cavity-enhanced CW laser is
visible as a narrow peak at 1,064 nm. The narrow peak at 910 nm can
be associated with a dispersive wave generated via soliton Cherenkov
radiation10, occurring at the zero-crossing of the cavity roundtrip phase
(Supplementary Fig. 6). The simulated CS spectrum shows good
agreement with the experiment, reproducing both its width and the
dispersive wave.
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Fig. 4 | Soliton characterization. a, Spatial cavity mode profile in the
CS state on the curved mirror. Line cuts (red) in the x and y directions
are shown together with Gaussian fits (dashed black). b, Measured and
retrieved second-harmonic generation (SHG) FROG traces of the CS pulse.
The FROG error of the retrieval was 0.019. c, The temporal intensities of the
intracavity pulse (red) and driving pulses (yellow) calculated from FROG
retrieval and power measurements, and the simulated CS (dashed black) for
the same driving pulse are shown on linear and logarithmic scales (upper
and lower panel, respectively). The driving pulses are magnified by factors
of 3,220 and 10, respectively. The temporal offset between CS and driving
pulse was determined from the CS simulation (Supplementary Fig. 8).
While the agreement between simulated and experimental pulse durations
is excellent, there are deviations of the peak power and of the shape
of the pedestal.

driving MLL (Fig. 5b). The results show that the low-pass characteristics of the linear cavity, setting in at 500 kHz, are conserved by
the CS state. More strikingly, the CS state acts as a high-pass noise
filter, suppressing the RIN for frequencies below 1 kHz by up to
two orders of magnitude with respect to the driving laser and the
linear cavity. This feature stems from the self-stabilizing nature of
dissipative solitons in general, together with a mechanism unique
to CS: the pulse energy and duration of a soliton are constrained by
the balance between dispersion and nonlinear phase shift, which is
fixed to the driving laser detuning. Therefore, the pulse energy and
duration of the CS state is largely independent of the input power,
pulse duration, or spatial overlap, as long as sufficient power to sustain the soliton is coupled to the cavity.
In conclusion, we have demonstrated the stable generation of
CS in a free-space enhancement cavity with Kerr nonlinearity and
a spectrally tailored input coupler transmission. We have observed
intracavity pulse compression by nearly an order of magnitude, to
a 37-fs, nearly Fourier-limited sech²-shaped pulse, and a low-frequency RIN-suppression mechanism of CS states. The peak-power
enhancement surpasses by more than an order of magnitude the
highest enhancement previously demonstrated in femtosecond
enhancement cavities with comparable pulse durations22, where
Nature Photonics | VOL 13 | MARCH 2019 | 214–218 | www.nature.com/naturephotonics
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Fig. 5 | Phase and intensity stability. a, Contour plot of the radio-frequency
spectrum of the beating signal between the cavity transmission of the
linearly enhanced CW laser and the MLL-driven nonlinear cavity states for
a sweep of the MLL detuning Δf1,030 (upper panel). Line cuts at three values
of Δf1,030 are shown in the lower panel. b, Power spectrum of the root mean
squared (r.m.s.) RIN of the pulsed driving laser, of a (low-power) linear
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The frequency-resolved RIN in the CS state exhibits both EC-specific highfrequency and CS-specific low-frequency noise suppression mechanisms.
Between 30 and 500 kHz, the CS RIN is significantly higher than that of
both the laser and the linear cavity state. This is most likely due to CS selfstabilization dynamics excited by the phase noise of the locking loop at
about 40 kHz. While the total r.m.s. RIN of 0.98% of the CS is comparable
to the value of 1.05% measured for the linear cavity, the CS RIN is confined
to a well-defined frequency range.

the enhancement is severely limited by the cavity-mirror dispersion15,29. Further improvements of pulse duration, pulse energy
and coupling efficiency can be expected from mirror optimization and thermal management30. Spectrally tailored input coupling
could also benefit the coupling efficiency and bandwidth in microresonator geometries using multilayer mirrors11. Furthermore,
we have presented a numerical model that reproduces the main
experimental CS features.
Compared with previous CS platforms, free-space femtosecond ECs offer unparalleled flexibility regarding dispersion control,
access to the beam, geometric scalability of the nonlinearity, and
peak powers significantly exceeding the catastrophic self-focusing
limit in optical materials. In this implementation, CS promise new
opportunities for established applications of femtosecond ECs,
such as high-repetition-rate high-order harmonic generation16
for (extreme-) ultraviolet frequency-comb19,20 and photoemission31–33 spectroscopies, or path-length enhancement for vibrational spectroscopy17,18,21, and are likely to enable new applications.
In particular, the temporal, spectral and spatial filtering, and the
low-frequency RIN suppression afforded by CS are highly attractive
properties for the compression of ultrashort laser pulses at the full
repetition rate of their primary source.
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Enhancement cavity. The spectral power reflectivity of the ICM coating was
designed to exceed 99.9% in the band between 900 and 1,200 nm, except for a
notch centred at 1,040 nm, with a minimum reflectivity of 99% and a half-depth
width of 10 nm (Fig. 1a). The group-delay dispersion (GDD) of the mirror coatings
was designed to approach 0 fs² for the ICM and for two of the highly reflective
coatings, and −45 fs² for the fourth, dispersive, highly reflective mirror, over the
same spectral range. Spectral phase measurements of the individual coatings
were performed using multipass spatial-spectral interferometry29. Together with
the calculated dispersion of the BP, we calculated the roundtrip phase shown in
Supplementary Fig. 7, corresponding to a GDD of about −15 fs² in the central
spectral region. A ring-down measurement of the EC at a wavelength of 1,064 nm
yielded a finesse of 12,040. The corresponding roundtrip loss of 522 ppm is
dominated by the BP reflections and scattering at the mirror coatings. The
cavity finesse at 1,035 nm is 842, implying an ideal linear enhancement of 491.
A comparison to the experimental linear enhancement, which was measured at
an input power of 20.3 mW, yields the spatial overlap of 0.9. The EC was set up
as a symmetric bowtie cavity with 600 mm radius of curvature of the concave
mirrors and operated close to the inner edge of stability with a stability parameter
of about −0.96. The 1/e² intensity diameters of the mode on the curved mirrors
was 2.8 mm and 2.86 mm in tangential and sagittal axes, respectively (Fig. 4a).
The distance of the BP to the focal plane zBP was measured to be 67 +/− 2 mm,
which, accounting for the angle of the BP, yields an effective mode area of about
0.68 mm² (Supplementary Section I). With the Kerr nonlinearity of sapphire
being n2 =  0.32 ×  10−15 cm2 W–1, the corresponding effective nonlinear coefficient is
γ =  2.77 ×  10−7 (m*W)−1.
Driving laser, locking scheme and soliton generation. The driving pulses with
a duration of 350 fs (Fourier limit: 340 fs) and a central wavelength of 1,035 nm
were delivered at a repetition rate of 100 MHz by an Yb-fibre chirped-pulse
amplifier. The Yb system was seeded by an Er:fibre MLL (C-Comb, Menlo
Systems) operating at a wavelength of 1.55 µm. The frequency shift to 1,035 nm
was performed using the electronic Kerr nonlinearity in a highly nonlinear
germanosilicate fibre assembly. This step conserves the coherence of the Er:fibre
front end34, resulting in a high level of operational stability35. The average power
impinging on the EC was adjustable between 10 mW and 10 W. The carrierenvelope-offset frequency f0 of the MLL, measured with an integrated f–2f
interferometer, was locked to the output of a radio-frequency waveform generator
(Fig. 2a,b). For the cavity lock, a Nd:YAG non-planar ring oscillator CW laser
(Mephisto, Coherent) was transmitted through an acousto-optic frequency shifter
(AOFS). The zeroth-order transmission of the AOFS was phase modulated in a
resonant electro-optic modulator (EOM) and spatially combined with the MLL
using an 80:20 beam splitter, with 50 mW of the CW light impinging on the input
coupler. In reflection from the EC, the CW beam at 1,064 nm was spatially isolated
with a grating and used to generate a Pound–Drever–Hall error signal, allowing
the stabilization of the CW-laser frequency to an EC resonance (Fig. 2a,c). The
first-order diffraction of the CW laser in the AOFS, being frequency shifted by
fshift =  110 ± 2 MHz, was combined with a part of the MLL light. A beat note was
generated by broadening the MLL spectrum in a nonlinear fibre, subsequently
cleaning the polarization, and filtering the wavelength to a narrow spectrum
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at 1,064 nm, which was sent to a photodiode. The signal was mixed down with
a frequency flock = 10.58 MHz, and can be locked by actuating on the repetition
rate of the MLL. The detuning of the MLL frequency-comb lines from the cavity
resonances Δf1,064 at a wavelength of 1,064 nm is given by Δf1,064 =  fshift – frep – fbeat
(Fig. 2a,c). Soliton states were generated by sweeping fshift either continuously using
the analog frequency-modulation input of the waveform generator driving the
AOFS, or in steps of <20 kHz using its digital control (Supplementary Video 1).
The frequency detuning at the central wavelength of 1,030 nm Δf1,030 was calculated
using the measured detuning Δf1,064 =  −0.644 MHz, at which the linear cavity
resonance of the MLL has its peak.
Diagnostics. The spectral transmission of the broadband cavity mirrors is
not uniform over the wavelength range of interest. To gain direct access to
the intracavity light we therefore used the reflections off the BP, which was
slightly detuned from Brewster’s angle for measurements of the intracavity
spectrum, detuning curves, FROG traces and RIN data. Owing to the position
of the BP in the focused cavity arm, both reflections from the close-to-parallel
BP surfaces were spatially well separated after collimation. A wire-grid
polarizer was used to filter out residual s-polarized light that was reflected
off the BP after entering the cavity. The intracavity temporal intensity was
calculated from the FROG retrieval (Fig. 4b), accounting for the material
dispersion of the vacuum window, lens and wire-grid polarizer (16 mm of fused
silica). The high intensity contrast of the measurement was facilitated by the
spatial homogeneity of the beam, characteristic for ECs. Because of the high
sensitivity of the BP reflectivity with respect to the angle between the BP and
the cavity beam axis, a calibration of the reflectivity with sufficient accuracy
for precise intracavity power measurements would have been challenging.
Instead, the intracavity power was calculated from a power measurement in
transmission of a cavity mirror by accounting for its spectral transmission and
for the intracavity spectrum29. To generate the beat signal shown in Fig. 5, the
transmission through a cavity mirror was spectrally filtered to a narrow range
around 1,064 nm using a grating. The resulting signal was sent to an amplified
photodiode and measured using an electronic spectrum analyser. The RIN
data were generated by acquiring oscilloscope traces of the signal of a fast
photodiode with lengths of 1,000 s and 200 ms, and stitching the resulting power
spectra. For the RIN measurements of the linear cavity and CS, the driving laser
power was 222 mW and 1.42 W, respectively, and the laser was locked at
Δf1,064 =  −0.642 MHz and Δf1,064 =  −0.93 MHz, respectively.

Data availability

The data that support the plots within this paper and other findings of this study
are available from the corresponding authors upon reasonable request.
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I. Simulation methods
To simulate the CS build-up, we decompose the electric field 𝐸(𝑡) inside the Brewster plate into

carrier and envelope 𝐴(𝑡):

𝐸(𝑡) = 𝐴(𝑡) exp(𝑖𝜔c 𝑡)

(1)

̂
𝐴̂𝑛+1 (𝜔) = �1 − 𝑇(𝜔)�1 − 𝐿(𝜔)𝐴̂nl
𝑛 (𝜔) exp[𝑖Φrt (𝜔) + 𝑖Φc (𝜔)] + �𝑇(𝜔)𝐴laser (𝜔)

(2)

and iteratively solve the Ikeda-like map [1]

𝐴nl
𝑛 (𝑡) = 𝐴𝑛 (𝑡) exp(−𝑖 𝑛2

𝑐 𝜖0
𝜔
|𝐴𝑛 (𝑡)|2 c
2
𝑐

Δ𝑧),

(3)

starting with 𝐴̂0 (𝜔) = 0. Here, (2) describes the propagation in the free-space resonator in the co-

moving frame and is, in contrast to the usual Ikeda map, written down in the spectral domain to

enable a treatment of the spectrally shaped input coupler. Equation (3) describes the propagation
through a Kerr medium with a width Δ𝑧 in the limit of negligible diffraction and dispersion, and a

small nonlinear phase shift during a single pass. 𝐴̂𝑛 denotes the Fourier transform of 𝐴𝑛 . 𝑇(𝜔), 𝐿(𝜔)
and Φrt (𝜔) are the measured input coupler reflectivity, the round-trip losses and the round-trip

phase (including the BP dispersion), respectively ( Fig. 6a). Φc (𝜔) is the spectral phase corresponding
to the per-roundtrip phase shift and group delay of the driving pulses relative to the resonator’s comoving coordinate system. It is a first-order polynomial whose coefficients correspond to the
frequency comb parameters in the experiment. It can be written as
Φc (𝜔) = Φ0 + 𝜔/𝜔1064 (Φ1064 − Φ0 ), where Φ0 = Φc (0) = 2𝜋𝑓0 /(100 MHz) + 𝐶 relates to the
experimental carrier-envelope offset 𝑓0, and Φ1064 = Φc (𝜔1064 ) = 2𝜋Δ𝑓1064 /(100 MHz) + 𝐶

relates to the experimental lock offset frequency Δ𝑓1064 , with 𝜔1064 = 2𝜋𝜋/(1064 nm) being the

optical frequency at which the driving laser is referenced to the cavity. For simulations, 𝑓0 is kept

fixed while Δ𝑓1064 is scanned in positive direction by 1.27 Hz per round-trip. 𝐴̂laser (𝜔) is the

complex spectral amplitude of the driving pulse (Fig. 6b), measured by FROG retrieval. The sign
ambiguity inherent to FROG measurements was resolved by choosing the sign which yields best
agreement with the experimental soliton spectra. We assumed a driving pulse energy of 16 nJ,
corresponding to the measured power of 1.6 W. We used 𝑛2 = 0.31 ⋅ 10−15 cm2 /W [2], 𝜔c =
2𝜋𝜋/1035 nm and Δ𝑧 = 1 mm/ cos(𝜃i ), where 𝜃i is the Brewster angle inside the medium.

For constant round-trip losses 𝐿(𝜔), input coupler transmission 𝑇(𝜔), and small second-order

round-trip phase Φrt (𝜔), equation (2) can be easily Fourier-transformed. Then, for small 𝑛2 , T, and L
and by replacing the round-trip number n with a continuous variable, equations (2) and (3) turn into

the time-domain Lugiato-Lefever equation as derived e.g. in [1]. To account for the strongly
frequency-dependent input-coupling reflectivity, losses and higher-order dispersion present in our
experimental system, we opted for solving the Ikeda-like map directly, which takes around 20 min on
a standard Personal Computer to simulate a single soliton step like shown in Fig. 7, comprising
1.000,000 round-trips.
Equations (2) and (3) constitute a pure on-axis model. To allow for quantitatively correct results, by
𝐴𝑛 (𝑡) we denote the amplitude corresponding to a spatially averaged intensity 𝐼a (𝑡) =

𝑐𝜖0 |𝐴𝑛 (𝑡)|2 /2 = 𝐼0 (𝑡)/2, where 𝐼0 (𝑡) is the on-axis intensity. This is equivalent to the proceeding in

[3], where the nonlinear parameter 𝛾 contains a factor of 2.

To convert the circulating power 𝑃(𝑡) to the on-axis intensity 𝐼0 (𝑡) = 2𝑃/(𝜋𝑤xBP 𝑤yBP ) in the
Brewster plate, one has to account for the mode area 𝜋𝑤xBP 𝑤yBP = 𝜋𝑤x 𝑤y cos θi / cos 𝜃o =

0.68 mm2, where 𝜋𝑤x 𝑤y ≈ 𝜋𝑤xM 𝑤yM (2𝑧/𝑅)2 is the mode area outside the Brewster plate and
𝜃i = 29.673° and 𝜃o = 60.327° are the Brewster angles inside and outside of the medium,

respectively. The beam sizes on the cavity mirrors (radius of curvature 𝑅 = 600 mm) are 2𝑤xM =

2.80 mm and 2𝑤yM = 2.86 mm, and the position of the Brewster plate was set to 𝑧 = 73.1 mm for
best agreement with the experimental data.

II. Simulation results
To enable a comparison with the experiment, we select the value for Φ0 where the largest width of

the soliton step is observed (Φ0 = 199 mrad). The resulting simulated soliton step is shown in

Fig. 1b of the main text and qualitatively reproduces the experimental observations. However, there
are deviations in the range of existence, and the gradient of the cavity power change with the

detuning along the soliton step. These may be due to measurement errors of the cavity data, most

importantly the dispersion, on which the simulations are based (Supplementary Fig. 6), due to
thermal drifts of the resonance and thermal lensing in the experiments, and/or due to transverse
effects of the nonlinearity, i.e. Kerr lensing (see Supplementary Section III). The simulated intracavity
spectra (Supplementary Fig. 7b) yield similar features to the experimental measurements (Fig. 3), in
particular a comparable maximum spectral width of the soliton, and a dispersive wave at 910 nm
where the round-trip phase has a zero crossing. The simulated soliton spectra for a lock offset of 0.34
MHz from the linear optimum at 1030 nm, marked by the arrow and the dashed lines in
Supplementary Fig. 7, are compared to measurements in Figs. 1d and 3, showing good agreement.
The simulation allows us to compute the pulse shape and the peak-power enhancement, shown in
Figs. 7b and in 7a. It can be observed that the pulse duration decreases, and correspondingly the
peak-power enhancement increases, with increasing lock offset. Also, the delay of the soliton relative
to the driving pulse decreases and approaches zero at the edge of the soliton existence range. This
behavior is conceptually similar to the observations made in [4,5]. While the experimental data
cannot determine whether the soliton emerges on the leading or trailing edge of the driving pulse
due to the FROG sign ambiguity, in the simulations we observe soliton formation exclusively on the
trailing edge of the driving pulse, for broad parameter scans of the driving power and Φ0 . For

simulations with the opposite driving pulse chirp, however, the soliton emerges on the leading edge.
Simulated spectra of leading-edge and trailing-edge soliton states are clearly distinguished by the

sign of the dispersive feature appearing in the spectral range of the driving laser (Suppl. Fig. 8).

III. Spatial Effects
When the pulse passes through the Kerr medium, the Gaussian transverse intensity profile
2𝑟 2

𝐼(𝑟) = 𝐼0 exp(− 𝑤 2 ) = 𝐼0 �1 −

results in a transverse phase

𝜙(𝑟) ≈ exp(−𝑖 𝑛2 𝐼(𝑟)

2𝑟 2
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Neglecting the phase term without spatial dependence, this corresponds to a parabolic transverse
phase and represents a Kerr lens. At the peak of the soliton (𝐼0 = 3.35 ⋅ 1010 𝑊/cm2 ), the focal
length of this lens is 𝑓 = 𝑤 2 /(4𝑛2 𝐼0 Δ𝑧) = 2.59 m. We calculated the change to the cavity

eigenmode caused by this lens using the round-trip ABCD matrix. To this end, we assumed a position
in the cavity stability range reproducing the measured mode size of 2𝑤 M = 2.8 mm. Positioned 73.1
mm from the focus, the Kerr lens would lead to a decrease of the eigenmode size by 9.5%.
Experimentally measured mode size changes for different lock offsets did not support this

calculation, and do not show a clear trend. One reason for this is the simultaneous presence of
thermal lenses in the dispersive mirror, input coupler and Kerr medium [6].
A simple 1D model as applied here is sufficient to explain the main features and predicts plausible
values for the soliton duration and range of existence for the experimental parameters . However,
while in the experiment a lower limit of about 37 fs for the soliton pulse duration was observed even
for significantly increased driving laser power, the model predicts much shorter pulses to be
attainable at higher driving power. To address this discrepancy, and to allow a global optimization of
cavity parameters, a 3D model may become necessary and thermal effects should be accounted for.
In particular, we expect that aberrations caused by the higher-order terms in (4), which are
converted to losses by the mode filtering properties of the resonator, may represent an important
factor for accurately predicting the range of existence of solitons at higher driving powers.
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Supplementary Figure 6. Input data for the simulation. (a) Total round-trip phase (solid line), consisting of the Brewster
plate dispersion and the total mirror phase measured in the range 923-1133 nm by multipass spatial-spectral
interferometry [7], smoothed and extrapolated. The input coupler transmission (dotted line) and round-trip losses (dashed
line) were obtained with mirror transmission measurements. (b) Power spectral density (solid line) and spectral phase
(dashed line) of the driving laser were obtained with a FROG measurement.

Supplementary Figure 7. Simulation results. (a) Simulated enhancement vs. lock offset, showing the typical soliton step. (b)
Normalized intra-cavity power spectral density vs. lock offset. (c) Intra-cavity pulse instantaneous power [W] vs. lock offset.
The arrow and the dashed lines mark the lock offset used for the simulated spectra shown in Figs 3 and 4.

Supplementary Figure 8. Driving pulse chirp. (a) Simulated intracavity spectra for driving pulses with the spectral phase
shown in Fig. 6 (b) (down-chirp, solid line), and for driving pulses with a spectral phase of opposite sign (up-chirp, dashed
line). The experimental soliton spectrum is shown for comparison. (b) Corresponding simulated intracavity temporal pulse
shapes.

