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Date: March, 2014.





Acknowledgments

Before even writing a single word about laser wakefield electron
acceleration, I would like to thank everyone who contributed to this

work:
•First of all, to my supervisor László Veisz, whose patience, human
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1 Introduction

Since the invention of the laser [31] (Light Amplified Stimulated Emission Radiation), the
scientific community has been witness of the colossus advances done in controlling, spa-
tially and temporally, the primary source of any motion: energy. The laser, of course,
changed the world. The laser resembles nowadays an unique tool to control accurately the
transport of energy within a very confined space: few µm; with a temporal resolution of a
one second in the Universe´s life scale: 1 fs = 10−15 s.

Figure 1.1: History of laser intensity. Figure belongs to Wikimedia Commons.

The need of more energy per pulse encouraged deep research in light matter interac-
tions. Many applications, e.g., nonlinear optics, were found to depend on the laser´s peak
intensity, which encouraged researchers to compress the pulses to lower time-scales, using
Q-switching [32]. Pulse power started to grow in a large scale employing mode-locking
and solid state lasers [18], leading to Titanium-Sapphire state-of-the-art systems[39], which
using Chirped pulse amplification (CPA) technology invented by Strickland and Mourou
(1985) [11], could reduce the pulse duration down to 1 ps. Simultaneously, another ampli-
fication technique, Optical Parametric Amplification (OPA), was also being utilized given
the considerable advances in non linear optics [7]. In order to gain higher energies and to
reduce even further the pulse durations, a combination between CPA and OPA, was bap-
tized by Dubities et al. in 1992 as Optical parametric chirped pulse amplification (OPCPA)
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1 Introduction

[12]. Our Laser, the sub-5fs Light Wave Synthesizer 20, (LWS20) is based in this latter
method which supports ultra broadband amplification leading to sub-5-fs pulse duration
and a half octave spectral range [54]. LWS20 is a 16 TW laser system able to reach peak
intensities of 1019Wcm−2, hence the most intense few-cycle one in the world, ideal to dis-
cover carrier envelope phase dependent physics within the laser matter interactions, par-
ticularly, electron acceleration.

Conventional particle accelerators are based in microwave cavities fed by radio-frequency
fields which accelerate the charged particles. To avoid electric breakdown, the maximum
voltage, e.g., accelerating field, is limited to 10-100´s MV/m [5]. So, in order to accelerate
an electron to TeV range, structures as big as an airport ≈ km-scale are needed. Building
such a structure and maintaining it every year requires a budget in the order of 109 $. In
1979, Tajima and Dawson, proposed an alternative to such accelerators in [48]. By focusing
a high intense laser pulse ≈ 1018Wcm−2 in a gas, this one can excite ponderomotively a
charge oscillation which is capable of supporting electrostatic fields in the order of 100´s
GV/m, already 1000 times stronger than the conventional mentioned above. The acceler-
ation process would occur then in a mm-range and electron bunches as short as the light
pulses can be generated, [21]. So, it was not until CPA-based lasers were available when
the laser electron accelerators started to produce the their first results. Naturally, many
problems arose and in specifically, the injection of electrons was proved to be not trivial
at all. In lack of external electron injection, if the laser field is intense enough to break the
plasma wave, part of the plasma electrons which formed the charge oscillation can also get
accelerated, as Tajima and Dawson proposed in [48]. This is, nonetheless, an uncontrolled
process and hence, the beam parameters cannot be controlled at will. Many external and
controlled injection schemes have been proposed and realized ever since aiming always to
stabilize and optimize the output beam parameters [13] and [35]. In particular, an injec-
tion technique proposed by our group, tested for the first time in [55], proved to be highly
reliable in matters of stability, compatible even to laser pulses as short as 5 fs, outstanding
usefulness as it almost fixes the energy spread regardless of the peak energy and it can
actually be quite cheap in terms of laser energy on target.

A good question is: how much energy or power is required?. In 2002, Pukhov and
Meyer-ter-Vehn proposed a new regime where no wake at all is formed when the laser´s
light pressure is very large and the laser pulse is shorter than the plasma wavelength [3]. In
this case, the electrons inject themselves after the first oscillation into an electron-depleted
cavity ”the Bubble” and get accelerated up to GeV-range due a strong electrostatic field
produced by the ions. Unfortunately, the current laser technology has not arrived yet at
such short and energetic pulses. Taking into account the parameters we work with, we
could consider ourselves in a situation marginally above the Bubble threshold.

One of the major predictions of The Bubble-regime theory is the scaling of the thresh-
old energy to accelerate electrons: the shorter the pulses, the less energy must be put on
target for acceleration to take place. This principle apparently still holds for normal laser
wakefield acceleration in the self-injection regime, apparently.

Nevertheless, obtaining high energy electrons (100´s MeV) is not the goal neither in this
work nor in the research topic of our group LWS-20 at the Max Planck Institute for Quan-
tum Optics (MPQ). With the current TW and even PW range laser technology, high-energy
electrons are obtained relatively in an easy way. The complicated part, and where most
of the scientific community is working, is to seize control of the injection and acceleration
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process to optimize the electron beam parameters to levels of possible applications, such
as Ultrafast electron diffraction [57].
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2 Theoretical background

In this chapter, we will show a brief review of the physics behind the laser plasma in-
teractions: the mathematical description of electromagnetic waves (2.1.1); motion of the
electron in the laser field (2.1.2); ionization processes, (2.2); two important concepts in
plasma physics (2.3) and the laser propagation properties through a plasma in particular
(2.4). Finally, we will talk about the fundamentals of the laser wakefield accelerators: the
wakefield generation (2.5.1); the acceleration process and its its limitations (2.5.2); inter-
action between the accelerated bunch and the accelerating field (2.5.4), an insight into a
new regime to accelerate electrons when the laser field is short and intense enough (2.4).
Although the laser intensity we used for this work is not high enough to enter fully the
so called Bubble regime, we are marginally inside this regime. Thus, many effects we ex-
perimentally observed can be explained via this theory. In the end (2.5.5), we will describe
a novel technique to inject electron bunches in the wakefield which was first successfully
tested in [55] which was proven to enhance the stability and optimize the control over the
beam parameters.

2.1 Laser interaction with a single electron

2.1.1 Description of the Laser field

In order to get a first impression about laser-plasma interactions, it is wise to study first
the movement of a free electron in a strong laser field in its simplest case, a plane-wave.
Therefore, it is straightforward to start introducing the Maxwell equations, which rule the
propagation of electromagnetic waves [19]:

~∇ · ~E = ρ
ε0
,

~∇× ~E = − ∂
∂t
~B,

~∇ · ~B = 0,
~∇× ~B = 1

c2
∂
∂t
~E + µ0

~j,

(2.1)

where ε0, µ0 are the vacuum permittivity and the vacuum permeability, respectively and
c = 1/

√
ε0µ0, the speed of light in vacuum. ρ is the charge density and ~j is the current

density. The electric and magnetic fields can be expressed in terms of the vector potential
~A = ~A0cos (kLx− ωLt), where kL is the wave number vector of a wave propagating in the
x direction, and the scalar potential Φ. A plane wave solution of the Maxwell equations is
thus:

~E(~x, t) = − ∂
∂t
~A− ~∇Φ = ~E0cos (kLx− ωLt),

~B(~x, t) = ~∇× ~A = ~B0cos (kLx− ωLt),
(2.2)

where ωL = kLc, is the dispersion relationship of an electromagnetic wave,
∣∣∣ ~E0

∣∣∣ =
∣∣∣ ~A0

∣∣∣ωL
and

∣∣∣ ~B0

∣∣∣ =
∣∣∣ ~E0

∣∣∣ /c. Their units are [E] = V/m and [B] =1T. The Pointying vector ~S is
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2 Theoretical background

defined as the energy flux of an electromagnetic wave. Its temporal average and absolute
value within one cycle is defined as intensity I . It is calculated thus:

IL =
〈∣∣∣~S∣∣∣〉 = ε0c

2
〈∣∣∣( ~E × ~B)

∣∣∣〉 =
1

2

∣∣∣ ~E0

∣∣∣2
Z0

, (2.3)

where Z0 = 1/ε0c = 377Ω is the free space impedance. Current state-of-the-art Laser
technology is capable of reaching peak power in the TW to PW range, and peak intensities
of 1018 − 1022W/cm2, [34].

2.1.2 Motion of a single electron in the laser field

Once an analytical form for the laser field has been introduced, the next step is to de-
scribe the motion of electrons in the presence of the laser fields ~E and ~B. Starting with the
Lorentz:

me
d(γe~v)

dt
= −e( ~E + ~v × ~B), (2.4)

where γe = 1/
√

1− β2 with β = |~v| /c is the relativistic factor of the electron, me the
electron rest mass and e the electron charge. At non-relativistic velocities, β � 1, the
second term on the right side of equation (2.4) can be neglected. For very large fields, this
term will certainly become relevant and contributes to the ”ponderomotive” force. In the
linear regime, integrating this equation for initial values t0 = 0 and v0 = 0, we obtain the
so-called quiver velocity:

~vquiver =
e ~E0

meωL
sin(kLx− ωLt). (2.5)

From above, it is clear that the maximal velocity reached by the electron is vmax =
e| ~E0|
meωL

.
As the laser electric field increases, the electron´s velocity becomes relativistic, vmax ⇒ c.
It is useful to quantify the laser fields by its normalized vector potential a0 = eA0

mec
. When

the electron´s motion becomes relativistic, a0 ≥ 1. Furthermore, a0 is related to the laser
intensity by:

IL =
1.37× 1018 a2

0

λ2
L

Wµm2/cm2. (2.6)

From it is clear to deduce that for laser intensities larger than 1018W/cm2 at 800 nm, the
motion behaves completely relativistically. In our case, LWS-20 delivers 30 mJ pulses with
5 fs duration on target focused with a F/4 off-axis paraboloid mirror to 4µm FWHM. From
here, we can estimate an averaged intensity on target of IL = 1.8 × 1019W/cm2, which
means an a0 ≈ 2.9. From equations (2.2) and (2.4), it is possible to deduce two magnitudes
which will remain constant along the electron´s motion. Derivation can be seen in [42].
Assuming the laser field is linear-polarized propagating in the x-direction, we can write
down the following:

~p⊥ − ~a0 = C1, (2.7)

γe − px = C2, (2.8)
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2.1 Laser interaction with a single electron

where C1 and C2 are the constants of motion. It is assumed that there was no laser inter-
action at initial time t0, and C1 = ~p⊥(t0). Moreover, using the identity γ2

e − p2
x − p2

⊥ = 1, it
is straightforward to write down:

px =
1− C2

2 + p2
⊥

2C2
. (2.9)

The latter represents the general solution of the equation of motion described above (2.4).
In the laboratory frame, the electron is at rest before the laser field comes. So, at t0 = 0,

px(t0) = p⊥(t0) = 0 ⇒ γe = 1 and C2 = 1. It follows then that px =
p2⊥
2 for t > 0. Using

(2.7), it is easy to make a relationship between the longitudinal motion of the electron px
and the laser normalized field amplitude a0:

γe = 1 + px = 1 +
p2
⊥
2

= 1 +
a2

0

2
. (2.10)

So, from the equations above, the longitudinal component of the electron´s momentum
depends quadratically on the laser amplitude while the transverse component equals the
laser vector potential due to canonical momentum conservation. Thus, for a given laser
field polarized in the y-axis traveling in the x-axis a0(t) = a0 sinφ, where φ = ωLt − kLx
is the phase of the wave, integration of the equations of motion results in the laboratory
frame:

x(t) ∝ a2
0[φ− 1

2 sin 2φ],
y(t) ∝ a0 sinφ.

(2.11)

In the transverse axis, the electron oscillates classically with the same frequency as the
laser. Nevertheless, in the longitudinal axis, the electron drifts with a drift momentum
pD = a2

0/4. In an average rest frame, the electron depicts the famous eight figure in case of
linear polarization, . In case of circular polarization, the longitudinal component vanishes
and the electron simply depicts a circle of radius a0/

√
2γ0.

Up to now, only electromagnetic plane waves have been used in the derivation of the
electron´s motion. Nevertheless, considering finite duration laser pulses, the previous re-
sults do not describe completely the real response of the electron. The main results are
then: transverse momentum conservation and the electron is only drifted longitudinally
while it is exposed to the laser field. The electron energy gain is the integral of the longi-
tudinal electric field along the interaction length. When the laser is focused, a finite focal
spot will produce a longitudinal electric field via ~∇ · ~E = 0. Nevertheless, the phase veloc-
ity of the laser field along the axis is greater than c, and thus all the electrons will dephase
as the laser diffracts. This mismatch of the laser field with the velocity of the electrons
makes it not trivial to accelerate electrons only by interaction with the laser field. Wood-
ward [30] and Lawson [10] treated this problem and stated that the electrons cannot gain
energy under the following conditions:

• The interaction region is infinite
• No boundaries are present, e.g. in vacuum
• No static fields are present
• Ponderomotive forces can be neglected

(2.12)
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2 Theoretical background

The theorem above states that in order to accelerate electrons via interaction with the
laser field, one of the above conditions must be broken. In the presence of a boundary
which limits the laser-electron interaction, such as a 8 µm thick gold coated Kapton tape,
a very limited energy gain ≈ 30 KeV in a 30 MeV electron beam was achieved in [47].
Naturally, for very high intense lasers, electron acceleration in the MeV would be range
plausible. Nevertheless, this technique can be quite problematic experimentally. Another
solution could be realized to introduce a gaseous background. The gas reduces the phase
velocity of the laser and so, the phase slippage can be reduced. Experiments showed a 3.7
MeV gain on 40 MeV electron beam using a 580 MW CO2 laser pulse along a 12-cm gas
cell. [41].

Tight focusing produces very large intensity gradients and hence, spatial effects must be
taken into account, rather than a plane wave treatment. Such a gradient of the laser energy
will kick electrons out of the high intensity regions and transfer a certain energy to them in
the process. This force is defined as ponderomotive force. Direct electron acceleration can
also be realizable by means of the ponderomotive force ~Fpond ∝ (1/γ)~∇a2

0. Simulations
[6] and experiments [26] showed that few-MeV, large energy spread and highly-scattered
electrons were generated. By means of the ponderomotive force produced in the beat-
wave of two counter-propagating pulses, acceleration in vacuum may also be realizable.
The major limitation for this acceleration mechanism is the shortness of the laser-electron
interaction (≈ λL/4) and the 1/γ scaling of the ponderomotive force.

As an alternative to direct electron acceleration mechanisms presented above, a focused
laser pulse is capable of ionizing material and exciting ponderomotively a plasma oscilla-
tion [48], which is an ideal medium for electron acceleration: Ionization or breakdown do
not any longer play a limiting role, as in conventional RF accelerators; diffraction can be
compensated by self-focusing, self-guiding or channeling; the typical accelerating interac-
tion length is the plasma wavelength, which is 10 − 1000 times larger than the laser field
wavelength; electron acceleration is done by the longitudinal plasma fields and not the
laser itself which results in a far better reduction of the phase slippage between the elec-
trons and the plasma wave as the later´s phase velocity matches the laser group velocity
vgr < c. In order to deduce the ponderomotive force, let us start Taylor-expanding the
electric field around y = 0 in the transverse direction:

E(y) ≈ E(1) + E(2) + ...,

≈ E0 cos(φ) + y(1) ∂
∂yE0 cos(φ) + ...,

(2.13)

where φ = kL · x − ωLt. From (2.4), neglecting the B field, we have in first order: v(1)
y =

− ~vquiver and y(1) =
| ~vquiver|
ωL

cos(φ). In second order we have then, taking into account (2.5):

∂
∂tv

(2)
y = − eE(2)

me
,

∂
∂tv

(2)
y = −e2

m2
eω

2
L
E0

∂
∂yE0 cos(φ)2.

(2.14)

After cycle-averaging, we are able to define properly the ponderomotive force as:

Fp = me


∂

∂t
v(2)
y

·
=
−e2

4meω2
L

∂

∂y
E2

0(y), (2.15)
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2.2 Ionization Mechanisms

or in 3D:
~Fp =

−e2

4meω2
L

~∇
∣∣∣ ~E0

∣∣∣2. (2.16)

The ponderomotive force pushes away the electrons out of the more intense parts, the

same way a snow plowing machine works ( ~Fp ∝ −~∇
∣∣∣ ~E0

∣∣∣2). The angle of emission θ of the
electron depends on its kinetic energy:

tan(θ) =
py
px

=

Ê
2

γe − 1
. (2.17)

2.2 Ionization Mechanisms

One natural reference in laser-atom interactions is the hydrogen atom [36]. From the Bohr
model, the electric field magnitude at the Bohr radius:

EB =
e

4πε0a2
B

≈ 5.1× 109 V/m. (2.18)

The intensity at which the laser field matches the electric field which binds the electron to
the atom is:

IB =
E2
B

2Z0
≈ 3.51× 1016 Wcm−2. (2.19)

Although, as we will see, ionization takes place at much lower intensities due to multipho-
ton processes, IB is a good reference in laser-matter interactions.

It is relevant to know what are the main mechanisms through which the atoms become
ionized under laser radiation. In principle, a photon can ionize an electron bound to an
atom, if the photon´s energy exceeds the ionization energy of that atom. Nevertheless,
if the number of interacting photons becomes larger, the probability that an electron gets
ionized by absorbing many low-energy photons increases. The n-photon ionization rate
is:

Γn = σnI
n
L. (2.20)

Although the cross section σn decreases as the number of photons n increases, the n-
power dependence on IL makes multiphoton ionization even with intensities rather low
(1010Wcm−2) possible. When the number of interacting photons is very large, there is
the probability that an electron absorbs more photons than those classically necessary for
ionization. Above-Threshold ionization (ATI) can be thus described by an extended pho-
toelectric formula:

Ef = (n+ s)~ω −W, (2.21)

where W is the work function or ionization energy, n the number of photons to classi-
cally be ionized and s the number of extra absorbed photons. It is recognized when the
electron´s spectrum has further peaks beyond the corresponding ionization one. In these
cases, the atomic binding potential is not affected by the laser field. Near the characteristic
atomic intensity IB , this last statement is not true anymore. As the laser field interacts with
the atom, it bends the Coulomb potential modifying the ionization rate. A classical picture,

9



2 Theoretical background

given by [16], explains this phenomenon: The Coulomb potential felt by an electron bound
to an atom during the laser-atom interaction is:

V (x) = −Ze
2

x
− eEx. (2.22)

If the laser field amplitude is large enough, due to the distortion of the original atomic
potential, the electrons can actually be freed immediately by barrier-suppression ioniza-
tion (BSI) or potential barrier tunneling.

V(x)

x0

-E ion

V(x)

x0

-E ion,1

-E ion,2

xmax

a b

Figure 2.1: Ionization mechanisms: a) Multiphoton ionization or Above Threshold Ioniza-
tion when the total absorbed energy by the photons exceeds Eion by more than
~ωL. b) Tunnel-ionization (Eion,2) or barrier supression ionization (Eion,1).

One way to discriminate in which ionization regime we are, is the Keldysh´s parameter
γK , studied in [51] (1965), given by:

γK = ωL

Ê
2Eion
IL

≈
√
Eion
Φpond

, (2.23)

where ponderomotive potential of the laser Φpond is:

Φpond =
e2E2

L

4mω2
L

. (2.24)

From the Keldysh parameter, two extreme regimes can be differentiated: large ionization
energies and rather low laser intensities, (γK ≥ 1), where multiphoton processes occur; or
for very high intense laser field where the Couloumb potential is seriously bent and γK �
1, favoring tunneling ionization. From equation (2.22), we can determine the threshold
electrical field εc that corresponds to the maximum position of the barrier. Such appearance
intensity Iapp for ions of charge Z − 1 is:

Iapp =
ε0cε

2
c

2
= 4× 109

�
Eion
eV

�4

Z−2Wcm−2. (2.25)

The appearance intensity of many ions oscillates between 1013 − 1016 Wcm−2. In our
case, the intensity required for BSI for He are: He+ = 1.4 × 1015 Wcm−2; and for He2+ =
8.8 × 1015 Wcm−2. So, whenever we work with relativistic intensities, IL > 1018Wcm−2,
the assumption that the whole gas is ionized is more than fulfilled.
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2.3 Basic plasma principles

2.3 Basic plasma principles

Much of the physics laying underneath this section belongs already to long pulse-laser
matter interactions. Once the laser beam is focused, a very small light bullet with a lot of
energy interacts directly with the matter, in this case, gas. The reached intensity surpasses
1018Wcm−2 and ionizes all the atoms within few Rayleigh lengths producing a plasma.
Ideal plasmas are those where the collective dynamics are more important than individual
interactions. In these cases, we can disregard collisions and treat the plasma as two fluids
of electrons and ions, where the ions form a neutralizing background. This inhibition of
individual interactions is quantified by the Debye´s length λD:

λD =

Ê
ε0Te
nee2

, (2.26)

where Te is the electron temperature and ne is the electron density. The Debye´s length is
the distance at which a screening of a perturbation in the plasma potential (e.g., a positive
charge) occurs due to collective rearrangement of the electrons. Debye´s shielding occurs
when neλD � 1.

The propagation of any electromagnetic wave in a medium is directly connected with
the medium´s dielectric function and particularly, in a plasma, to the transport properties
of electrons [17]. In a plasma, the dielectric constant is:

ε(ω) ≈ 1−
ω2
p

ω2
L

, (2.27)

where a very important variable ωp, the plasma frequency, is introduced:

ω2
p =

nee
2

ε0me
. (2.28)

The plasma frequency is, no other, than the natural frequency of the oscillations of the
electrons in the plasma. According to (2.27), the index of refraction of the plasma n =

√
ε

depends on both: the laser field frequency and the plasma frequency and thus, on the
electron density within the plasma. From (2.27), it is clear that there some frequencies for
which an electromagnetic wave cannot propagate through the plasma. Moreover, from
(2.28), one notices a direct relationship between the plasma frequency and the electron
density. Thus, there is a critical density nc at which the electromagnetic wave frequency
matches the plasma frequency, and propagation through the plasma is not possible any-
more:

nc =
ω2
Lεme

e2
. (2.29)

In our case, nc = 2.1× 1021cm−3. The index of refraction of the plasma can the be written
as function of the electron density, due to the fact that the laser frequency is assumed to
remain constant:

η =

√
1− ω2

e

ω2
L

=

Ê
1− ne

nc
. (2.30)
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2 Theoretical background

So, when n > nc, the plasma is defined as overdense, while for n < nc, underdense.Typical
electron densities used in laser wakefield electron acceleration experiments are around
1018 − 1020cm−3. In our case, ne ≈ 1020cm−3 results in ne/nc ≈ 0.05. Before we mentioned
that electrons in the plasma oscillate with the plasma frequency. Nevertheless, if we con-
sider the effect of the electron temperature, charge density oscillations will have a different
dispersion relationship in thermal plasmas due to the contribution of the kinetic energy of
electrons:

ω2 = ω2
p + 3(kpvt)

2, (2.31)

where vt =
�
kBTe
me

�2
is the thermal electron velocity, kB is the Boltzmann constant and kp is

the plasma wave vector number. In laser wakefield electron acceleration, the plasma wave
is driven at velocities near to c, thus as vph =

ωp
kp
≈ c, the thermal contribution in (2.31 is

actually negligible as kp is very small and ω ≈ ωp.
In the following sections where the generation of such a density oscillation will be ex-

plained and the further acceleration of electrons to velocities near c. ”Cold plasmas” will
be taken into account, where it is assumed that the particle´s initial velocity is negligible
or thermal effects are not taken into account.

2.4 Laser propagation in underdense plasmas

From the Maxwell equations (2.1), the propagation of any electromagnetic wave can be
deduced:

~∇2 ~E +
ω2
L

c2
ε(ωL) ~E = 0. (2.32)

For a plane wave of the type ei( ~kL·~x−ωLt), the dispersion is:

ω2
L = ω2

p + c2k2
L. (2.33)

From (2.33), we need to define the group velocity vgr and the phase velocity vph of the
laser field in a plasma:

vph ≡
ωL
k

=
cÉ

1− ω2
p

ω2
L

=
c

η
, (2.34)

where η =

É
1− ω2

p

ω2
L

is the plasma refractive index. Moreover, the group velocity is given

by:

vgr ≡
∂ωL
∂k

= cη. (2.35)

So, for ω2
p/ω

2
L = n/ncr < 1, e.g. underdense plasmas, it follows that η < 1. Thus,

the electromagnetic wave can propagate through plasma and its phase velocity is bigger
than c. With the fact that the index of refraction in the plasma depends so explicitly on
the electron density, non linear effects may arise while the laser pulse propagates through

12



2.4 Laser propagation in underdense plasmas

the plasma, specially at such relativistic intensities. For a laser amplitude a0 ≈ 1, the
electron´s response under the laser electric field must be treated in a relativistic way. Thus,
their inertia is effectively increased by the relativistic factor γe. Let us then write again the
index of refraction substituting me → γeme:

η =

√
1−

ω2
p

ω2
L < γe >

, (2.36)

where, 〈〉 resembles cycle-averaging. Substituting γe as function of the laser amplitude a0

as calculated in (2.10) in case of linear polarization, it results that:

η =

√
1−

ω2
p

ω2
L[1 + a2

0/2]
. (2.37)

For a real laser pulse with a radial distribution a0(r), the most intense part is on axis,
a0(0). Hence, the refraction index has a maximum on axis and leads to relativistic self-
focusing of the laser pulse. If the medium is not completely ionized, higher intensity
on axis increases of the electron density and consequently the index of refraction has a
minimum on axis, leading to defocusing of the beam; or on the other hand, the laser pon-
dermotive force pushes out the electrons from higher intensity regions and so, the elec-
tron density is depleted at r = 0, resulting in a maximum of the index of refraction on
axis, and consequently, leads to self-focusing of the beam. In general, differences in the
phase velocity along the phase-front will lead either to defocusing (∂η/∂r > 0) or focusing
(∂η/∂r < 0). The threshold laser power for self focusing depends only on the electron
density and it is given by:

Pcrit[GW ] = 17
nc
ne
. (2.38)

The effects on the laser pulse caused by the plasma, such as relativistic self-focusing,
have a spatial dimension of λp = 2πc/ωp, in the case of a plasma wave traveling at c. Thus,
laser pulses shorter than the latter (cτpulse < λp) will not normally suffer self-focusing
nor any other plasma instability. Nevertheless, as pointed in [50], for P � Pcr and at
high intensities, I > 1019Wcm−2, the leading part of the pulse depletes locally generating
an electron depleted region which in principle could guide the the rest of the pulse. In
our case, Pcrit = 425GW, while P ≈ 5 TW. So, although it is not confirmed, possible
self-focusing of the laser beam may occur, even for our sub-5-fs laser pulses. Another
possible proof of this is that the ionization channel observed in the experiments exceeds
the confocal parameter b = 2ZR ≈ 200µm. Furthermore, the plasma is also a dispersive
medium. Unlike glass or most of the optical components which elongate the laser pulse,
the plasma plays a role in our favor: the index of refraction is always smaller than 1.
An estimation of the group velocity dispersion GVD = d

dω

(
1
vgr

)
in the plasma for our

experimental conditions is GDD ≈ −7fs2 after 100 µm: approximately 2 times larger in
magnitude than GVD in silica at the same central wavelength. Nonlinear processes also
take place: the front part of the pulse ionizes the material and pushes the electrons away
from this high intense region. The trailing part of the pulse sees a depleted plasma and
thus propagates faster. Consequently, self-compression of the pulse takes place. Long
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2 Theoretical background

pulses (cτpulse > λp) can even be split into several pulses of the order of λp and by doing
so, it can even excite a plasma wakefield [35].

2.5 Electron acceleration in underdense plasmas: Laser Wakefield
Acceleration

2.5.1 Generating the wakefield

Up to now, we have only briefly commented the basic properties of plasmas and the prop-
agation of laser pulses through them. Before, it was mentioned that an intense laser pulse
triggers a collective motion of electrons occurred within the plasma, generating a wake
behind. The evolution of such a wake was first analized by [4] and it is applicable, in some
extent, to femtosecond laser pulses. The ponderomotive force of the laser field double
kicks the electrons as it propagates, making them oscillate around their original position,
creating a traveling plasma wave with phase velocity equal to the laser pulse group ve-
locity vph,p = vgr,L. Clearly, the amplitude of this oscillation will be enhanced if the pulse
length cτpulse is matched to the plasma wavelength λp = c/ωp. As the displacement pre-
dominantly occurred in the propagation direction, strong longitudinal electric fields are
created due to space charge effects. Consequently, the plasma wake converted the strength
of the laser electric fields, which are transverse, into longitudinal ones. Let us assume a
new frame co-moving with the laser group velocity vgr. Taking as new coordinates t = τ
and ξ = x − vgrt. Now, let us assume that the time evolution of the perturbations in the
electromagnetic fields is much smaller compared to the transit time of the pulse. Then, we
can neglect ∂

∂τ with respect to ∂
∂ξ . As written in [36], this quasi-static approximation (QSA)

can be thought of as ”speedboat” or a rigid photon bullet passing through initially undis-
turbed plasma, leaving the wake behind. The calculation of the plasma wake generated
by the laser has analytical solutions in the linear regime and in 1D non-linear regime. This
next part follows Gibbon´s [36] explanation for arbitrary laser power, collecting most of
the results presented before by [49], [22] and[43]. The physical forces participating in the
generation of the wake, space charge and ponderomotive force, can be represented in the
electron fluid normalized momentum u = vx

c equation assuming a linearly polarized laser
field propagating in the x-axis:

d(γeu)

dt
= c

∂φ

∂x
− c

2γ

∂a2
0

∂x
. (2.39)

On the right-hand side of the previous formula, one can identify the space charge and
ponderomotive forces, respectively. The relativistic factor γe can be written as the product
of the longitudinal and transverse gamma factors.

γe = γ⊥γ‖, (2.40)

where γ⊥ =
È

1 + a2
0 and γ‖ = (1 − u2)−1/2. The wake can be treated as a cold fluid and

thus, the continuity equation for the charge and the Poisson equation are further used:

∂n

∂t
+∇.(nu) = 0, (2.41)
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2.5 Electron acceleration in underdense plasmas: Laser Wakefield Acceleration

∂2φ

∂x2
= k2

p(n− 1). (2.42)

Using the corresponding Eulerian transformation (x, t)→ (ξ, τ), these previous equations
have the following form:

1

c

∂

∂τ
(γeu) =

∂

∂ξ
[φ− γe(1− βgru)], (2.43)

1

c

∂n

∂τ
=

∂

∂ξ
[n(βgr − u)], (2.44)

∂2φ

∂ξ2
= k2

p(n− 1), (2.45)

where βg is the normalized group laser velocity. Applying the QSA, assuming that n(ξ =
∞) = 1 and φ = u = 0 at ξ =∞, we end up with an expression relating u,n,φ and the laser
field a0.

n =
βgr

βgr − u
, (2.46)

φ− γ(1− βgru) + 1 = 0, (2.47)

∂2φ

∂ξ2
= k2

pγ
2
g

 βgr(1 + φ)È
[(1 + φ)2 − γ−2

gr (1 + a2
0)]
− 1

 , (2.48)
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Figure 2.2: Generation of the plasma wakefield: Non-linear 1D wakefield for a0 = 1.67,
ne = 3.5 × 1019cm−3, τpulse = 8 fs and e0 = −cω−1

p
∂φ0
∂ξ is the normalized longi-

tudinal electric field

where γg is the corresponding gamma factor of βg. From the last equation, the ponderomotively-
produced electrostatic potential can be numerically calculated for a given pulse amplitude
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2 Theoretical background

a0(ξ, τ). As one also can see in Fig(2.2), Eq.(2.46) indicates that the plasma density has a
singularity (n → ∞) as the electron fluid velocity u → βg. These spikes represent a break-
down in the fluid equations. A scaling for this static potential and its corresponding peak
electric field was found by [56] when βg → 1:

φmax ∝ a2
0, (2.49)

Emax ∝
a2

0È
1 + a2

0

. (2.50)

Although it may seem that the previous scaling depends solely on the laser field am-
plitude a0, it depends on the pulse duration τpulse as well. It should be resonant with
the plasma wave, e.g. cτpulse ≈ λp/2 for a square axial profile . According to this treat-
ment, few-cycle pulse lasers would demand higher densities. Nevertheless, in the next
section we will discuss about another regime discovered in 2002 by [3] in which few-cycle
pulses optimize in some manners the process of acceleration: lower energy requirement
and cleaner laser-plasma interactions. As we mentioned before, the plasma wave has
effectively converted the transverse laser electric fields into longitudinal ones. An ap-
proximate value of the later can be deduced by calculating electric field associated to the
ponderomotive force in resonance with the plasmawave (~∇ → kp ≈ ωp/c):

E‖ =
mec

2

4e < γe >
~∇a2

0, (2.51)

=
mecωp

2e

a2
0

< γe >
,

=
mecωp

2e

a2
0È

1 + a2
0/2

.

2.5.2 Injection in the wakefield

Up to this point, the driver laser has generated a plasma wave with phase velocity near the
speed of light. Still, the electrons are not being accelerated. They keep oscillating around
their original position generating the plasma wave. In the linear regime, the electric field
of a plasma wave is calculated by means of the Poisson equation ~∇ · ~E = ene/ε0 assuming
that all the electrons are oscillating at ωp. Thus, (ωp/c)EWB = ene/ε0 from where:

EWB = cmeωp/e. (2.52)

EWB is the wave breaking field, which is directly correlated to the electron density. In
our case, for ne = 8× 1019cm−3, EWB = 860GV/m. When the ponderomotively-produced
electrostatic field E‖ induced in the plasma wave (2.51) exceeds the EWB , wave breaking
occurs. In the same manner as water waves break, when the electron fluid velocity of
the plasma matches the plasma phase velocity, wavebreaking occurs and some plasma
background electrons get trapped and accelerated. This type of injection is called self-
injection. The self- injection, nevertheless, presents some disadvantages. The injection
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2.5 Electron acceleration in underdense plasmas: Laser Wakefield Acceleration

moment is not spatially nor temporally and fixed. For this reason, charge fluctuations and
instabilities are observed as well as a bad quality spectrum. We therefore need to inject the
electrons in a controlled way in a localized region and in a very precise moment. Further
details will be explained in (2.5.5). 1D models apply very well for broad pulses, kpr0 � 1,
where r0 is the focal spot. Yet, for a laser pulse which fulfills kpr0 ≈ 1, is a 3D regime. In
the latter, due to the relativistic enlargement of the plasma wavelength (λp −→ λp < γe >),
the wave breaking limit is reduced and self-injection is achieved with a lower laser field
field than as required in the 1D cold linear regime (2.52).

So, once wave breaking has taken place, one electron can be trapped and accelerated if
they are correctly injected. It will gain energy until it outruns the plasma phase velocity
and then decelerate. This limited gain length is defined as dephasing length Ld. It is
properly defined as the length an electron must travel before it outruns the plasma wave
by one half period:

Ld =
λp/2

(1− vp/c)
, (2.53)

which in our case, ne = 8 × 1019cm−3, results in Ld ≈ 97µm. A first estimation of the
final electron energy would be given by Wmax ≈ eE‖Ld ≈ 64 MeV as proposed in [48] for
a0 ≈ 1.5, in case dephasing limits the acceleration.

Let us analyze the electron dynamics in the rest frame by looking at the orbits in the
phase space (p̃, ψ) of the electrons on surfing an electrostatic waveE = EWB sin kpξ, where
ξ = x − vgr,Lt is the co-moving frame, in the linear regime, where p̃ is the normalized
momentum and ψ = kpξ. The interval −π < ψ < 0 is accelerating. Let us assume an
injected electron at ψ = 0 and ve < vp: for this electron be to trapped, its initial velocity
must be high enough such that ve > vp as they approach ψ → −π. Otherwise, it slips
backwards through the plasma wave. If the electron is trapped, it realizes closed orbits in
the interval −π < ψ < π being accelerated and decelerated. If at ψ = 0, the electron has
already enough initial velocity ve > vp, it will overrun the plasma wave. The motion of
an electron in the nonlinear regime (E‖ > EWB) is studied more graphically by analyzing
its orbits given by H(ψ = kpξ) = constant, where H is the Hamiltonian: the sum of the
kinetic and the potential energy of a single electron in the plasma structure [58]:

H(ξ, p) =
È

1 + p2 + a(ξ)2 − βpp− φ(ξ). (2.54)

We can sort out the motion of the electrons, e.g., background, trapped, untrapped or
ponderomotively accelerated by taking a look at the phase-space in Fig (2.3) provided the
Hamiltonian in (2.54). Areas of constant Hamilton are plotted with the same color. Tra-
jectory 1 corresponds to those electrons which, though initially at rest, are pushed by the
ponderomotive force but do not have high enough initial velocity to get trapped. So they
are overrun by the laser pulse and pushed back in the other direction, oscillating around
their original position (they constitute the plasma-wake field). Trajectory 2 corresponds to
electrons which initially had much more than sufficient velocity to get trapped but overrun
the plasma wave rapidly because they were at the wrong phase. Trajectory 3 corresponds
to electrons which had the sufficient initial momentum at the right phase (ψ = −π) and got
trapped doing rotations in the phase-space .Trajectory 4 corresponds to electrons which al-
ready had an initial non-zero velocity and gained a bit of more energy ponderomotively.
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The separatrix, which separates the region of trapped and untrapped electron orbits is
plotted in red in Fig(2.3).
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Figure 2.3: Longitudinal Phase space in 1D model: test electrons (p0 = 0) are part of the
plasma wave (Trajectory 1). Electrons with p0 ≥ 7 overrun the plasma wave
from behind (Trajectory 2). Trapped (Trajectory 3) and untrapped electrons (1-
2) are separated in phase space by the separatrix (red line)

Nevertheless, dephasing is not the only limiting factor for electrons to gain more energy:
diffraction, pump depletion, among others. As very short pulses (cτpulse < λp) do not self-
focus in the plasma as easily as longer pulses (cτpulse ≥ λp), the laser undergoes Rayleigh
diffraction. This means that all the laser-plasma interaction, including the acceleration,
will be within a few ZR = k0r

2
0/2. Secondly, as the driver laser generates the plasma

wake, it also loses energy while it propagates. Once the laser has not sufficient energy
to maintain the plasma wave, the acceleration is terminated. This depletion length Lpd
can be estimated by matching the energy transferred to the wakefield and the initial laser
energy: E2

0L = E2
pLpd. In the blow-out regime, according to [33], Lpd = a0(nc/ne)cτpulse ≈

56µm, in our case. In case of depletion-limited acceleration, the maximum energy would
be approximately 20 MeV.

In the linear regime, a0 � 1, the acceleration length is determined by dephasing, not
driver laser depletion. In the non-linear regime a0 � 1, nonetheless, the electron energy
gain is determined by pump depletion, not dephasing. In particular, for a0 ≈ 1, the de-
phasing and the depletion length roughly match. By forcing electrons to reach dephasing,
less energy spread in the electron spectrum can be achieved. The energy gain may not
be so high and the efficiency is rather low. For this reason, driver laser intensity must be
kept high along its propagation and simultaneously depletion also starts to play a role in
the energy gain. In case of self-focusing of the laser in the plasma, the distance at which
the laser intensity is sufficiently high shrinks. In case diffraction Ldif = ZR ≈ 105µm (in
our case) does not limit the acceleration length Lacc, the maximum energy gained by the
electrons is ∆W = eE‖Lacc.
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2.5 Electron acceleration in underdense plasmas: Laser Wakefield Acceleration

2.5.3 The Bubble regime

The length of the laser pulse is of significant importance in the Laser wakefield domain.
Depending on the pulse duration, different regimes exist. A relevant one has been dis-
covered by Pukhov and Meyer-ter-Vehn (2002) [3], called the bubble regime or blow-out
regime, where the driver pulse width is shorter than λp but with enough energy to break
the plasma wake in the first oscillation. On focusing, the ponderomotive force completely
removes the electrons from the focus and an electron-free cavity is formed called ”the Bub-
ble”.

Figure 2.4: The Bubble regime: Instead of a plasma train following the laser pulse, the
electrons self-inject at the first oscillation transversely and feel the accelerating
field from the ions within the cavity

The Bubble size is delimited by the innermost plasma-electron trajectory. Some elec-
trons, which form the plasma sheath get injected at the rear and start to be accelerated
due to the strong electrostatic longitudinal field. Due to its 3D geometry, transverse wave
breaking is observed for rather low laser field amplitudes compared to 1D theoretical pre-
dictions (Fig 2.4). As it propagates further, a growing number of electrons are located at
the end of first bucket which were trapped and accelerated. This sort of cavity with a stem
of electrons is a very stable structure and can propagate along many Rayleigh lengths. This
property is normally absent in normal LWFA. In [3], a simulation for laser parameters: 20
mJ and 6 fs yielded an energy conversion of about 0.2, an electron bunch in the end is re-
leased in the vacuum with roughly 109 electrons in the range 10 < γe < 100. The spectrum
consists of a plateau covering from 1 to 50 MeV. In an article written by Gordienko and
Pukhov [2], similarity theory is for the first time applied to laser plasma interactions, from
which they obtained some scaling laws for this new regime and the conditions to reach it.

In laser-triggered plasma-based electron acceleration, all the possible scenarios depend
on four dimensionless parameters: the laser amplitude a0, the focal radius spot kLr0, the
pulse duration ω0τ and the plasma density ne/nc. Nevertheless, when the laser amplitude
is large enough a0 � 1, the number of independent variables reduces to three: kLr0, ω0τ
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and S = ne/a0nc. S is the similarity parameter. Similarity theory states that the laser
plasma interactions with different density and laser amplitude behave similarly as long as
the parameter S remains constant. This parameter S resembles the relativistic electron den-
sity. The main result of [2] is that the bubble regime of electron acceleration is scalable
for the maximum energy EPukhov and the number of electrons NPukhov of the quasimo-
noenergetic peak in the electron spectrum as:

EPukhov ≈ 0.65mec
2

Ê
P

Prel

cτL
λL

, (2.55)

NPukhov ≈
1.8

k0re

Ê
P

Prel
, (2.56)

where Prel = m2
ec

5/e2 ≈ 8.5 GW is the natural relativistic power unit and re = 2.82 fm is
the classical electron radius. From both formulas above, it follows that the energy conver-
sion efficiency is constant ≈ 0.2. Such a high efficiency makes of the bubble regime very
promising in the future generation of laser plasma accelerators. Substituting our experi-
mental conditions, P ≈ 5TW, cτL and λL = 740nm, we obtain that the expected values are:
EPukhov ≈ 16MeV and NPukhov ≈ 109. The similarity theory also states that the optimal
radius of the laser pulse r0 is:

k0r0 ≈ S−1/2 ⇔ kpr0 ≈
√
a0, (2.57)

which in our case would be approximately r0 ≈ 1µm. The pulse duration τ must fulfill:

τ ≤ r0/c, (2.58)

and the characteristic acceleration length Lacc scales as:

Lacc ≈ 0.7
cτ

λ
ZR ≈ 0.7

cτ

4π

a0nc
ne

, (2.59)

which in our case is approximately 58µm. Provided a given laser energy, the bubble
regime should be achieved in a given density range n1 < ne < n2. The lower density
limit is defined by the condition that the laser pulse is still relativistic at the focal spot
matched to n1. The upper density limit is defined by matching the focal spot to the pulse
duration. Thus, it follows that:

Prel
P

<
ne
nc

<

Ê
P

Prel

1

(ω0τ)3
, (2.60)

which for our laser parameters, we have roughly: 1.7× 10−3 < ne/nc < 1.5× 10−2, where
nc = 2.1 × 1021cm−3 for λL = 0.74µm. This density range is reasonable provided a laser
power of:

P > Prel(ω0τ)2 ≈ 1.2 TW. (2.61)

The above condition (2.61) represents then the threshold power needed to reach the bubble
regime for a laser pulse of duration τ . Hence, the threshold energy to enter the Bubble
regime scales as τ3. In practical units, it can be rewritten as:
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P > Pbubble =

�
τ [fs]

λ[µm]

�2

30GW. (2.62)

Lu et al. (2008) named the regime where the formation of an ion cavity takes place as the
blow-out regime and produced another scaling law in [46], applicable for laser amplitudes
of a0 > 2. Lu´s scaling has a lower power-dependence on the energy, given by:

ELu[GeV] ≈ mec
2

�
P [TW ]

Prel

�1/3�
1018

ne[cm−3]
)

�2/3

, (2.63)

NLu ≈ 2.5× 109

Ê
P [TW]

100
. (2.64)

The major difference between these two scaling are the acceleration length and the cor-
responding pre-factor. For the former, [46] claims that [2] did not take into account de-
phasing, and hence, an apparently wrong acceleration length was determined. This dif-
ference arises from the fact that the etching velocity (the velocity at which the front of
the laser pulse depletes vetch ≈ cω2

p/ω
2
L) diminishes the phase velocity of the wake field,

vph,wake = vgr,L − vetch and thus, a re-calculation of the dephasing should be done: In our
case, the new Ld = 31.3µm. For the later, different pre-factors come from the fact that
in [2] the bubble was considerably loaded whereas in [46], the bubble did not suffer any
perturbation due to the presence of the load. Nevertheless, this does not mean that both
scaling laws are against each other [15]: they even yield similar results in a certain param-
eter range [44]. In [46], longer pulses and lower densities are described, while [2] supports
ultra short pulses and higher accelerating fields, which is our case.

Taking into account the conditions above, LWS-20 is the ideal laser system to test these
scaling laws. The Bubble regime differs from typical wakefield acceleration in: (i) A cavity
free of cold plasma electron, rather than a wave, is formed right behind the laser pulse;
(ii) a quasi-monoenergetic bunch is self injected and it is accelerated through (iii) many
Rayleigh lengths by means of self-guiding; (iv) The accelerating field does not depend
on the radial position, it is linear with respect to the distance behind the driver and the
focusing fields are linear with the radius, which would lead to the conservation of the
normalized emmitance during the acceleration, observed in [25]. The physics of the so
called Bubble regime are reviewed by Kostyukov et al (2004) [40]. The electron dynamics,
as well as the bubble radius Rb, is determined by balance among laser ponderomotive
force and the space charge fields produced by the plasma electron cavity with a large ion
charge, the electron layer limiting the bubble and the accelerated self injected bunch. The
plasma electrons whose trajectories pass through the Bubble trapping cross section will get
trapped. This happens roughly at r ≈ rb. These electrons must have a sufficient velocity
to keep up with the bubble and follow the laser. Thus, the Bubble must be large enough,
e.g. rb = kpRb > 4 [29]. Another approach to this spot size matching in the Bubble regime
is found in [45]:

γp
rb
≤ 1√

2
, (2.65)

where γp is the plasma gamma factor.
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2.5.4 Beamloading and space-charge effects

Beamloading is the phenomenon which limits the charge and the accelerated bunch qual-
ity parameters in plasma based laser accelerators. The injected charge may influence: the
accelerating field and thus in the electron´s spectrum peak energy as well as its energy
spread; secondary peaks in the spectrum; among others. During acceleration, the electron
bunch own´s electric field will add with the wakefield´s field. Depending on design of the
injected bunch, this effect may result in a positive or negative consequence. In order to
avoid negative effects, a controlled injection is necessary. For low charges, it is natural that
due to the finite size of the electron bunch, the leading and trailing part could feel a differ-
ent accelerating field and thus an increased energy spread is expected. For larger charges,
a flattening over the whole bunch length takes place and thus, an optimal balance between
energy spread per injected charge is achieved. Nevertheless, for even higher charges the
effect of the bunch field is so large that an inversion of the accelerating field occurs as well
as a broadening the electron´s spectrum, decrease of the electron´s spectrum peak energy
and deteriorating the spectrum quality. The major goal is to have then a strong control
over the injected charge and the accelerating field. Once we have found an optimal be-
tween injected charge and induced energy spread, it is up to us to inject less charge to
higher energies or more charge up to less energy.

Beamloading has been recently studied theoretically and experimentally [15], [33],[8]and
[14]. Although most of the beamloading theory is supported in the blow-out regime,
the physics behind it can also answer many questions observed in the normal wakefield
scheme or in a transition between them, e.g., ultra-short pulses (5 fs) in the multi-mJ scale.
It is good to know above how much charge are beamloading effects relevant. From a linear
approach, assuming a sinusoidal wake and a beam of charge q = −eN of a cross section
A which produces a density perturbation of δn, the total field Ewave + Ebeam cancels com-
pletely for charges above:

N ≈ δn

kp
A, (2.66)

where A scales with c2/ω2
p . Nonlinearities may appear when δn/n → 1. Thus, the linear

limit can be written as:

N ≈ 1.5× 108È
ne[1018cm−3]

�
δn

ne

�
. (2.67)

In nonlinear 3D regimes, a tailored trapezoidal bunch can completely flatten the acceler-
ating field [15]. It was found that the maximum charge that could be loaded to keep a
constant accelerating field E‖ was:

�
Qtrap
nC

�
×
�

E‖
GV/m

�
≈ 0.5(kpRb)

4. (2.68)

In the case of the Bubble regime, kpRb ≈
√
a0, for a linearly polarized laser. Although we

are neither in the linear regime nor accelerating tailored trapezoidal bunches, both values
give us an idea whether to neglect or not beamloading effects during the analysis of our
results. In our experimental conditions, charges around 2 pC are already important.
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2.5 Electron acceleration in underdense plasmas: Laser Wakefield Acceleration
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Figure 2.5: Beamloading: An optimal injected charge (orange) could reduce the chirp or
even flatten the accelerating field, while larger charges distort completely the
longitudinal field leading to higher energy spreads. Lower charges do not dis-
turb the accelerating field, yet due to their length, an energy chirp is expected.

2.5.5 Density-transition injection

One of the most important aspects in laser electron acceleration is, apart from generating
the accelerating structure, e.g. the wakefield, inserting a bunch of electrons in the right po-
sition of the wake to get accelerated. The output parameters, mainly energy spectrum or
charge, would depend mainly on the manner of the injection, and thus, on the acceleration
regime. One way of injection has been already mentioned above: for a0 � 1, wavebreak-
ing occurs and part of the plasma electrons get trapped and accelerated. In a more realistic
3D scenario transverse wavebreaking also takes place due to the curvature of the plasma
periods behind the driver laser.

Nevertheless, in this thesis we are also interested in a density transition which triggers
injection. Bulanov et al. in 1998 [38] were the first ones to suggest the use of a down-ramp
density transition to inject electrons by slowing down the phase velocity of the plasma
wave until the electron´s momentum is high enough at the correct phase to get trapped. So,
the main point is to tailor the density in the longitudinal direction and by doing so, change
plasma parameters such as λp(ne(z)) or the plasma phase velocity to achieve injection,
[52].

Nevertheless, by using such technique, electrons can self inject all along the downramp
transition resulting in a rather large energy spread in the spectrum [9]. For the sake of a
stable, low spread injection, a sharp down-ward density transition might be the solution
(Fig(2.6)).

Let us consider a sharp density transition as in Fig(2.6-b). Assuming that n1 = αn2, α >
1, the relative change in the plasma wavelength and in the plasma phase velocity are given
by:

∆λp
λp,1

≈ 1

2
(α− 1), (2.69)
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2 Theoretical background

Figure 2.6: Shock-front injection: a)Due to the sharp density transition, the first plasma
peak pb1 after the laser pulse remains frozen and maintains its distance with
respect to the driver. Nevertheless, as λ2 > λ1, the electrons with enough mo-
mentum which compounded pb1 are injected in the correct phase in the first
plasma peak pb2 just behind the laser pulse in the density region 2. b) Sharp
density transition.

∆vp
vp,1

=
n2

2nc
(α− 1). (2.70)

The relative change in the plasma wave phase velocity is much smaller compared to the
change in in the plasma wavelength. Thus, when the first plasma period crosses the sharp
density transition, it still maintains its distance with respect to the laser pulse. The plasma
electrons, on the other hand, form again the plasma wave in the second region and a sec-
ond maximum peak automatically lies behind the first peak which has just crossed the
transition. Finally, the electrons which have sufficient momentum from the plasma bucket
of the first region are injected and trapped in the accelerating part of the second plasma
wave in the lower density region. Provided that the sharp transition is shorter than the
plasma wavelength, the injection process is considered localized: all electrons are injected
at the same moment leading to a very small energy spread. The energy spread also re-
mains fixed regardless of the peak energy. The energy spread depends on the shock-front
width, in zeroth order. The bunch´s length, beamloading and other nonlinear effects also
play a role in the monochromacity of the electrons, as we will see later. The mechanism
just explained is called Shock-front injection and it is theoretically reviewed and experi-
mentally realized by Buck et al. in (2013) [53] with a 200 TW Ti:Sa laser ( 25fs) and Schmid
et al in 2009 with the 8-fs version of our laser, LWS-20, [55].

The objective of this thesis is to compare the output parameters in the self-injection
regime and utilizing and investigating the Shock-front method for our 5-fs laser pulses.
An energy scaling, as well as the threshold energy requirement in both regimes is pre-
sented at the end.
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3 Experimental Setup

After reviewing the fundamentals of laser plasma interactions and laser plasma accelera-
tors, in this chapter we will introduce our laser system LWS-20 in (3.1); the experimental
chamber (3.2); the characterization of the supersonic nozzles (3.5) and finally, the devices
used for the electron beam diagnostics (3.3).

3.1 The Laser: LWS-20

The sub-5 fs Light Wave Synthesizer 20 (sub-5 fs LWS-20), is a state-of-the-art laser-system
with sub-two cycle pulse duration based on two-colored non- collinear optical parametric
chirped pulse amplification (NOPCPA) [54]. It provides pulses of 80 mJ at a central wave-
length of 740 nm with sub-5 fs pulse duration Fig.(3.3), reaching peak powers of 16 TW and
intensities approximately a0 ≈ 2.9 at 10Hz. It spans a broad spectrum from 580 to 1020 nm
Fig.(3.2), which supports such a short time duration. All this makes LWS-20 the world´s
most intense few-cycle laser-system and ideal for ultra-fast highly intense laser-matter in-
teractions, particularly aiming at the discovery of carrier-envelope dependent physics. A
layout of the laser is shown in Fig.(3.1).

Figure 3.1: Layout of LWS-20

The first part of the commercial front-end (FemptoPower Compact Pro, Femptolasers
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3 Experimental Setup

GmbH) delivers 5 fs, nJ-range pulses at a carrier wavelength of 800 nm, at 80 MHz. Two
thirds of the oscillator´s energy output are stretched and sent to a 1kHz 9-pass multi-pass
Ti:Sapphire amplifier and compressed to 25 fs by a combination of prisms. Spectral broad-
ening takes place by means of self-phase modulation in a Ne-filled hollow core fiber. These
pulses are later on temporally stretched up to the 67 ps by adding negative dispersion
through a setup of prisms and gratings (GRISM) and an acoustic-optical modulator (DAZ-
ZLER, Fastile) where the pulse´s dispersion is accurately controlled, maintaining an out-
going energy of 3 µJ, [24].

Figure 3.2: LWS-20 spectrum, inset: Fourier limit 4.0 fs.

The other third of the oscillator output is wavelength-shifted to around 1064 nm by a
Photonic Crystal Fiber (Thorlabs GmbH). It is further amplified in a flash-lamp pumped
Nd:YAG laser (EKSPLA) with two arms which amplifies these pulses at 10 Hz up to 1 J
and at 80 ps pulse duration. One beam is frequency-doubled in a LBO (Lithium triborate)
crystal and the other beam is frequency-tripled by means of two LBO crystals, delivering
500 mJ and 350 mJ at 532nm and 355 nm, respectively. These pulses are spatially and
temporally overlapped with the outcoming seed from the DAZZLER in four different type
I BBO crystals. Amplification of the seed takes place in these four 4 consecutive NOPCPA
stages, two for each pump, i.e., for each pumping colour: From the ones pumped at 532
nm, an amplified signal of 55 mJ spanning from 700 to 1020 nm are obtainable which
already supports an 8-fs-pulse; while an amplified signal of 25 mJ spanning from 580 to
700 nm is produced out of the stages pumped at 355 nm. The alignment of the NOPCPA
stages is realized in a fast, computerized and highly reproducible way.

The laser pulse is expanded to 100 mm and afterwards compressed by bulk glasses, 160
mm-long SF57 and 100 mm fused silica down to 100 fs. It is further down collimated to 40
mm of diameter and even further compressed by four chirped mirrors in a vacuum com-
pressor chamber down to sub-5 fs, Fig(3.3). An adaptive mirror is incorporated to avoid
wavefront aberrations and a single-shot Phase meter [37] to investigate carrier-envelope-
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3.2 The electron acceleration chamber

Figure 3.3: Second Harmonic Autocorrelation trace: Deconvolved pulse duration: < 5 fs.

phase-dependent phenomena.

3.2 The electron acceleration chamber

After compression, the laser beam is sent through a transport vacuum beamline to the
electron acceleration chamber, where the beam is focused by a F/4 off-axis parabolic mirror
to spot sizes of 4 µm (FWHM). Through a 5 mm diameter drilled hole in the first mirror
of the chamber, the incoming beam is split into a main beam and a delay-controlled probe
beam. Such a probe beam is used for real-time observation of the plasma dynamics by
means of shadowgraphy [21]. A sketch of experimental setup can be seen in Fig (3.4).
The integrating current transformer (ICT) was not used for this thesis. On focusing
the main beam, the laser ionizes a supersonic He-gas of density n = 1020cm−3 released
by a supersonic gas-jet with an exit diameter of 300 µm. The probe beam propagates
transversely to the main beam propagation direction and the interacting region is imaged
by a pair of achromatic microscopic objective and lens to a charge-coupled device (CCD)
camera outside the chamber (GRAS-14S3M-C, PointGrey). Through this technique, real-
time observation of electron-injection, plasma wake field, ionization front is observed [21].
Gas density calibration was done by interferometry separately. After an alumina-coated
pellicle, the pointing, charge and divergence of the electron bunches are measured in front
of the spectrometer by imaging of a scintillating screen (BIOMAX) to CCD camera. Once
this previous characterization of the bunches is done, the first BIOMAX screen is removed
and the electrons enter a permanent dipole magnet which is an electron spectrometer.

27



3 Experimental Setup
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Figure 3.4: Experimental setup: The laser beam is focused with an F/4 off-axis paraboloid
mirror to 4 µm onto a 300 µm-diameter supersonic nozzle (see inset). The
diffracted beam is reflected by a 10-µm Al-coated pellicle and the accelerated
electron bunch profile can be observed at a pointing BIOMAX screen. If the
pointing screen is removed, the bunch can enter the spectrometer, where a per-
manent dipole magnet disperses the electrons according to their energy. The
probe beam is coupled out through a 5-mm diameter hole in the first mirror. It
propagates perpendicularly to the main beam and is imaged afterward for live
observation of the laser-plasma interaction. ICT was not used in this experi-
ment nor the fiber-spectrometer.

3.3 Electron detection

The detection scheme must be able to measure electron energies of few up to approxi-
mately 13 MeV and bunch charges in the range of pC in a single shot. The electron bunches,
as they enter the spectrometer are energy dispersed by a permanent dipole magnet. In or-
der to measure the spectrum, two identical CCD cameras (Grasshoper, Pointgrey) image
the plane where electrons hit a scintillator screen after being bent. The spectrometer used
in this chamber can resolve from 800 KeV to higher than 12.6 MeV and has a gap of 1 cm,
which complicated the collection of data due to the fact that not the full electron beam
enters cleanly the spectrometer. Electrons with energy below 1.5 MeV are imaged on the
first camera, while energies from 1.5 MeV up to 12.6 MeV are detected by the second cam-
era and finally a third camera was incorporated to image the electrons with higher energy
(> 12.6 MeV).

As mentioned before, shot-to-shot readout of the data must be achieved. For this reason,
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3.4 Shock-front generation

the easiest and quickest way to measure charge is using scintillating screens. The scintil-
lating screen used in this experiment was calibrated at ELBE linear accelerator in Dresden.
As the energy deposition vs electron energy is constant for relativistic energies, this screen
is capable of measuring the whole spectrum accurately with the same calibration. The one
used in this experiment is KODAK BIOMAX. It was absolutely calibrated by Buck et al. at
ELBE accelerator, [23] and proved to behave linearly with the charge detected. Neverthe-
less, to calculate the absolute charge of an electron bunch, geometrical and experimental
details must be taken into account. In order to avoid determining such parameters as
solid angle of the BIOMAX onto the camera, Quantum efficiency, among others, a cross
correlation with a constant light source (CLS) is done. In this case, a Tritium-filled 7 mm
capsule was attached to the BIOMAX. Once the image of the colliding electron bunch is
recorded, by comparing the ratio between the intensity of the electron bunch and the CLS,
the bunch´s absolute charge is easily calculated. As the expected charge density is a within
a few pC over a few mm2, saturation is not an issue.

3.4 Shock-front generation

A supersonic gas flow is realized by means of a De Laval nozzle. Let us investigate its
basic working principles: From Euler´s equation for a fluid of density ρ, velocity u and
pressure p in a steady flow, the following relation is fulfilled [28]:

u du+
dp

ρ
= 0. (3.1)

From the conservation of mass of the fluid through cavity of section A: ρAu = constant,
we have:

dρ

ρ
+
du

u
+
dA

A
= 0; (3.2)

For subsonic incompressible flows, d ρ = 0, the formula above reduces to the very well
known fact that a decrease of the area would lead to an increase of the velocity. Never-
theless, compressibility will modify the latter fact, particularly for supersonic fluids, e.g.,
M = u/vs > 1, where M is the Mach number and vs =

√�
∂
∂ρp

�
s

is the sound velocity,
where the sub-index s resembles isotropic conditions. From equation (3.1), we obtain the
following:

u du = −d p
ρ

= −d p
d ρ

d ρ

ρ
= −v2

s

d ρ

ρ
; (3.3)

and substituting M = u/vs, it can be rewritten as:

d ρ

ρ
= −M2d u

u
. (3.4)

Introducing the formula above in (3.2), we obtain the following area-velocity relation:

d u

u
=
−dA/A
1−M2

. (3.5)

At subsonic velocities M < 1, a decrease of the area leads to an increase in the velocity.
For supersonic velocitiesM > 1, the denominator becomes negative and an increase in the
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3 Experimental Setup

area would lead to an increase of the velocity. As explained in [28], the density decreases
faster than the velocity increases (3.4), so the area must increase to fulfill mass conserva-
tion. This shows why a De Laval nozzle converges in the subsonic part and then diverges
in the supersonic region.

By using supersonic gas jets, sharp density transitions can be accomplished. Such a
discontinuity is called a shock-front (or shock-wave). Such a density jump is realized by
introducing a razor-blade which distorts the gas flow. As the fluid is supersonic, it has
to adopt locally to the blade and shock-wave is produced propagating through the gas at
an angle α, Fig(3.5). The sharp density transition occurs at the edges of the shockfront,
≈ 0.5µm. Combining the specific heat ratio κ = 5/3 for mono-atomic gases, like He in our
case, the Mach number and the angle α, the gas density ratio can be calculated:

n1

n2
= 1− 2

κ+ 1

�
1− 1

(M1 sinα)2

�
. (3.6)

This ratio n2
n1

is approximately 1.6, as measured in [55]. An overestimation of the shock-
front width measured in our setup and was roughly 2.5 µm. Its estimation is detailed
later.
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Figure 3.5: Shock-front generation. a) Scheme and sideview image of how the supersonic
gas flow is disturbed by the razor blade. A shock-wave is produced giving raise
to a sharp density transition. b) An example of the a density transition of only
5 µm length with a density ratio of 1.6, measured via a interferometry. [55]
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3.5 Characterization of the gas jets

3.5 Characterization of the gas jets

The gas jets used in our experiment [20] are supersonic nozzles with a De Laval design,
producing flat-top densities distributions up to one exit diameters away from the nozzle
and Mach numberM = v/vs around 5. The gas flow of each nozzle were characterized in a
Mach-Zehnder interferometer, Fig.(3.6). The detailed characterization is found in [1]. The
relative phase shift of the signal with respect to the reference one gives direct information
about the index of refraction n of the gas, and therefore, of the gas density ρ through the
Gladstone-Dale relationship:

n− 1 = Kρ, (3.7)

where K is a constant for each gas which can be calculated given certain pair of ρ and
n. The phase shift is obtained by integration of the radial gas profile f(r) along a certain
line-out:

∆(y) = (
2π

λ
)

∫ ∞
−∞

f(
È
x2 + y2), dx =

∫ ∞
y

2
f(r)r√
r2 − y2

, dr. (3.8)

Assuming an initial profile and cylindrical symmetry, in our case trapezoidal close to
the nozzle exit and Gaussian for distances larger than 2 nozzle diameters away (3.9), an
analytical integration is possible. The calculated value of the gas density is finally obtained
by fitting each radial line-out to the corresponding phase-shift.

fGauss(r) = ae−
r2

2σ2

fTrap(r) =


a, for r ≤ r1,

a r−r2
r1−r2 , for r1 ≤ r ≤ r2,

0, for r ≥ r2.

(3.9)
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Figure 3.6: a) Mach-Zender interferometer setup: Two collimated beams enter the cham-
ber and one arm suffers a gas-density-dependent phase-shift. Both beams are
later brought together and imaged to a camera. b) Phase-shift for a 1 mm-exit
diameter nozzle with a backing pressure of 14 bar of Ar. Clustering effects must
be taken into account to explain any deviation in the calculated density values.
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4 Experimental results

Now, we present the experimental results done for this work. First of all, we compare the
most important beam parameters between the self-injection regime and controlled injec-
tion using Shockfront in (4.1). Then we present investigations in (4.2) regarding parameter
dependencies of the injection by scanning its position longitudinally and vertically. Dur-
ing the latter, the requirements of shock-front injection were studied in (4.3.1). In (4.3.2),
the dependence of the energy spread with respect to the density- transition length was
analyzed. As the analysis reveals, beamloading effects have been observed. Finally, we
explored the laser energy requirements of shock-front injection as well as self-injection
regime in (4.4).

4.1 General comparison between Self-injection and Shock-front
injection

4.1.1 Typical self-injected electron bunch

As we mentioned in (2.5.2), electron acceleration without any type of external injection is a
non-controlled process where the injection of all electrons takes place neither in the same
place nor in the same moment. Consequently, a rather broad, less stable spectrum is ex-
pected. Moreover, injection is not guaranteed in every laser shot. In our case, an injection
probability of roughly 40% was measured with a laser energy of approximately 25 mJ on
target and a pulse duration of 5 fs. A typical beam profile can be seen in Fig.(4.1). A char-
acteristic feature of few-cycle electron acceleration is the bunch´s large divergence. Diver-
gence is normally defined as tan θ = p⊥/p‖ ∝ 1/γe. As the laser pulse is short cτpulse < λp,
the plasma wavelength is short as well and so is the dephasing length, (2.53). Hence, less
energetic beams are generated from the accelerator. In our case, the electron energy is ≈ 6
MeV and the resultant divergence is about 30 mrad. The electron beams have approxi-
mately 1 pC charge. It is relevant to mention that due to pointing fluctuations as well as
a spatially limited entrance to the spectrometer (1-cm), the charge absolutely inside the
dipole magnet is a fraction of the total charge. Using the previous version of LWS-20, laser
pulses of 75 mJ with 8-fs-duration accelerated charges of 3 pC approximately. These re-
sults match more or less the expected values according the N ∝

√
P scaling mentioned in

(2.56). It is important to mention that a non perfect focus limits (≈ 30% in the Airy ring) the
effective energy utilized for the acceleration. Some typical self-injected bunch´s spectra
are plotted in Fig.(4.2). The instability of the peak energy and the energy spread are well
visible. The absolute energy spread is not so large ≈ 4 MeV. However, this results in large
50%-70% relative energy spread. Moreover, a reduction of the thermal background is also
observable down to 800 KeV: short pulses interact less with the plasma and thus, produce
less thermal electrons. This reduction of the dark current was also observed by [55] down
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Figure 4.1: Typical self-injected electron profile: Highly-divergent beams≈ 30 mrad, Gaus-
sian profile and charge in the 1-pC-range..

to 100 keV using 8-fs-duration pulses. It is also relevant to mention that these background
electrons have very low energy and consequently even higher divergence. Hence, thermal
electrons cannot be measured properly after an 1-cm-hole at the entrance of the spectrom-
eter.

Figure 4.2: Typical self-injected electron spectra: Self-injection is an uncontrolled injection.
Peak energy is not stable. Large and fluctuating relative energy spread is ob-
served. Although the charge inside the electron spectrometer is absolutely cal-
ibrated, pointing of the electrons and a spatially limited entrance to the spec-
trometer (1-cm), reduces the charge to 20%-60% of the total. The peak observed
is around 12 MeV is a hot pixel produced by over-heating of the camera.
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4.2 Tuning of the electron energy

4.1.2 Typical shock-front-injected electron bunch

In order to inject electrons using Shock-front technique, we put the razor blade approxi-
mately 200 µm above the nozzle and longitudinally in the second half of the nozzle. After
selecting longitudinally one injection position and optimizing pulse dispersion, the elec-
tron bunch´s profile and spectrum were recorded. As it can be seen in Fig.(4.7), a proof
that the injection took place in the sharp-density transition is the radiation emitted by the
electrons as they start to get accelerated. As expected, divergence was also roughly 30
mrad, Fig.(4.3), given the fact that the peak energy of the electrons was approximately the
same, ≈ 7 MeV, as in the self-injection regime, but much more stable; Fig.(4.4) and Fig.(??).
The averaged charge was also similar to the self-injection case, around 1 pC charge. A
significantly increased injection probability of 75% was measured. Pointing fluctuation
was approximately 30 mrad; Fig.(4.5). On another day when the laser energy was higher
≈ 30 mJ on target, injection probability increased up to 96% and the pointing fluctuations
reduced to 17 mrad; Fig.(4.6).

Figure 4.3: Typical shock-front-injected electron profile: Highly-divergent beams ≈ 30
mrad, Gaussian profile and charge in the 1-pC-range.

As explained in the first section and observed before in [53] and [55], by fixing the injec-
tion position, stabilization of the accelerator output is achieved.

A comparison between the two injections is summarized in table(4.1.2), where the main
electron beam parameters are written. The most important results are the following: (i)
When using Shockfront, stability of the accelerator is enhanced; (ii) the injection probabil-
ity improved by a factor of more than two, reaching almost 100% when the laser energy is
higher; (iii) narrower energy spread is realizable with shock-front injection.

Adding a bit of more energy, injection probability and pointing stability are boosted,
Fig.(4.6).

4.2 Tuning of the electron energy

After we managed to inject electrons via Shock-front injection, in this section we tuned
the electron beam energy by changing the injection position, as shown in Fig.(4.7). This is
easily done by moving longitudinally the razor blade which produces the sharp density
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Figure 4.4: Typical shock-front-injected electron spectra: Controlling the injection position,
stabilization of the peak energy is achieved.

Injection Shockfront Self-injection
Peak energy (MeV) 6.65 ± 0.80 5.69 ± 1.48

Energy spread (MeV) 3.87 ± 0.83 4.22 ± 1.36
Relative spread (%) 58.19 ±13.91 74.12 ±30.65

Charge (pC) 0.73 ± 0.15 0.63± 0.13
Density (cm−3) 8.1 ×1019 1.5 ×1020

Divergence (mrad) 31.1 ± 7.5 29.8 ± 8.6
Pointing fluctuations (mrad) 31.5 29.8

Injection probability (>0.1 pC) 75% 40%
Injection probability (>0.5 pC) 34% 17%

Table 4.1: Comparison of main electron beam parameters using Self-injection and Shock-
front injection. Shockfront increases stability, optimizes energy spread and en-
hances injection probability, as highlighted in red.

transition. Nonetheless, the shockfront at the height of the laser focus is moving more
than the blade. By injecting the electron bunch at different positions in the wake field,
different output energies are expected, as the acceleration length is changing. By using
longer pulses in [53], tunability of the electron bunch´s energy covered up to 2 orders of
magnitude. Using sub-5-fs laser pulses, a factor of 1.5 has been reached.

In the Bubble regime, the electron beam´s normalized transverse emmitance εN ≈ γeσα
is conserved, where γe, σ and α are the γ factor of the electrons, the beam´s size and the
beam´s divergence, respectively. If the bunch´s peak energy increases, due to conservation
of the normalized emmitance, its divergence scales down as 1/γe correspondingly. Thus,
tuning the longitudinal injection position, and hence, the output peak energy, we are also
modifying the divergence, as can be seen in Fig.(4.8). The results obtained here match
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4.2 Tuning of the electron energy

Figure 4.5: Pointing fluctuation RMS for Self-injection and Shockfront.

Figure 4.6: Pointing fluctuations RMS using shock-front injection are reduced with more
laser energy.

roughly the ones obtained by Schmid et al. [55]. Divergence, as was first observed by
Sears et al. [25], will depend also on the electron density gradient. Using larger transition
lengths could help to diminish the divergence of the electron beams for future applications:
[57].

One application of controlling so accurately the injection position, e.g. the peak energy,
is the dephasing length measurement. As we mentioned in the (2.5.2), energy limitation in
laser wakefield acceleration is, among other options, due to dephasing. After calculation
of the dephasing length Ld , the depletion length Ldp and the Rayleigh length ZR, we
find that Ld is the smallest one, taking into account etching effects: Ld ≈ 31.4µm. In
order to determine experimentally this length, we scanned the injection position along the
wakefield by shifting the razor blade and measured the peak of the electron spectrum. The
peak of the electron spectrum increased, reached a maximum Emax and then decreased
due to dephasing. At the position where the maximum peak energy is reachedL0, injection
takes place in the closest orbit to the separatrix in the phase-space, see Fig.(2.3), and the
electrons are accelerated until the end of the plasma. For injection positions before L0, i.e.
larger accelerating lengths, the electrons reached dephasing and suffered deceleration due
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Figure 4.7: Scheme of the Shock-front injection position scan: longitudinally and vertically.

Figure 4.8: Beam divergence as a function of the peak electron energy. It scales as 1/γe as
expected (red-line). The standard deviation is taken as the error bar.

to the change of sign in the accelerating field. For injection positions after L0, the peak
energy is lower than Emax because the acceleration length is shorter: these electrons leave
the plasma before reaching dephasing.

In the experiment, we took data of three different blade positions, Fig.(4.9). Through
the data recorded, we can obtain the values of the dephasing length Ld and the maximum
accelerating field E0 by means of a parabolic fitting assuming a linear accelerating field:
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4.2 Tuning of the electron energy

Figure 4.9: Peak electron energy as a function of the relative longitudinal injection position
(black symbols). Parabolic fit (red line) of the electron spectrum peak energy
with respect to the injection position. Changing the injection position longi-
tudinally gives a tunability factor of almost 2 in the electron spectrum´s peak
energy. The electron energy is limited by dephasing to ≈ 8 MeV. Electron den-
sity was ne = 8× 1019 cm−3.

Epeak(p) = − E0

2Ld
p2 +

E0Ld
2

. (4.1)

The derivation of this formula comes later. Lack of more data points gives no statistical
errors about the measurements. Nevertheless, from the fitting a maximum accelerating
field of 508 GV/m and Ld = 31.2µm were obtained. These values match more or less the
maximum ponderomotively-induced accelerating field (2.50) and the recalculated dephas-
ing length given in (2.53) taking into consideration the etching of the pulse. The cold non-
relativistic wavebreaking field for ne = 8 × 1019 cm−3 is EWB = 860 GV/m. According to
(2.50), E‖ = 660 GV/m, assuming a0 = 1.5. Another possible reason to explain why such a
short dephasing length was obtained is found in the injection technique itself: Taking into
account the ratio of the plasma period before and after the sharp density transition (ap-
proximately λp,2/λp,1 ≈

√
1.6), injection, i.e. pb1 in Fig.(2.6), does not take place at the rear

of the bubble as in the self-injection regime, but at ≈ (
√

1.6− 1)λp,2 away from the density
peak pb2 in the second density region. Thus, they reach dephasing earlier than classical

self-injected electrons, specifically at Ld,shockfront ≈
√

1.6/2−(
√

1.6−1)√
1.6/2

Ld,self−injec. ≈ 13µm.
The obtained accelerating field is smaller than the peak accelerating field (2.50) due to the
same reason.

Let us explain now the derivation of (4.1). The field an electrons feels while it is acceler-
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ated in the dephasing regime is (in a linear approximation):

Eacc(x) = E0 −
E0

Ld
x; 0 ≤ x < 2Ld. (4.2)

where x is longitudinal position in the plasma in the lab frame, Ldis the dephasing length
(2.53) and E0 is the maximum accelerating field given by (2.50). The field in (4.2) satisfies
that Eacc(0) = E0 and Eacc(Ld) = 0. Thus, let us fix to x = 0 the point of injection and
the acceleration takes place from 0 to xmax. Introducing a different coordinate p, which
is the injection position in the lab frame and the end of the plasma as x = Ld, we define
xmax = Ld − p. This choice of xmax implys that at p = 0, the maximum energy is reached.
Thus, the electrons injected at p, will have a final energy of:

Epeak(p) =
∫ xmax

0 (Eacc(x)) dx,

=
∫ Ld−p

0 (Eacc(x)) dx,

=
∫ Ld−p

0

�
E0 − E0

Ld
x
�
dx,

= E0Ld
2 − E0p2

2Ld
.

(4.3)

As mentioned before, for p = 0, Epeak(0) = E0Ld/2 is the maximum energy obtainable
in the accelerator. The factor 1/2 comes from assuming a linear wakefield and thus, the
average field is half of the peak.

Figure 4.10: 300 µm-nozzle gas density characterization.
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4.2 Tuning of the electron energy

Figure 4.11: Shock-front width as a function of its height with respect to the top of the
nozzle.

Figure 4.12: Slope of the shockfront as a function of the longitudinal position.
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Figure 4.13: Slope of the shockfront as a function of the longitudinal position for different
backing pressures. Shock-front slope does not depend strongly on the backing
pressure.

4.3 Density and Shock-front width scan

4.3.1 Injection decay

For the vertical scan, rather than moving the razor blade upwards, we moved the nozzle
downwards. Decreasing the height position of the nozzle has two main simultaneous ef-
fects: decrease of the electron density, Fig.(4.10) and thus enlargement of the plasma wave-
length λp = 3.3×1010√

ne
[µm]; and broadening of the density-transition length δtrans, Fig.(4.11).

Both effects were measured by interferometry and Rayleigh scattering technique [27], re-
spectively. It was proved that the shock-front properties do not depend strongly on the
backing pressure, Fig.(4.13). Nevertheless, its slope (α in Fig.(4.14) does depend on the
longitudinal position, Fig.(4.12). Given the fact that we observed the acceleration process
in real-time in a very limited spatial window, the slope and the shock-front width were
calculated only for the first position in the vertical scan: ≈ 3.1 and ≈ 2.5µm, respectively;
Fig(4.14). The slope calculated here matches quite well the one (turquese line) in Fig.(4.12).
So, results corresponding to this longitudinal position were used in the rest of the analysis,
Fig.(4.11), even though the backing pressure was not the same. It is important to men-
tion how we defined the shock-front width δtrans: FWHM of a Gaussian fit of the zeroth
order of the diffracted pattern of the real Shock-front. This method gives us a maximum
estimate for the shock-front width, Fig.(4.14). For the other positions in the vertical scan,
the shock-front width were determined by assuming that the shock-front width increases
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4.3 Density and Shock-front width scan

linearly with the same slope as the one given in Fig.(4.11). From the slope from Fig.(4.14),
we obtain the angle at which the shockwave propagates through the gas α ≈ 17.88 deg..
Substituting the density ratio in (3.6) results in an effective Mach number ofM1 sinα ≈ 1.4,
yielding a Mach number of M = 4.6, which matches quite well the computational fluid
dynamics simulations: M = 5 in [20].

Figure 4.14: top :Sideview image from the acceleration process. The sharp density transi-
tion, and hence, injection, takes place where the shock-front is. Proof of the
injection is the radiation the electrons emit as they get accelerated. bottom :
Lineout (not along the laser propagation direction) of the image above from
where the Shock-front width can obtained, resulting in 2.5µm. The shock-
front slope measured was α ≈ 17.88 deg.. The image above corresponds to
one shooting day when the shock-front was well observed.

As mentioned in (2.5.5), shock-front injection requires that the sharp-density-transition
must be shorter than the plasma wavelength. So, the first expected result is that shock-
front injection will eventually stop whenever the above condition is no longer fulfilled.
This is clearly seen in Fig.(4.15). Mean charge and injection probability immediately de-
crease from 1.5 pC and 90% to 0.8 pC and approximately 30 %, respectively, as the ratio
δtrans/λp > 1. After a 130 µm displacement from the first position, no injection at all was
observed.

4.3.2 Beamloading effects observed

The peak energy stays more or less constant. Although the peak of the electron spectrum
stayed constant, the energy spread increases As observed in Fig.(4.16). The evolution of the
energy spread is influenced by many factors: charge, beamloading and the ratio δtrans/λp.
It is relevant to mention that due to a combination of a spatial-limited entrance to the elec-
tron spectrometer and the pointing of the electron bunches, the charges measured inside
the dipole magnet are 20%-60% the total charge. Assuming Bubble regime conditions in
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Figure 4.15: Injected charge (black line) and injection probability (violet line) as a func-
tion of the ratio δtrans/λp. As the injection position gets higher, the density-
transition width δtrans increases much more than the plasma wavelength λp.
When δtrans/λp > 1, shock-front injection stops.

(2.68), we find that for a0 ≈ 1.5 and E‖ ≈ 510 GV/m, Qtrap ≈ 2 pC. Consequently, charges
of the order of 2 pC are already enough to cause distortions in the wake field, which is
our case. Moreover, from a linear approach, the limit N above which electron density per-
turbations become important is given by (2.67). Applied to our values, ne = 1020cm−3,
a maximum load of 1.6 pC is obtained. Both estimations indicate that this amount of
charge is not negligible and beamloading arises for loads of approximately 2 pC. For small
charges in Fig.(4.16), where strong distortion of the longitudinal electric due to the pres-
ence of the load can be neglected, a chirp in the electron spectrum is produced due to the
bunch´s length Lbunch, i.e. the leading part of the bunch feels a different accelerating field
than the trailing part of the bunch. The relative energy spread is given then by:

∆E
E =

∆E‖Lacc
E‖Lacc

=
∆E‖
E‖

= 2Lbunch
λp

.

(4.4)

The bunch´s length Lbunch scales with λp ∝ 1/
√
ne. Thus, ∆E

E ≈ constant. For larger
charges, distortions of the accelerating electric field become more relevant. It is observed
that the evolution of the energy spread corresponding to the highest charge (black line) is
notoriously different from the other two cases below. A possible explanation to describe
this effect is that as the ratio δtrans/λp increases, the injection process stops being stationary
and becomes more continuous, leading to an increase of the injection volume and conse-
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4.4 Energy scaling

Figure 4.16: Relative energy spread as a function of the height from the top of the nozzle
for three different charges. Small charges: Beamloading is neglected. Accel-
erating electric field and bunch´s length cancel each other and an approxi-
mately constant energy spread is expected. Higher charges: (i) Important dis-
tortions in the electric field lead to a dominant scaling on the bunch´s length
(∝ λp ∝ 1/

√
ne); (ii) Increase of the ratio δtrans/λp leads to a continuous injec-

tion, increase of the injection volume and larger energy spread. Same density-
lineouts: Space-charge effects, apart from overloading of the field, could en-
large the beam´s length during the injection process. Charge is given in a.u.
due to the limited aperture of the spectrometer and electron beam pointing
fluctuations.

quently, to a larger energy spread. Moreover, distortions in the accelerating field may lead
to predominant scaling with the bunch´s length, and thus, λp ∝ 1/

√
ne. Taking line

outs for the same density (e.g., same plasma wavelength), it is also clear that the larger the
charge, the larger the energy spread. So, possible space-charge effects start to play a role
in the injection process, in combination with an overloading and distortion of the acceler-
ating electric field. Finally, the fact that for the first position (≈ 210µm) the energy spread
increases by a factor of 1.4 (top and bottom line) and for the last one (≈ 295µm) by a factor
of 2, it is an evidence of the influence of the incrementation of the density-transition length.
Final conclusions could only be obtained via simulations.

4.4 Energy scaling

To conclude the experimental results, we want to prove that shorter pulses require less
energy for self-injection to take place. With the previous version of the laser 8-fs-LWS20,
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no injection was observed below 25 mJ [55]. In our case, using sub-5-fs-duration pulses, the
threshold energy was approximately 9 mJ on target, for a bunch of 0.1 pC, Fig.(4.17). This
matches rather well the scaling provided by [2], where the threshold energy to enter the
bubble regime scales as τ3

pulse, taking into account that the energy in the focal spot is only
but a fraction of the laser energy on target. The acceleration process itself had an efficiency
of approximately 0.5% in a overestimated case, still far away from the 20% predicted by
theory in [2]. Although the energy range obtained experimentally is more or less within
the theoretical expected value (≈ 15 MeV), the obtained charge is far less than expected,
Q ≈ 107 � Qexp ≈ 109 electrons. Moreover, it is worth mentioning that the Shock-front

Figure 4.17: Injected charge as a function of the laser energy on target in the Self-injection
(blue line) as well as in the Shock-front injection regime (green line). Sub-5-fs-
laser-driven acceleration (Fourier limit: 4.3 fs) of 0.1 pC bunch can be realized
with only 9 mJ, approximately. Shock-front injection also follows the same
scaling, roughly 8 mJ.

injection technique has a similar or even lower energy threshold than self-injection≈ 8 mJ,
due to the fact that for Shockfront, wave breaking is avoided. This makes of Shockfront a
widely accepted and rather promising injection technique in laser wakefield acceleration
of electrons, compatible with the latest laser technology (sub-5-fs-pulse duration) and in
the few-mJ range, as well. Actually, further research should be done in this path. The
presence of a nonlinear wakefield is not needed in principle for shock-front injection to
occur because the injection mechanism remains the same: the first plasma bucket after the
laser pulse in the high density region gets injected in the accelerating phase of the first
plasma bucket after the laser pulse in the lower density region. The accelerating fields are
reduced naturally (no more saw-tooth shape, rather sinusoidal) and thus lower energies as
well as lower charges, (no more density spikes as the ones seen in Fig.(2.2)) are expected.
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4.4 Energy scaling

Nevertheless, in this linear scenario (very-energy requirement) acceleration should still
take place.
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In this work, sub-5-fs laser wakefield acceleration of electrons has been studied. The main
goals were: (i) to compare the basic electron parameters in the Self-injection regime with
Shock-front injection, which utilizes a sharp density down transition to inject electrons
from the first high density region to the second lower density accelerator region; (ii) In-
vestigate the tunability and parameter dependencies of Shock-front scheme (iii) Study the
laser energy requirements of the acceleration process. The main results from this work can
be summarized as:

Shock-front injection works for laser pulses as short as 5-fs-duration. This technique in-
creases considerably the stability of the electron spectrum peak energy 12% (RMS to mean
value) compared to the 26% measured for Self-injection; optimizes the injection probability
up to 75% (a factor of 2 more than Self-injection) and narrows the relative energy spread of
the electron beam from 75% in the Self-injection regime down to 60%. Such large relative
energy spreads are characteristic of low energy electrons ≈ 6 MeV. The charge of the elec-
tron bunches in both regimes was approximate 1 pC. Such low-energy electrons (sub-10
MeV) constitute an unique source for ultra fast electron diffraction [57] with an unprece-
dented temporal resolution (< 5-fs-length). Nevertheless, focusing magnets, spatial filters
or larger vacuum-plasma transitions must be implemented to reduce the high divergence
(≈ 30 mrad of the beams) to roughly 1 mrad; and further reduce the energy spread.

Scanning the injection position longitudinally changes the available acceleration length
to the end of the nozzle and so, allows us to tune the electron spectrum peak energy. In
[53], two orders of magnitudes were tunable. In our case, a factor of almost 2 due to
the dephasing-limited low energies. The major application of this tunability is the mea-
surement of the dephasing length: ≈ 31µm and the maximum accelerating field: ≈ 500
GV/m, which matches our expected values from (2.50). Divergence of the beam scaled
as 1/γe, due to conservation of the normalized emmitance. Therefore, another parameter
which is tuned by moving longitudinally the injection position is the beam´s divergence.

Moving the injection position vertically has two major consequences: the electron den-
sity goes down and the plasma wavelength (λp ∝ 1/

√
ne) increases. In a more pronounced

way, the density-transition width δtrans also increases linearly as a function of the distance
to the top of the nozzle. Whenever the shock-front width is larger than the plasma pe-
riod, shock-front injection will eventually stop working. After a 100 µm-scan, we have
not observed injection any more. While the peak energy stayed roughly constant along
the vertical scan, the energy spread was found to have a dependence on the accelerated
charge; beamloading effects for charges of ≈ 2 pC and on the ratio δtrans/λp.

Theory predicted that shorter pulses could accelerate self-injected electrons with lower
energy (2.61). During previous experiments with the 8-fs LWS-20, no acceleration took
place at all below 25 mJ on target. In our case, using sub-5-fs-duration pulses, this limit
shrank to 9-10 mJ for a 0.1 pC electron bunch. Shock-front injection followed also the same
scaling. Furthermore, as wave breaking is avoided in order to Shockfront to work, would
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5 Conclusions

need even less energy: 8 mJ, approximately. Shock-front injection a simple and robust
technique to improve the electron acceleration. Shock-front injection only requires wake-
field generation (no wave breaking). It is expected then that much lower laser energies still
accelerate electrons but providing less charges of a few 10´s fC in contrary to Self-injection,
which below a certain energy threshold does not work at all. This property opens up novel
applications fields with lower energy, but high repetition rate lasers and external cavities
such as Thomson scattering using laser-driven electrons.
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